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Preface

This book aims at two, essentially different, types of readers: On one hand,
there are those who have worked in, or are to some degree familiar with,
the section of mathematics that is described here. They may want to have
a source of reference to the recent results presented here, replacing my
text [21], which is no longer available, but will need little motivation to
start using this book. So they may as well skip reading this introduction,
or immediately proceed to its second part (p. v) which in some detail
describes the content of this book. On the other hand, I expect to attract
some readers, perhaps students of colleagues of the first type, who are not
familiar with the topic of the book. For those I have written the first part of
the introduction, hoping to attract their attention and make them willing
to read on.

Some Introductory Examples

What is this book about? If you want an answer in one sentence: It is con-
cerned with formal power series — meaning power series whose radius of
convergence is equal to zero, so that at first glance they may appear as
rather meaningless objects. I hope that, after reading this book, you may
agree with me that these formal power series are fun to work with and
really important for describing some, perhaps more theoretical, features
of functions solving ordinary or partial differential equations, or difference
equations, or perhaps even more general functional equations, which are,
however, not discussed in this book.
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Do such formal power series occur naturally in applications? Yes, they
do, and here are three simple examples:

1. The formal power series f(z) = oo nlz" ! formally satisfies the
ordinary differential equation (ODE for short)

2a=x— 2. (0.1)
But everybody knows how to solve such a simple ODE, so why care
about this divergent power series? Yes, that is true! But, given a
slightly more complicated ODE, we can no longer explicitly compute
its solutions in closed form. However, we may still be able to compute
solutions in the form of power series. In the simplest case, the ODE
may even have a solution that is a polynomial, and such solutions can
sometimes be found as follows: Take a polynomial p(z) = > pn 2"
with undetermined degree m and coefficients p,,, insert into the ODE,
compare coefficients, and use the resulting equations, which are linear
for linear ODE, to compute m and p,. In many cases, in particular
for large m, we may not be able to find the values p,, explicitly. How-
ever, we may still succeed in showing that the system of equations
for the coefficients has one or several solutions, so that at least the
existence of polynomial solutions follows. In other cases, when the
ODE does not have polynomial solutions, one can still try to find,
or show the existence of, solutions that are “polynomials of infinite
degree,” meaning power series

f(z) = an (2 — 20)",
0

with suitably chosen zg, and f,, to be determined from the ODE.
While the approach at first is very much analogous to that for poly-
nomial solutions, two new problems arise: For one thing, we will get
a system of infinitely many equations in infinitely many unknowns,
namely, the coefficients f,,; and secondly, we are left with the prob-
lem of determining the radius of convergence of the power series. The
first problem, in many cases, turns out to be relatively harmless, be-
cause the system of equations usually can be made to have the form
of a recursion: Given the coefficients fy, ..., fn, we can then compute
the next coefficient f,1+1. In our example (0.1), trying to compute
a power series solution f (2), with zg = 0, immediately leads to the
identities fo =0, f1 = 1, and fr,4+1 = n f, n > 1. Even to find the
radius of convergence of the power series may be done, but as the
above example shows, it may turn out to be equal to zero!

2. Consider the difference equation

r(z+1) =1 —-az"?)x(2).
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After some elementary calculations, one can show that this difference
equation has a unique solution of the form f(z) =143 faz™™
which is a power series in 1/z. The coefficients can be uniquely com-
puted from the recursion obtained from the difference equation, and
they grow, roughly speaking, like n! so that, as in the previous case,
the radius of convergence of the power series is equal to zero. Again,
this example is so simple that one can explicitly compute its solutions
in terms of Gamma functions. But only slightly more complicated
difference equations cannot be solved in closed form, while they still
have solutions in terms of formal power series.

3. Consider the following problem for the heat equation:
Ut = Uge, u(0,2) = p(z),

with a function ¢ that we assume holomorphic in some region G.
This problem has a unique solution u(t,z) = > ;" uy,(z) t", with co-
efficients given by
(2n) (g
un(x) = 907(), n > 0.
n!

This is a power series in the variable ¢, whose coefficients are functions
of x that are holomorphic in G. As can be seen from Cauchy’s Integral
Formula, the coefficients u, (z), for fixed x € G, in general grow like
n! so that the power series has radius of convergence equal to zero.

So formal power series do occur naturally, but what are they good for? Well,
this is exactly what this book is about. In fact, it presents two different
but intimately related aspects of formal power series:

For one thing, the very general theory of asymptotic power series expan-
sions studies certain functions f that are holomorphic in a sector S but
singular at its vertex, and have a certain asymptotic behavior as the variable
approaches this vertex. One way of describing this behavior is by saying
that the nth derivative of the function approaches a limit f,, as the variable
z, inside of S, tends toward the vertex z of the sector. As we shall see, this
is equivalent to saying that the function, in some sense, is infinitely often
differentiable at zg, without being holomorphic there, because the limit of
the quotient of differences will only exist once we stay inside of the sector.
The values f, may be regarded as the coefficients of Taylor’s series of f,
but this series may not converge, and even when it does, it may not con-
verge toward the function f. Perhaps the simplest example of this kind is
the function f(z) = e~'/#, whose derivatives all tend to f,, = 0 whenever z
tends toward the origin in the right half-plane. This also shows that, unlike
for functions that are holomorphic at zg, this Taylor series alone does not
determine the function f. In fact, given any sector S, every formal power
series f arises as an asymptotic expansion of some f that is holomorphic
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in S, but this f never is uniquely determined by f, so that in particular the
value of the function at a given point z # zy in general cannot be computed
from the asymptotic power series. In this book, the theory of asymptotic
power series expansions is presented, not only for the case when the co-
efficients are numbers, but also for series whose coeflicients are in a given
Banach space. This generalization is strongly motivated by the third of the
above examples.

While general formal power series do not determine one function, some
of them, especially the ones arising as solutions of ODE, are almost as well-
behaved as convergent ones: One can, more or less explicitly, compute some
function f from the divergent power series f, which in a certain sector
is asymptotic to f In addition, this function f has other very natural
properties; e.g., it satisfies the same ODE as f This theory of summability
of formal power series has been developed very recently and is the main
reason why this book was written.

If you want to have a simple example of how to compute a function from
a divergent power series, take f(z) = >0 fn 2", assuming that |f,| < n!
for n > 0. Dividing the coefficients by n! we obtain a new series converging
at least for |z| < 1. Let g(z) denote its sum, so g is holomorphic in the unit
disc. Now the general idea is to define the integral

flz) =271 /000 g(u) e "% du (0.2)

as the sum of the series f . One reason for this to be a suitable definition is
the fact that if we replace the function g by its power series and integrate
termwise (which is illegal in general), then we end up with f(z). While
this motivation may appear relatively weak, it will become clear later that
this nonetheless is an excellent definition for a function f deserving the
title sum of f — except that the integral (0.2) may not make sense for one
of the following two reasons: The function ¢ is holomorphic in the unit
disc but may be undefined for values w with! » > 1, making the integral
entirely meaningless. But even if we assume that g can be holomorphi-
cally continued along the positive real axis, its rate of growth at infinity
may be such that the integral diverges. So you see that there are some
reasons that keep us from getting a meaningful sum for f in this simple
fashion, and therefore we shall have to consider more complicated ways of
summing formal power series. Here we shall present a summation process,
called multisummability, that can handle every formal power series which
solves an ODE, but is still not general enough for solutions of certain dif-
ference equations or partial differential equations. Jean Fcalle, the founder
of the theory of multisummability, has also outlined some more general

LObserve that such an inequality should be understood as saying: Here, the number
u must be real and at least 1.
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summation methods suitable for difference equations, but we shall not be
concerned with these here.

Content of this Book

This book attempts to present the theory of linear ordinary differential
equations in the complex domain from the new perspective of multisumma-
bility. It also briefly describes recent efforts on developing an analogous
theory for nonlinear systems, systems of difference equations, partial dif-
ferential equations, and singular perturbation problems. While the case of
linear systems may be said to be very well understood by now, much more
needs to be done in the other cases.

The material of the book is organized as follows: The first two chapters
contain entirely classical results on the structure of solutions near regular,
resp.? regular-singular, points. They are included here mainly for the sake
of completeness, since none of the problems that the theory of multisumma-
bility is concerned with arise in these cases. A reader with some background
on ODE in the complex domain may very well skip these and immediately
advance to Chapter 3, where we begin discussing the local theory of systems
near an irregular singularity. Classically, this theory starts with showing ex-
istence of formal fundamental solutions, which in our terminology will turn
out to be multisummable, but not k-summable, for any k > 0. So in a way,
these classical formal fundamental solutions are relatively complicated ob-
jects. Therefore, we will in Chapter 3 introduce a different kind of what we
shall call highest level formal fundamental solutions, which have much bet-
ter theoretical properties, although they are somewhat harder to compute.
In the following chapters we then present the theory of asymptotic power
series with special emphasis on Gevrey asymptotics and k-summability.

In contrast to the presentation in [21], we here treat power series with
coefficients in a Banach space. The motivation for this general approach
lies in applications to PDE and singular perturbation problems that shall
be discussed briefly later. A reader who is not interested in this general
setting may concentrate on series with coefficients in the complex number
field, but the general case really is not much more difficult.

In Chapters 8 and 9 we then return to the theory of ODE and discuss the
Stokes phenomenon of highest level. Here it is best seen that the approach
we take here, relying on highest level formal fundamental solutions, gives a
far better insight into the structure of the Stokes phenomenon, because it
avoids mixing the phenomena occurring on different levels. Nonetheless, we
then present the theory of multisummability in the following chapters and
indicate that the classical formal fundamental solutions are indeed multi-
summable. The remaining chapters of the book are devoted to related but

2Short for “respectively.”
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different problems such as Birkhoff’s reduction problem or applications of
the theory of multisummability to difference equations, partial differential
equations, or singular perturbation problems. Several appendices provide
the results from other areas of mathematics required in the book; in par-
ticular some well-known theorems from the theory of complex variables are
presented in the more general setting of functions with values in a Banach
space.

The book should be readable for students and scientists with some back-
ground in matrix theory and complex analysis, but I have attempted to
include all the (nonelementary) results from these areas in the appendices.
A reader who is mainly interested in the asymptotic theory and/or multi-
summability may leave out the beginning chapters and start reading with
Chapters 4 through 7, and then go on to Chapter 10 — these are pretty
much independent of the others in between and may be a good basis for a
course on the subject of asymptotic power series, although the remaining
ones may provide an excellent motivation for such a general theory to be
developed.

Personal Remarks

Some personal remarks may be justified here: In fall of 1970, I came to the
newly founded University of Ulm to work under the direction of Alexan-
der Peyerimhoff in summability theory. About 1975 I switched fields and,
jointly with W. B. Jurkat and D. A. Lutz, began my studies in the very
classical, yet still highly active, field of systems of ordinary linear differen-
tial equations whose coefficients are meromorphic functions of a complex
variable (for short: meromorphic systems of ODE). This field has occupied
most of my (mathematical) energies, until almost twenty years later when
I took up summability again to apply its techniques to the divergent power
series that arise as formal solutions of meromorphic ODE. In this book, I
have made an effort to represent the classical theory of meromorphic sys-
tems of ODE in the new light shed upon it by the recent achievements in
the theory of summability of formal power series.

After more than twenty years of research, I have become highly addicted
to this field. I like it so much because it gives us a splendid opportunity
to obtain significant results using standard techniques from the theory of
complex variables, together with some matrix algebra and other classical
areas of analysis, such as summability theory, and I hope that this book
may infect others with the same enthusiasm for this fascinating area of
mathematics. While one may also achieve useful results using more sophis-
ticated tools borrowed from advanced algebra, or functional analysis, such
will not be required to understand the content of this book.

I should like to make the following acknowledgments: I am indebted to
the group of colleagues at Grenoble University, especially J. DellaDora, F.
Jung, and M. Barkatou and his students. During my appointment as Pro-
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fesseur Invité in September 1997 and February 1998, they introduced me
to the realm of computer algebra and helped me prepare the corresponding
section, and in addition created a perfect environment for writing a large
portion of the book while I was there. In March 1998, while I was sim-
ilarly visiting Lille University, Anne Duval made me appreciate the very
recent progress on application of multisummability to the theory of differ-
ence equations, for which I am grateful as well. I would also like to thank
many other colleagues for support in collecting the numerous references
I added, and for introducing me to related, yet different, applications of
multisummability on formal solutions of partial differential equations and
singular perturbation problems. Last, but not least, I owe thanks to my
two teachers at Ulm University, Peyerimhoff (who died all too suddenly
in 1996) and Jurkat, who were not actively involved in writing, but from
whom I acquired the mathematics, as well as the necessary stamina, to
complete this book.

Ulm, Germany, 1999 Werner Balser
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1

Basic Properties of Solutions

In this first chapter, we discuss some basic properties of linear systems of
ordinary differential equations having a coefficient matrix whose entries are
holomorphic functions in some region G. A reader who is familiar with the
theory of systems whose coefficient matrix is constant, or consists of con-
tinuous functions on a real interval, will see that all of what we say here
for the case of a simply connected region G, i.e., a region “without holes,”
is quite analogous to the real-variable situation, but we shall discover a
new phenomenon in case of multiply connected G. While for simply con-
nected regions solutions always are holomorphic in the whole region G, this
will no longer be true for multiply connected ones: Solutions will be lo-
cally holomorphic, i.e., holomorphic on every disc contained in G. Globally,
however, they will in general be multivalued functions that should best be
considered on some Riemann surface over G. As an example, observe that

x(z) = y/2(1 — z) is a solution of the equation

1-2z
this solution has branch-points at z = 1 and the origin. Luckily, we shall
have no need to study this monodromy behavior of solutions for a general
multiply connected region. Instead, it will be sufficient to consider the sim-
plest type of such regions, namely punctured discs. Assuming for simplicity
that we have a punctured disc about the origin, the corresponding Riemann
surface — or to be exact, the universal covering surface — is the Riemann
surface of the (natural) logarithm. We require the reader to have some in-
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tuitive understanding of this concept, but we shall also discuss this surface
on p. 226 in the Appendix.

Most of the time we shall restrict ourselves to systems of first-order
linear equations. Since every vth order equation can be rewritten as a
system (see Exercise 5 on p. 4), our results carry over to such equations as
well. However, in some circumstances scalar equations are easier to handle
than systems. So for practical purposes, such as computing power series
solutions, we do not recommend to turn a given scalar equation into a
system, but instead one should work with the scalar equation directly.

Many books on ordinary differential equations contain at least a chapter
or two dealing with ODE in the complex plane. Aside from the books of
Sibuya and Wasow, already mentioned in the introduction, we list the fol-
lowing more recent books in chronological order: Ince [138], Bieberbach [52],
Schafke and Schmidt [236], and Hille [120].

1.1 Simply Connected Regions

Throughout this chapter, we consider a system of the form
¥ = A(2)x, z €@, (1.1)

where A(z) = [ax;j(2)] denotes a v x v matrix whose entries are holomorphic
functions in some fized region G C C, which we here assume to be simply
connected. It is notationally convenient to think of such a matrix A(z) as
a holomorphic matriz-valued function in G.

Since we know from the theory of functions of a complex variable that
such functions, if (once) differentiable in an open set, are automatically
holomorphic there, it is obvious that solutions z(z) of (1.1) are always
vector-valued holomorphic functions. However, it is not clear off-hand that
a solution always is holomorphic in all of the region G, but we shall prove
this here. To begin, we show the following weaker result, which holds for
arbitrary regions G.

Lemma 1 Let a system (1.1), with A(z) holomorphic in a region G C C,
be given. Then for every zo € G and every xg € CY, there exists a unique
vector-valued function x(2), holomorphic in the largest disc D = D(zg, p) =
{z : |z — 20| < p} contained in G, such that

2'(z) = A(2)z(z), z€D, z(z20)=wo.

Hence we may say for short that every initial value problem has a unique
solution that is holomorphic near zg.

Proof: Assume for the moment that we were given a solution z(z), holo-
morphic in D. Then the coordinates of the vector function z(z) all can be
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expanded into power series about zg, with a radius of convergence at least
p. Combining these series into a vector, we can expand x(z) into a vector
power series’

x(2) =Zacn (z—2z0)", |z— 20| <p, (1.2)
0

where z,, € C" are the coefficient vectors. Likewise, we can expand the
coefficient matrix A(z) into a matriz power series

Az) = ZAn (z—20)" |2—2l|<p, (1.3)
0

with coefficient matrices A, € CY*”. Inserting these expansions into the
system (1.1) and comparing coefficients leads to the identities

(n+1)zpy = Z Apn T, n > 0. (1.4)

m=0

Hence, given x, we can recursively compute z,, for n > 1 from (1.4), which
proves the uniqueness of the solution. To show existence, it remains to
check whether the formal power series solution of our initial value problem,
resulting from (1.4), converges for |z — zg| < p. To do this, note that
convergence of (1.3) implies ||A,[ < ¢ K™ for every constant K > 1/p and
sufficiently large ¢ > 0, depending on K. Hence, equation (1.4) implies (n+
D) |zl < edXor_o K" ™ ||z, n > 0. Defining a majorizing sequence
(cn) by co = |lzoll, resp. (n + 1) cpy1 = ¢ o K" ™y, n > 0, we
conclude by induction that ||z,| < ¢, for n > 0. The power series f(z) =
>0 ¢n 2™ can be easily checked to formally satisfy the linear ODE y' =
¢ (1—Kz)~!y. This equation has the solution y(z) = co (1—Kz)~¢ X which
is holomorphic in the disc |z| < 1/K. Expanding this function into its power
series about the origin, inserting into the ODE and comparing coefficients,
one checks that the coefficients satisfy the same recursion relation as the
cn, hence are, in fact, equal to the numbers ¢,,. This proves that the radius
of convergence of (1.2) is at least 1/K, and since K was arbitrary except
for K > 1/p, the proof is completed.? o

Using the above local result together with the monodromy theorem on
p- 225 in the Appendix, it is now easy to show the following global version
of the same result:

LObserve that whenever we write |2 — 20| < p, or a similar condition on z, we wish to
state that the corresponding formula holds, and here in particular the series converges,
for such z.

2An alternative proof for convergence of f(z) is as follows: Show (n + 1)cp41 =
CZZL:O K"~ ™ ¢y, = (¢ + Kn) cp, hence the quotient test implies convergence of f(z)
for |z] < 1/K. While this argument is simpler, it depends on the structure of the recursion
relation for (c¢n) and fails in more general cases; see, e.g., the proof of Lemma 2 (p. 28).
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Theorem 1 Let a system (1.1), with A(z) holomorphic in a simply con-
nected region G C C, be given. Then for every zy € G and every xg € CY,
there exists a unique vector-valued function x(z), holomorphic in G, such
that

¥'(z) = A(2)z(z), z2€G, z(20)=mo. (1.5)

Proof: Given any path v in G originating at zg, we may cover the path with
finitely many circles in G, such that when proceeding along -, each circle
contains the midpoint of the next one. Applying Lemma 1 successively to
each circle, one can show that the unique local solution of the initial value
problem can be holomorphically continued along the path . Since any two
paths in a simply connected region are always homotopic, the monodromy
theorem mentioned above completes the proof. O

Exercises: In the following exercises, let G be a simply connected region,
and A(z) a matrix-valued function, holomorphic in G.

1. Show that the set of all solutions of (1.1) is a vector space over C.
For its dimension, see Theorem 2 (p. 6).

2. Give a different proof of Lemma 1, analogous to that of Picard-
Lindel6f’s theorem in the real variable case.

3. Check that the proof of the previous exercise, with minor modifica-
tions, may be used to prove the same result with the disc D replaced
by the largest subregion of G, which is star-shaped with respect to
20-

4. Use Riemann’s mapping theorem [1] and Lemma 1 to obtain another
proof of Theorem 1.

5. Consider the following vth-order linear ODE:

Yy —a1(2)y@ Y — .. —a,(2)y =0, (1.6)
where a(z) are (scalar) holomorphic functions in G. Introducing the
matrix

0 1 0 0
0 0 0 0
A(z) = ,
0 0 0 1
ay,(z) ay—1(2) ... az(2) a1(2)

conclude from Theorem 1 that all solutions of (1.6) are holomorphic
in G. A matrix of the above form will be called a companion matriz
corresponding to the row vector a(z) = (a,(2),...,a1(2)).
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6. Consider the following second-order ODE, usually called Legendre’s
equation:
(1-2)2") +px=0, pecC. (1.7)

(a) Write (1.7) in the form (1.6) and determine where the coefficients
ax(z) are holomorphic resp. singular.

(b) Insert z(z) = Y "z 2™ into (1.7), compare coefficients, and find
the resulting recursion for the z,,. Without explicitly finding the
coefficients, find the radius of convergence of the power series.

(¢) For p = m(m + 1), m € Ny, show that (1.7) has a solution
that is a polynomial of degree m. These polynomials are called
Legendre’s polynomials.

(d) Verify that the values g = m (m+1) are the only ones for which
a nontrivial polynomial solution can exist.

7. For a system (1.1), choose an arbitrary row vector ¢o(z) that is holo-
morphic in G, and define inductively

tet1(2) = 1. (2) + te(2) A(z), 2€G, k>0. (1.8)

Let T'(z) be the matrix with rows to(z),...,t,—1(2); hence T'(2) is
holomorphic in G.

(a) Show that one can choose ty(z) so that det T'(z) does not vanish
identically on G. If this is so, the vector to(z) will be called a
cyclic vector for A(z). More precisely, for arbitrary zg € G and
sufficiently small p > 0, show the existence of a cyclic vector for
which det T'(z) # 0 on D(zp, p).

(b) For T'(z) as above, define b(z) by t,(z) = b(z) T'(z) on D, and let
B(z) be the companion matrix corresponding to b(z). Conclude
for Z(z) = T'(z) z(z) that z(z) solves (1.1) (on G) if and only if
Z'(z) = B(2) Z(2), z € D. Compare this to the previous exercise.

1.2 Fundamental Solutions

As is common in the real theory of linear systems of ODE, we say that a
v X v matrix-valued function X (z) is a fundamental solution of (1.1), if all
columns are solutions of (1.1), so that in particular X(z) is holomorphic
in G, and if in addition the determinant of X(z) is nonzero; note that
according to the following proposition det X(zg) # 0 for some zy € G
already implies det X (z) # 0 for every z € G:
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Proposition 1 (WRONSKI'S IDENTITY) Consider a holomorphic matriz-
valued function X (z) satisfying X'(z) = A(z) X(z) for z € G, and let
w(z) = det X(2) and a(z) = trace A(z). Then

w(z) = w(z) exp U a(u) du} , zea,

for arbitrary zo € G. Hence in particular, either w(z) =0 or w(z) # 0 for
every z € G.

Proof: The definition of determinants shows w’(z) = >y _; wi(z), where
wg(z) is the determinant of the matrix obtained from X (z) by differenti-
ating its kth row and leaving the others. If r4(z) denotes the kth row of
X (z), then X'(z) = A(2) X(2) implies r}(2) = >°7_, ax;j(2)r;j(2). Using
this and observing that the determinant of matrices with two equal rows
vanishes, we obtain wg(2z) = agx(z) w(z), hence

w'(2) = a(z) w(z).

Solving this differential equation then completes the proof. O

Existence of fundamental solutions is clear: For fixed 2y € G, take the
unique solution of the initial value problem (1.5) with zo = e, the kth
unit vector, for 1 < k < v. Combining these vectors as columns of a matrix
X (z), we see that det X(z9) = 1; hence X (z) is a fundamental solution.
The significance of fundamental solutions is that, as for the real case, every
solution of (1.1) is a linear combination of the columns of a fundamental
one:

Theorem 2 Suppose that X (z) is a fundamental solution of (1.1), and
let x(z) be the unique solution of the initial value problem (1.5). For ¢ =
X Yz0) wo, we then have

z(z) =X(2)e, zed.

Thus, the C -vector space of all solutions of (1.1) is of dimension v, and
the columns of X(z) are a basis.

Proof: First observe that X(z)c¢, for any ¢ € C¥, is a solution of (1.1).
Defining ¢ as in the theorem then leads to a solution satisfying the initial
value condition, so the proof is completed. O

In principle, the computation of the power series expansion of a funda-
mental solution of (1.1) presents no new problem: For zy € G and zg = ey,
1 <k < v, compute the power series expansion of the solution of (1.5) as
in the proof of Lemma 1, thus obtaining a power series representation of a
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fundamental solution near zy of the form X (z) = > ° X,, (2 — 2)", with
X() = I, and

(n+1)Xpp1 = Z Apemn Xms > 0. (1.9)
m=0

Re-expanding this power series, one then can holomorphically continue the
fundamental solution into all of G. However, in practically all cases, it will
not be possible to compute all coefficients X,,, and even if we succeeded,
the process of holomorphic continuation would be extremely tedious, if not
impossible. So on one hand, the recursion equations (1.9) contain all the
information about the global behavior of the corresponding fundamental so-
lution, but to extract such information explicitly must be considered highly
non-trivial. Much of what follows will be about other ways of represent-
ing fundamental solutions, which then allow us to learn more about their
behavior, e.g, near a boundary point of the region G.

Exercises: Throughout the following exercises, let a system (1.1) on a
simply connected region G be arbitrarily given.

1. Let X(2) be a fundamental solution of (1.1). Show that X(z) is an-
other fundamental solution of (1.1) if and only if X (z) = X(z) C for
some constant invertible v x v matrix C.

2. For A(z) = AzF, with k € Ny and A € C¥*¥ (and G = C), show
that X (z) = exp[A 2*T1/(k + 1)] is a fundamental solution of (1.1).

3. For B(z) commuting with A(z) and B’(z) = A(z), z € G, show that
X (z) = exp[B(2)], z € G, is a fundamental solution of (1.1).

4. For v = 2 and a11(2) = a22(z) = 0, a21(z) = 1, a12(2) = 2, show
that no B(z) exists so that B(z) commutes with A(z) and B’(z) =
A(z), z € G, for whatever region G.

5. Let X (z) be a holomorphic matrix, with det X (z) # 0 for every z € G.
Find A(z) such that X (z) is a fundamental solution of (1.1).

6. Show that X(z) is a fundamental solution of (1.1) if and only if
[X~1(2)]T is one for 7’ = —AT(2) 7.

7. Let z1(2),...,z,(2), p < v, be solutions of (1.1). Show that the rank
of the matrix X (z) = [z1(2),...,2,(2)] is constant, for z € G.

8. Let z1(2),...,z,(2), p < v, be linearly independent solutions of (1.1).
Show existence of holomorphic vector functions x,41(2),...,z,(2),
z € G, so that for some, possibly small, subregion G C G we have
det[z1(2),...,2,(2)] # 0 on G. For T(2) = [x1(2),...2,(2)], set z =
T(z) % and conclude that x(z) satisfies (1.1) if and only if & solves

P = A(2) 7, zeq,
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for gl(z) =T7(2)[A(2) T(2) — T'(2)]. Show that the first y columns
of A(z) vanish identically. Compare this to Exercise 4 on p. 14.

1.3 Systems in General Regions

We now consider a system (1.1) in a general region G. Given a fundamen-
tal solution X (z), defined near some point zy € G, we can holomorphically
continue X (z) along any path v in G beginning at z; and ending, say, at
z1. Clearly, this process of holomorphic continuation produces a solution
of (1.1) near the point z;. Since the path can be split into finitely many
pieces, such that each of them is contained in a simply connected subregion
of G to which the results of the previous section apply, det X(z) cannot
vanish. Thus, X (z) remains fundamental during holomorphic continuation.
According to the monodromy theorem, for a different path from zy to z;
the resulting fundamental solution near z, will be the same provided the
two paths are homotopic. In particular, if v is a Jordan curve whose inte-
rior region belongs to G, so that v does not wind around exterior points
of G, then holomorphic continuation of X (z) along ~ reproduces the same
fundamental solution that we started with. However, if the interior of ~
contains points from the complement of G, then simple examples in the
exercises below show that in general we shall obtain a different one. Hence
Theorem 1 (p. 4) fails for multiply connected G, since holomorphic con-
tinuation may not lead to a fundamental solution that is holomorphic in
G, but rather on a Riemann surface associated with G. We shall not go
into details about this, but will be content with the following result for a
punctured disc R(zo,p) = {z: 0 < |z — z0| < p}, or slightly more general,
an arbitrary ring R={z: p1 < |z — 20| <p}, 0< p1 < p:

Proposition 2 Let a system (1.1), with G = R as above, be given. Let
X(z) denote an arbitrary fundamental solution of (1.1) in a disc D =
D(z1,p) C R, p > 0. Then there exists a matrix M € CY*Y such that, for
a fized but arbitrary choice of the branch of (z — 29)™ = exp[M log(z — 20)]
in D, the matrix

S(2) = X(2) (= — 20) ™M

is single-valued in R.

Proof: Continuation of X (z) along the circle |z — zg| = |21 — 2¢| in the
positive sense will produce a fundamental solution, say, X (z), of (1.1) in D.
According to Exercise 1 on p. 7, there exists an invertible matrix C' € C¥*¥
so that X (z) = X(2) C for z € D. Choose M so that C' = exp[2mi M], e.g.,
27mi M = log M. Then, continuation of (z—z¢)™ along the same circle leads
to exp[M (log(z — 29) + 2mi)] = (2 — 29)™ C, which completes the proof. O
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While the matrix C occurring in the above proof is uniquely defined by
the fundamental solution X (z), the matrix M is not! We call any such M
a monodromy matriz for X (z). The unique matrix C' is sometimes called
the monodromy factor for X (z). Observe that M can be any matriz with
exp[2mi M] = C. So, in general, 2mi M may have eigenvalues differing by
nonzero integers, and then 2wi M is not a branch for the matriz function
log C.

For G = R, it is convenient to think of solutions of (1.1) as defined on the
Riemann surface of the natural logarithm of z — 2y, as described on p. 226
in the Appendix. This surface can best be visualized as a spiraling staircase
with infinitely many levels in both directions. For simplicity, take zy = 0,
then traversing a circle about the origin in the positive, i.e., counterclock-
wise, direction, will not take us back to the same point, as it would in the
complex plane, but to the one on the next level, directly above the point
where we started. Thus, while complex numbers z;, = 7 e'#*, r > 0, are the
same once their arguments ¢y, differ by integer multiples of 27, the corre-
sponding points on the Riemann surface are different. So strictly speaking,
instead of complex numbers z = r e*™*?_ we deal with pairs (r,). On this
surface, the matrix 2" = exp[M log z] becomes a single-valued holomorphic
function by interpreting log z = logr + iy.

The above proposition shows that, once we have a monodromy matrix
M, we completely understand the branching behavior of the corresponding
fundamental solution X (z). It pays to work out the general form of z™ for
M = J in Jordan form, in order to understand the various cases that can
occur for the branching behavior of X (z).

The computation of monodromy matrices and/or their eigenvalues is
a major task in many applications. In principle, it should be possible to
find them by first computing a fundamental solution X (z) by means of
the recursions (1.9), and then iteratively re-expanding the resulting power
series to obtain the analytic continuation. In reality there is little hope of
effectively doing this. So it will be useful to obtain other representations for
fundamental solutions providing more direct ways for finding monodromy
matrices. For singularities of the first kind, which are discussed in the next
chapter, this can always be done, while for other cases this problem will
prove much more complicated.

Exercises: Throughout these exercises, let M € CV*¥.

1. Verify that X (z) = 2M = exp[M log 2] is a fundamental solution of
2’ = 27 'M x near, e.g., zo = 1, if we select any branch for the mul-
tivalued function log z, e.g., its principal value, which is real-valued
along the positive real axis.

2. Verify that X (z) = 2™ in general cannot be holomorphically contin-
ued (as a single-valued holomorphic function) into all of R(0, c0).
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3. Verify that M is a monodromy matrix for X (z) = M.

4. Let My € C¥*”, 1 < k < p, be such that they all commute with one
another, let A(z) = Y h_ (2 — 21) "' M}, with all distinct 25, € C,
and G = C \ {z1,...,2,}. For each k, 1 < k < p, and p sufficiently
small, show the existence of a fundamental solution of (1.1) in R(zg, p)
having monodromy matrix M.

5. For M as above and any matrix-valued S(z), holomorphic and single-
valued with det S(z) # 0 in z € R(0, p), for some p > 0, find A(z) so
that X (2) = S(z) 2™ is a fundamental solution of (1.1).

6. For G = R(0,p), p > 0, show that monodromy factors for different
fundamental solutions of (1.1) are similar matrices. Show that the
eigenvalues of corresponding monodromy matrices always are con-
gruent modulo one in the following sense: If M7, Mo are monodromy
matrices for fundamental solutions X (z), X5(z) of (1.1), then for ev-
ery eigenvalue p of M; there exists k € Z so that k+p is an eigenvalue
of MQ.

7. Under the assumptions of the previous exercise, let M; be a mon-
odromy matrix for some fundamental solution. Show that one can
choose a monodromy matrix M, for another fundamental solution
so that both are similar. Verify that, for a given fundamental solu-
tion, one can always choose a unique monodromy matrix that has
eigenvalues with real parts in the half-open interval [0,1).

8. Under the assumptions of the previous exercises, show the existence
of at least one solution vector of the form x(z) = s(z) z#, with p € C
and s(z) a single-valued vector function in G.

9. Consider the scalar ODE (1.6) for ax(z) holomorphic in G = R(0, p),
p > 0. Show that (1.6) has at least one solution of the form y(z) =
s(z) z#, with p € C and a scalar single-valued function s(z), z € G.

1.4 Inhomogeneous Systems

We now return to a simply connected region G, but will consider an inho-
mogeneous system
¥ =A(z)x+b(z), ze€G, (1.10)

where b(z) is a vector-valued holomorphic function on G. We then refer to
(1.1) as the corresponding homogeneous system. As in the real variable case,
we can solve (1.10) as soon as a fundamental solution of the corresponding
homogeneous system (1.1) is known:
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Theorem 3 (VARIATION OF CONSTANTS FORMULA) For a simply con-
nected region G, and A(z), b(z) holomorphic in G, all solutions of (1.10)
are holomorphic in G and given by the formula

z(z) = X(2) <C+/ X (u) b(u) du) , zeG, (1.11)
20
where zg € C and c € C¥ can be chosen arbitrarily.

Proof: It is easily checked that (1.11) represents solutions of (1.10). Con-
versely, if xo(z) is any solution of (1.10), then for ¢ = X ~!(z0) wo(20) the
solution z(z) given by (1.11) satisfies the same initial value condition at z
as xo(z). Their difference satisfies the corresponding homogeneous system,
hence is identically zero, owing to Theorem 1 (p. 4). a

The somewhat strange name for (1.11) results from the following obser-
vation: For constant ¢ € C, the vector X(z)c solves the homogeneous
system (1.1), so we try an “Ansatz”’ for the inhomogeneous one by re-
placing ¢ by a vector-valued function ¢(z). Differentiation of X (z) ¢(z) and
insertion into (1.10) then leads to (1.11).

While (1.11) represents all solutions of (1.10), it requires that we know
a fundamental solution of (1.1), and this usually is not the case. In the
exercises below, we shall obtain at least local representations, in the form
of convergent power series, of solutions of (1.10) without knowing a funda-
mental solution of (1.1).

Exercises: If nothing else is said, let G be a simply connected region in
C and consider an inhomogeneous system (1.10).

1. Expanding A(z) and b(z) into power series about a point 2o € G, find
the recursion formula for the power series coefficients of solutions.

2. In the case of a constant matrix A(z) = A, find a necessary and
sufficient condition on A, so that for every vector polynomial b(z) a
solution of (1.10) exists that is also a polynomial of the same degree
as b(z).

3. For
Ble) = [ W) A ] !

show that x(2) solves (1.10) if and only if #(2) = [1,z(2)]T solves the
homogeneous system &' = B(z) & (of dimension v + 1). Compare this
to the next section on reduced systems.

4. For G = R(0,p), p > 0, let X(z) be a fundamental solution of (1.1)
with monodromy matrix M. Show that (1.10) has a single-valued
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solution z(z), z € G, if and only if we can choose a constant vector c
such that for some zg € G

@ o= [T X a1

20

integrating, say, along a circle centered at the origin. Show that a
sufficient condition for this to be true is that no nontrivial solution
of the homogeneous system (1.1) is single-valued in G.

1.5 Reduced Systems

In this section we shall be concerned with a system (1.1) whose coefficient
matrix is triangularly blocked. While corresponding results hold true for
upper triangularly blocked matrices, we choose A(z) to have the following
lower triangular block structure:

Aq1(2) 0 ... 0
A(z) = Am:('z) A”:(Z) - 0 : (1.13)
Aui(z) Apa(z) .0 Auu(z)

with g > 2, blocks Ajx(z) that are holomorphic in a (common) simply
connected region GG, and such that the diagonal blocks are all square ma-
trices of arbitrary sizes. Such systems will be called reduced. If the diagonal
blocks of (1.13) are of type vx X v, we sometimes say that (1.1) is reduced
of type (v1,...,v.).
Along with the “large” system (1.1), it is natural to consider the smaller
systems
z) = Ak (2) zp, 1<k<upu. (1.14)

We show that the computation of a fundamental solution of (1.1) is, aside
from finitely many integrations, equivalent to computing fundamental so-
lutions for (1.14), for every such k:

Theorem 4 Given a matriz A(z) as in (1.13), the system (1.1) has a
fundamental solution of the form

Xll(z) O e 0
Xgl(Z) XQQ(Z) e 0
X(z) = . . ) .

Xon(2) Xoa(2) oo Xun(2)



1.5 Reduced Systems 13

with Xk (z) being fundamental solutions of (1.14), and the off-diagonal
blocks Xji(2), for 1 <k < j <, recursively given by

Xik(z) = Xj;(2) {Cjk + /Z: ijl(u) Yk (u) du} , z€Q@, (1.15)

with arbitrarily chosen 2y € G, arbitrary constant matrices Cji of the ap-
propriate sizes, and

Jj—1

Yietw) = 37 Ajr(w) X (u).

=k

Conversely, every lower triangularly blocked fundamental solution of (1.1)
is obtained by (1.15), if the Xyx(2) and the constants of integration Cji, are
appropriately selected.

Proof: Differentiation of (1.15) and insertion into (1.1) proves that the
above X(z) is a fundamental solution of (1.1). If X(z) is any lower tri-
angularly blocked fundamental solution of (1.1), let X (2) = Xgx(2) and

Cir = X;jl(zo)Xjk(zo), 1 <k < j < u Then X(z) = X(20), hence
X(2) = X(2). m|

Observe that in case of v = 1 for every k one can easily compute the
diagonal blocks X (z) by solving the corresponding scalar ODE. Hence
triangular systems can always be solved. If one or several vy are at least
two, this is no longer so, but at least we can say that in a clear sense
reduced systems are easier to solve than general ones.

Exercises:

1. Verify that the above theorem, with some obvious modifications, gen-
eralizes to upper triangularly blocked systems.

=49 |

with a(z),b(z), ¢(z) holomorphic in a simply connected region G, ex-
plicitly compute a fundamental solution of (1.1), up to finitely many
integrations.

2. For v =2 and

3. For G = R(0,p), p > 0, let A(z) as in (1.13) be holomorphic in G,
and let Xjx(2) be fundamental solutions of (1.14) with monodromy
factors Ck, 1 < k < u. For X(z) as in the above theorem, show that
we can explicitly find a lower triangularly blocked monodromy factor
in terms of the integration constants Cj; and finitely many definite
integrals.
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4. Under the assumptions of Exercise 8 on p. 7, show that a computation
of a fundamental solution of (1.1) is equivalent to finding a funda-
mental solution of a system of dimension v — u and an additional
integration.

1.6 Some Additional Notation

It will be convenient for later use to say that a system (1.1) is elementary
if a matrix-valued holomorphic function B(z), for z € G, exists such that
B'(z) = A(z) and A(z) B(z) = B(z) A(z) hold for every z € G. As was
shown in Exercise 3 on p. 7 and the following one, an elementary system
has the fundamental solution X(z) = exp[B(z)]; however, such a B(z)
does not always exist, so not every system is elementary. Simple examples
of elementary systems are those with constant coefficients, or systems with
diagonal coefficient matrix, or the ones studied in Exercise 2 on p. 7.

In the last century or so, one of the main themes of research has been on
the behavior of solutions of (1.1) near an isolated boundary point zy of the
region G — assuming that such points exist, which implies that G will be
multiply connected. In particular, many classical as well as recent results
concern the situation where the coefficient matrix A(z) has a pole of order
r+1 at zg, and the non-negative integer r then is named the Poincaré rank
of the system. Relatively little work has been done in case of an essential
singularity of A(z) at zp, and we shall not consider such cases here at all.
It is standard to call a system (1.1) a meromorphic system on G if the
coefficient matrix A(z) is a meromorphic function on G i.e., every point of
G is either a point of holomorphy or a pole of A(z).

In the following chapters we shall study the local behavior of solutions
of (1.1) near a pole of A(z), and to do so it suffices to take G equal to
a punctured disc R(zg, p), for some p > 0. We shall see that the cases of
Poincaré rank r = 0, i.e., a simple pole of A(z) at zq, are essentially different
from r > 1, and we follow the standard terminology in referring to the first
resp. second case by saying that (1.1) has a singularity of firstresp. of second
kind at zp. If A(z) is holomorphic in R(o0,p) = {z : |z| > p}, we say, in
view of ® Exercise 2 that (1.1) has rank r at infinity if B(z) = —272A(1/2)
has rank r at the origin. Accordingly, infinity is a singularity of first, resp.
second, kind of (1.1), if 2A(2) is holomorphic, resp. has a pole, at infinity.
Observe that the same holds when classifying the nature of singularity at
the origin! This fact is one of the reasons that, instead of systems (1.1), we
shall from now on consider systems obtained by multiplying both sides of
(1.1) by =.

3Observe that references to exercises within the same section are made by just giving
their number.
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Exercises: In what follows, let G = R(2q, p), for some p > 0, and let A(z)
be holomorphic in G with at most a pole at zy. Recall from Section 1.3 that
solutions of (1.1) in this case are holomorphic functions on the Riemann
surface of log(z — zp) over G.

1. For B(z) = A(z + 29), z € R(0,p), and vector functions z(z), y(2)
connected by y(z) = z(z + zp), show that x(z) is a solution of (1.1)
if and only if y(z) solves y' = B(z)y.

2. For 29 = 0, B(z) = —272A(1/2), z € R(oo,1/p) = {2z : 2| >
1/p}, and z(z2), y(z) connected by y(z) = x(1/z), show that z(z) is a
solution of (1.1) if and only if y(z) solves y' = B(z)y.

3. More generally, let G be an arbitrary region, let

az+b
cz+d

w=w(z)= (ad — be # 0)

be a Mobius transformation, and take G as the preimage of G under
the (bijective) mapping z — w(z) of the compactified complex plane
C U {oc}. For simplicity, assume a/c ¢ G, to ensure oo ¢ G. For
arbitrary A(z), holomorphic in G, define

<dI§> Aw(2)), y(z) = a(w(z), zed.

B(z) =
Show that x(z) is a solution of (1.1) if and only if y(z) solves y =
B(2)y.

4. Let G = R(o0, p), let A(z) have Poincaré rank r > 1 at infinity, and
set 7a = Sup|,|> 4. |2 7" A(2)]], for some € > 0. For

S={z: |2|>p+e a<argz <},

with arbitrary a < (3, show that for every fundamental solution X (z)
of (1.1) one can find ¢ > 0 so that

IX()| <cet, ze8.

5. For every dimension v > 1, find an elementary system of Poincaré
rank 7 > 1 at infinity for which the estimate in the previous exercise
is sharp.

6. For every dimension v > 2, find an elementary system of Poincaré
rank r > 1 at infinity for which fundamental solutions only grow like
a power of z; hence the estimate in Exercise 4 is not sharp. Check
that for v = 1 the estimate always is sharp.
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7. Consider a system (1.1) that is meromorphic in G, and let zy be a
pole of A(z). If it so happens that a fundamental solution exists which
only has a removable singularity at zg, we say that zg is an apparent
singularity of (1.1). Check that then every fundamental solution X (z)
must be holomorphic at zg, but det X (2¢) = 0.

8. For every dimension v > 1, find a system (1.1) that is meromorphic
in some region G, with infinitely many apparent singularities in G.



2
Singularities of First Kind

Throughout this chapter, we shall be concerned with a system (1.1) (p. 2)
having a singularity of first kind, i.e., a pole of first order, at some point z,
and we wish to study the behavior of solutions near this point. In particular,
we wish to solve the following problems as explicitly as we possibly can:

P1) Given a fundamental solution X (z) of (1.1), find a monodromy ma-
trix at zp; i.e., find M so that X(z) = S(z) (2 — 20)M, with S(2)
holomorphic and single-valued in 0 < |z — 2| < p, for some p > 0.

P2) Determine the kind of singularity that S(z) has at zp; i.e., decide
whether this singularity is remowvable, or a pole, or an essential one.

P3) Find the coefficients in the Laurent expansion of S(z) about the point
Zp, or more precisely, find equations that allow the computation of at
least finitely many such coefficients.

The following observations are very useful in order to simplify the investi-
gations we have in mind:

e Suppose that X (z) = S(2) (z — 20)M is some fundamental solution of
(1.1), then according to Exercise 1 on p. 7 every other fundamental
solution is obtained as X (z) = X (z) C' = 8(z) (z — 20)™, with §(z) =
S(z)C, M = C~*M C, for a unique invertible matrix C'. Therefore we
conclude that it suffices to solve the above problems for one particular
fundamental solution X (z).
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e We shall see that for singularities of first kind the matriz S(z) never
has an essential singularity at zo. Whether it has a pole or a remov-
able one depends on the selection of the monodromy matrix, since
instead of M we can also choose M — kI, for every integer k, and
accordingly replace S(z) by 2¥S(z). Hence in a way, poles and re-
movable singularities of S(z) should not really be distinguished in
this context. It will, however, make a difference whether or not S(z)
has a removable singularity and at the same time det S(z) does not
vanish at zp, meaning that the power series expansion of S(z) begins
with an invertible constant term.

e According to the exercises in Section 1.6, we may without loss in gen-
erality make zp equal to any preassigned point in the compactified
complex plane C U{oo}. For singularities of first kind it is customary
to choose zy = 0, and we shall follow this convention. Moreover, we
also adopt the custom to consider the differential operator z (d/dz)
instead of just the derivative d/dz; this has advantages, e.g., when
making a change of variable z = 1/u (see Section 1.6). As a conse-
quence, we shall here consider a system of the form

za' =A(z)z, Az) = Z A, 2" |z < p. (2.1)

n=0

Hence in other words, A(z) is a holomorphic matrix function in
D(0, p), with p > 0, and we shall have in mind that Ay # 0, although
all results remain correct for Ag = 0 as well.

As we shall see, the following condition upon the spectrum of Ay will be
very important:

E) We say that (2.1) has good spectrum if no two eigenvalues of Aq differ
by a natural number, or in other words, if Ag + nl and A, for every
n € N, have disjoint spectra. Observe that we do not regard 0 as a
natural number; thus it may be that Ay has equal eigenvalues!

For systems with good spectrum we shall see that Ay will be a monodromy
matrix for some fundamental solution X(z), and we shall obtain a repre-
sentation for X (z) from which we can read off its behavior at the origin.
For the other cases we shall obtain a similar, but more complicated result.

The theory of singularities of first kind is covered in most books dealing
with ODE in the complex plane. In addition to those mentioned in Chap-
ter 1, one can also consult Deligne [84] and Yoshida [290]. In this chapter, we
shall also introduce some of the special functions which have been studied
in the past. For more details, and other functions which are not mentioned
here, see the books by Erdélyi [100], Schafke [235], Magnus, Oberhettinger,
and Soni [180], and Iwasaki, Kimura, Shimomura, and Yoshida [141].
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2.1 Systems with Good Spectrum

Here we prove a well-known theorem saying that for systems with good
spectrum the matrix Ay always is a monodromy matrix. Moreover, a fun-
damental solution can in principle be computed in a form from which the
behavior of solutions near the origin may be deduced:

Theorem 5 Fvery system (2.1) with good spectrum has a unique funda-
mental solution of the form

X(z):S(z)ZAOa S(Z):anzn’ SOZI7 |Z| <p. (22)
The coefficients S, are uniquely determined by the relations

Sy (Ag +nl) — ZAn mSmy  n>1 (2.3)

Proof: Inserting the “Ansatz” (2.2) into (2.1) and comparing coefficients
easily leads to the recursion equations (2.3). Lemma 24 (p. 212) implies
that the coefficients .S,, are uniquely determined by (2.3), owing to as-
sumption E. Hence we are left to show that the resulting power series for
S(z) converges as desired. To do this, we proceed similarly to the proof of
Lemma 1 (p. 2): We have ||A,]| < ¢K™ for every constant K > 1/p and
sufficiently large ¢ > 0, depending upon K. Abbreviating the right-hand
side of (2.3) by B,,, we obtain ||B,|| < ¢ K"~ ||S,, |, n > 1. Divide
(2.3) by n and think of the elements of \S,, arranged, in one way or another,
into a vector of length v2. Doing so, we obtain a linear system of equa-
tions with a coefficient matrix of size v? x 12, whose entries are bounded
functions of n. Its determinant tends to 1 as n — oo, and is never going
to vanish, according to E. Consequently, the inverse of the coefficient ma-
trix also is a bounded function of n. These observations imply the estimate
|Snll < nté|B,ll, n > 1, With sufficiently large ¢, independent of n. Let
so = ||Soll, sn =n"teX 0 K” ™ sm, n > 1, with ¢ = ¢¢, and conclude
by induction [|S,| < sp, n 2 0. The power series f(z) = Zo S 2™ for-
mally satisfies f/(z) = ¢K f(2) (1— Kz)~!, and as in the proof of Lemma 1
(p. 2) we obtain convergence of f(z) for |z| < K~!, hence convergence of
S(z) for |z| < p. O

Note that the above theorem coincides with Lemma 1 (p. 2) in case of
Ay = 0, which trivially has good spectrum. Moreover, the theorem obvi-
ously solves the three problems stated above in quite a satisfactory manner:
The computation of a monodromy matrix is trivial, the corresponding S(z)
has a removable singularity at the origin, det S(z) attains value 1 there, and
the coefficients of its Laurent expansion, which here is a power series, can



20

2. Singularities of First Kind

be recursively computed from (2.3). As we shall see, the situation gets
more complicated for systems with general spectrum: First of all, Ay will
no longer be a monodromy matrix, although closely related to one, and
secondly the single-valued part of fundamental solutions has a somewhat
more complicated structure as well. Nonetheless, we shall also be able to
completely analyze the structure of fundamental solutions in the general
situation.

Exercises: In the following exercises, consider a fixed system (2.1) with
good spectrum.

1.

Give a different proof for the existence part of Theorem 5 as follows:
For N € N, assume that we computed Sy, ..., Sy from (2.3), and let
Pn(z) = T+ Y0 8, 2", B(2) = A(2) Pn(2) — 2P4(2) — Pn(2) Ao,
X(2) = X(2) — Py(2) 2. For sufficiently large N, show that X (2)
solves (2.1) if and only if

du
-

X@:/‘p@m%+mwa} (2.4)
0

Then, by the standard iteration method, show that (2.4) has a so-
lution X (z) = S(z) z°, with S(z) holomorphic near the origin and
vanishing of order at least N + 1.

. Let T be invertible, so that J = T—' Ay T is in Jordan canonical

form. Show that (2.1) has a fundamental solution X (z) = S(z) 27,
with S(z) =T +>72, S, 2", |z| < p.

Let sg be an eigenvector of Ay, corresponding to the eigenvalue pu.
Show that (2.1) has a solution x(z) = s(z) 2", with s(z) = so +
oo 802", |2| < p. Such solutions are called Floquet solutions, and
we refer to p as the corresponding Floquet exponent. Find the recur-
sion formulas for the coefficients s,,.

Show that (2.1) has k linearly independent Floquet solutions if and
only if Ag has k linearly independent eigenvectors. In particular, (2.1)
has a fundamental solution consisting of Floquet solutions if and only
if Ag is diagonalizable.

In dimension v = 2, let
_|n 0
AO = |: 1 [ :| y 1% eC.

Show that (2.1) has a fundamental solution consisting of one Floquet
solution and another one of the form x(z) = (s1(z) + s2(z) log z) z*,
si(z) = > sn 2™, |2| < p. Try to generalize this to higher dimen-
sions.
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2.2 Confluent Hypergeometric Systems

As an application of the results of Section 2.1, we study in more detail the
very special case of

zr' = (zA+ B)z, A,BeC"*". (2.5)

We shall refer to this case as the confluent hypergeometric system, since
it may be considered as a generalization of the second-order scalar ODE
bearing the same name, introduced in Exercise 3. Under various addi-
tional assumptions on A and B, such systems, and/or the closely related
hypergeometric systems that we shall look at in the next section, have
been studied, e.g., by Jurkat, Lutz, and Peyerimhoff [147, 148], Okubo and
Takano [207], Balser, Jurkat, and Lutz [37, 41], Kohno and Yokoyama [161],
Balser [11-13, 20], Schdfke [240], Okubo, Takano, and Yoshida [208], and
Yokoyama [288, 289].

For simplicity we shall here restrict our discussion to the case where B
is diagonalizable and E holds. So according to Exercise 4 on p. 20 we have
v linearly independent Floquet solutions z(z) = > 7 s, 2™ T#, where p
is an eigenvalue of B and sy a corresponding eigenvector, and the series
converges for every z € C. The coefficients satisfy the following simple
recursion relation:

sn=(n+pl—B) tAs,1, n>1 (2.6)

Note that the inverse matrix always exists according to E. Hence we see
that s, is a product of finitely many matrices times sg. To further sim-
plify (2.6), we may even assume that B is, indeed, a diagonal matrix
D = diag[u1, ..., /], since otherwise we have B = TDT~! for some in-
vertible T, and setting A = TAT-', s, = TS, this leads to a similar
recursion for §,. Then, p is one of the values i and sy a corresponding
unit vector.

Despite of the relatively simple form of (2.6), we will have to make some
severe restrictions before we succeed in computing s, in closed form. Es-
sentially, there are two cases that we shall now present.

To begin, consider (2.6) in the special case of

A{‘C‘Z], B{’g 52}, (2.7)

assuming that p; — puo # Z except for u; = o, so that E holds. In this
case, let us try to explicitly compute the Floquet solution corresponding to
the exponent p = py; the computation of the other one follows the same
lines. Denoting the two coordinates of s,, by fn,gn, we find that (2.6) is
equivalent to

nfn = afnfl + bgnfla (n +ﬁ)gn = Cfnfl + dgnfla n>1,
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for B = p1 — pe, and the initial conditions fo = 1, go = 0. Note n + 5 #
0, n > 1, according to E. This implies

(n+1)(n+B)far1 = (n+P8)(afn+bgn)
= an+B)fn+blcfrno1+dgn_1).

Using the original relations, we can eliminate g,_; to obtain the following
second order recursion for the sequence (f,):

(n+1)(n+ B)fatr1 = [n(a+d) +aplfn — (ad —bc) fn1, n>1,

together with the initial conditions fo = 1, f; = a. Unfortunately, such a
recursion in general is still very difficult to solve — however, if ad—bc = det A
would vanish, this would reduce to a first-order relation. Luckily, there is
a little trick to achieve this: Substitute ! x = e**% into the system (2.1) to
obtain the equivalent system z#' = (A(z) — 2A) Z. In case of a confluent
hypergeometric system and A equal to an eigenvalue of A, we arrive at
another such system with det A = 0. Note that if we computed a Floquet
solution of the new system, we then can reverse the transformation to
obtain such a solution for the original one.

To proceed, let us now assume ad — bc = 0; hence one eigenvalue of
A vanishes. Then A\ = a + d is equal to the second, possibly nonzero,
eigenvalue, and the above recursion becomes

(n+1)(n+B)foy1 = (nA+aB)fn, n=1,

with f; = a. Leaving the case of A = 0 as an exercise and writing o = a3/
for A # 0, we find 2

_ AY(@)n
N Anil(a"rl)n—l n -
In = CGDIETD.

Thus, one can explicitly express the Floquet solution of the confluent hy-
pergeometric system in terms of the following well-known higher transcen-
dental function:

CONFLUENT HYPERGEOMETRIC FUNCTION
ForaeC, g€ C\{0,—-1,-2,...}, the function

F(a; 85 2) i (a)" 2€C,

n=0

INote that what is done here is a trivial case of what will be introduced as analytic
transformations in the following section.
2Here we use the Pochhammer symbol (a)o =1, (@) =a-... - (a+n—1), n > 1.



2.2 Confluent Hypergeometric Systems 23

is called confluent hypergeometric function. Another name for
this function is Kummer’s function. It arises in solutions of
the confluent hypergeometric differential equation introduced in
the exercises below. For a = —m, m € Ny, the function is a
polynomial of degree m; otherwise, it is an entire function of
exponential order 1 and finite type.

In the case of A = 0, the coefficients f,, obviously decrease at a much faster
rate. This is why the corresponding functions are of smaller exponential
order. In a way, it is typical in the theory of linear systems of meromorphic
ODE to have a “generic situation” (here: A # 0 and o # 0,—1,...) in
which solutions show a certain behavior (here, they are entire functions of
exponential order 1 and finite type), while in the remaining case they are
essentially different (of smaller order, or even polynomials). To explicitly
find the solutions in these exceptional cases, we define another type of
special functions, which are very important in applications:

BESSEL’S FUNCTION
For p € C, the function

S (=n"
Tu(z) = Z n!T(1+p+n)

n=0

(2/2)*1, zeC,

is called Bessel’s function. Removing the power (z/2)*, we ob-
tain an entire function of exponential order 1 and finite type.
The function is a solution of a scalar second-order ODE, called
Bessel’s differential equation.

In Exercise 2 we shall show that Bessel’s function also arises in solutions
of (2.6) for v = 2 and nilpotent A, i.e., A = 0.

Next, we briefly mention another special case of (2.5) where Floquet
solutions can be computed in closed form: For arbitrary dimension v, let

)\Il 0 0 ai
0 )\/2 0 as
A =diagl0,...,0,1], B=| ¢ © . : . (28)
0 0 i/—l Ay—1
by by ... b1 N,

Under certain generic additional assumptions one can explicitly compute
Floquet solutions of (2.5), using the following well-known functions:

GENERALIZED CONFLUENT HYPERGEOMETRIC FUNCTIONS
Form >1,a; € C, 3; e C\{0,-1,-2,...}, 1 < j <m, the
function

o0

(@n - - @nda
F ms y e Pmy =
(Oél, s Qi 1 s Z) nZ:() n! (/Bl)n e (ﬂm)nz
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(with radius of convergence of the series equal to infinity), is
called generalized confluent hypergeometric function. For some
parameter values (which?), the function is a polynomial, and
otherwise an entire function of exponential order 1 and finite
type. The function arises in solutions of a scalar (m + 1)st-
order ODE;, called generalized confluent hypergeometric differ-
ential equation, introduced in the exercises below.

For more details upon this case we refer to [13].

Exercises: In the first two of the following exercises, consider a fixed
confluent hypergeometric system with A, B as in (2.7). Also, restrict p; —po
so that E holds. For the last one, consider m € N and parameters o;, §; as
in the definition of the generalized confluent hypergeometric function, and
let § denote the differential operator z(d/dz).

1. For A having distinct eigenvalues, but not assuming det A = 0, ex-
plicitly express one Floquet solution of (2.5) using exponential and
confluent hypergeometric functions.

2. For A having equal eigenvalues, do the same as above in terms of
exponential and Bessel functions.

3. Verify that the (scalar) confluent hypergeometric ODE

2y —(z=B)y —ay=0

for 3 # 0,—1,—2,... has the solution F(«;(3;2). Moreover, verify
that the equation has only one solution, aside from a constant factor,
which is holomorphic at the origin. Note that in the literature one
can find another second-order ODE, closely related to the one above,
bearing the same name.

4. Show Kummer’s transformation

F(a,ﬂ,z):ezF(ﬁfa,ﬁ,fz), Z€C7ﬁ%07717727

5. For Re > Re a > 0, show
F(a; By 2) =

6. Verify that Bessel’s equation

2yt zy + (2 = pP)y =0

has the solution J,(2).
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7. Show that F(aq,...,am;01,.-.,0m; 2) satisfies the following scalar
ODE of (m + 1)st order, called the confluent hypergeometric differ-
ential equation:

(6+01) o (64 0) = (5 B) - (64 B) ]y =0,

2.3 Hypergeometric Systems

In this section we consider so-called hypergeometric systems, which are of
the form

(A—zI)z' =Bz, A ,BeC"*. (2.9)

As shall become clear in the following chapters, (2.9) is intimately related,
via Laplace transform, to a confluent hypergeometric system with slightly
different A and B. Another relation is through a process called confluence,
which shall not be discussed here but is mentioned to explain the name for
the systems (2.5).

For simplicity, we restrict our discussion to A = diag[Ay,...,\,], with
not necessarily distinct values Ag. The system (2.9) then is meromorphic in
C with first-order poles at the numbers Aq, ..., A,. If all the A; are equal, a
change of variable z = u+ )\, reduces the system to one treated in Exercise 1
on p. 9, so we exclude this case here. For A\ = ... = \,_1 # \,, we shall
compute Floquet solutions of (2.9) using the hypergeometric function resp.
its generalized versions. For v = 3 and three distinct values Ay, the system,
under some additional assumptions, should be closely related to Heun’s
ODE, and the corresponding confluent one to one of its various confluent
forms [234], but to the author’s knowledge these relations have never been
worked out. We leave this to the reader as a research problem.

Making a change of variable z = au 4+ b, a # 0, one can achieve \; = 0,
A, = 1. This shows that in dimension v = 2 we may assume

[32] se[2Y]

Putting the system into the form (2.1), we find that the Floquet exponents
are —a and 0. For simplicity we restrict to a noninteger value for a, so
that in particular E is satisfied. Using the same notation as in the previous
section, the recursion relations for the coefficients of a Floquet solution
with exponent © = —a are

O=nfn+bgn, n+1—a)gny1=cfn+(n+d—a)gn, n>0,
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with fo = 1, go = 0. Eliminating f,, we obtain n(n + 1 — a) g,41 =
(n+a)n+p8)gn, n>1, witha+ 8 =d—a, of = —cb and the initial
condition g; = ¢/(1 — a). With v = 1 — a, this implies

fo = Sk
n > ]
_ C(l"l‘a)nfl (1+ﬁ)n—1 " - 1
In = (n—1)! (M

So we can compute the corresponding Floquet solution using the perhaps
most famous function we define in this chapter:

HYPERGEOMETRIC FUNCTION
For a,f € C,v€ C\ {0,-1,-2,...}, the function

Flo,Bi7;2) = Y Wz” 2] < 1,

n=0

is called hypergeometric function. It is a solution of a scalar
second-order ODE, called hypergeometric differential equation,
introduced in the exercises below.

For arbitrary dimension v, a special case where one can compute Floquet
solutions in closed form occurs for A, B as in (2.8), under some additional
generic assumptions upon the parameters. For details we again refer to [13];
here we only mention that for these calculations one has to use the following
other well-known special functions:

GENERALIZED HYPERGEOMETRIC FUNCTIONS
Form>1a;,€C,1<j<m,and §; € C\{0,—-1,-2,...},
1 <j <m—1, the function

F(at,...,0m;B1,. . Bn_1;2) = Z n,((gigz Egmf)nzn

(with radius of convergence of the series at least equal to 1), is
called generalized hypergeometric function. It arises in solutions
of a scalar mth-order ODE, called generalized hypergeometric
differential equation, introduced in the exercises below.

n=0

Exercises: In the following exercises, let «, 3, v, resp. oj, B be as
in the definition of the hypergeometric, resp. generalized hypergeometric
functions, and let § denote the differential operator z(d/dz).

1. Verify that the hypergeometric ODE
z(1-2)y" +(v—(a+8+1)2)y —afy=0

has the solution F(«, 3;7;2), |2] < 1.
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2. Show that the function F(ai,...,m;0B1,...,Bm—1;%) satisfies the
following scalar ODE of mth order, called the generalized hypergeo-
metric differential equation:

[(5+a1)-...-(6+am)—(6+61)~-~--(6+ﬁm_1)d%]y=0~

3. Use Theorem 1 (p. 4) to conclude that F(ay,...,am; 01, .., Bm-1;2)
can be holomorphically continued into the complex plane with a single
cut from 1 to infinity, which usually is made along the positive real
axis.

4. Show

F(a,B;7;2) =

I'(v) PP A
)/0 dt,  (2.10)

L@)r(y-p (1 —zt)*
for z € C\ [1,00) and Re v > Re 8 > 0.
5. For Re(y — a — ) > 0, show

= (@) (B ()T —a— )
2 ), S TO )T =) @11)

n=0

6. Show F(a, B57;2) = (1= 2)"* P F(y —a,y = 3573 2).

2.4 Systems with General Spectrum

Throughout this section, let a system (2.1) with general spectrum be given.
We shall solve the same three problems stated at the beginning of this
chapter; however, the solutions will be less direct, and some modifications
in the statements and proofs of the results are necessary. Our treatment
is very similar to Gantmacher’s [105], although the proofs are of a slightly
different flavor.

The main tools in this section will be so-called analytic transformations,
introduced and studied by Birkhoff [54]:

A square matrix-valued function T'(z) will be called an analytic trans-
formation if it is holomorphic in a neighborhood of the origin, and so that
det T'(z) # 0 there. This obviously is equivalent to T'(z) = > ;" T;, 2" for
|z| sufficiently small, and det Ty # 0. If T,, = 0 for every n > 1, we shall
sometimes speak of a constant transformation.

Given an analytic transformation T'(z), we set * = T'(z) Z. Then x is a
solution of (2.1) if and only if Z solves

2&' = B(2) , (2.12)
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with B(z) given by
2T'(z) = A(2) T(z) — T(2) B(2). (2.13)

Given T'(z) and (2.1), we refer to (2.12) as the transformed system. The
matrix B(z) is again holomorphic near the origin, but possibly on a smaller
circle. In particular, the transformed system has a singularity of first kind
there. For later use, we mention that in case of A(z) having a pole of order
r at the origin, then so does B(z). Therefore, analytic transformations
preserve the Poincaré rank of systems at the origin. Note that we shall use
the term “analytic transformation” both for the matrix 7'(z) and for the
change of variable = T'(z) &, but we think this will not lead to confusion.

The special form of T'(z) implies that solutions of both systems (2.1) and
(2.12) behave the same near the origin, e.g., show the same monodromy
behavior. This is why we call two systems (2.1) and (2.12) analytically
equivalent, if we can find an analytic transformation T'(z) satisfying (2.13).
Note that (2.13), for given A(z) and B(z), is nothing but a linear system
of ODE of Poincaré rank r = 1 for the entries of T'(z). To check analytic
equivalence requires finding a solution 7'(z) that is holomorphic at the
origin, with 7'(0) invertible.

Given (2.1), we shall see that we can construct an analytic transfor-
mation so that the task of finding solutions of the transformed system
is easier than for the original one. We have already seen this happen on
p. 21, where a transformation z = e**# helped to find solutions of the
two-dimensional confluent hypergeometric system. Theorem 5 (p. 19) may
be restated as saying that systems with good spectrum are analytically
equivalent to (2.12) with B(z) = Ay, which is an elementary system with
fundamental solution z4°. For general spectrum we shall prove that (2.1)
is analytically equivalent to a reduced system in the sense of Section 1.5,
with diagonal blocks which all have good spectrum. To do so, we show the
following lemma, concerning a nonlinear system of ODE of a very special
form:

Lemma 2 Given a system (2.1), assume that A(z) can be blocked as

AH(Z) A12(Z)
A = ’

() Ag1(2)  Aa(2)

so that A12(0) = 0, and that the square matrices A11(0) and A22(0)+nl, for
every n € N, have disjoint spectra. Then for sufficiently small p > 0O there
exists a unique matriz-valued holomorphic function Tia(z), with Ti12(0) =0
and

2T5(2) = An(z)Tia(z) — Tia(2) Aa(2)
7T12(Z) A21(Z) Tlg(Z) -+ Alg(z), |Z| < p~ (214)
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Proof: Expanding A;,(z) =" AYR) 2n Tia(z) = ST, 2™ and insert-
ing into (2.14), we obtain the recursions

n—1
T (AP 4+ nD) - AN T, = S (AN, T — T, AD2))
m=1

LAGD ZT ZAgl; T

for n > 1. According to our assumption and Lemma 24 (p. 212), these
recursions determine the T, uniquely, so to prove existence we are left to
show convergence of the power series so obtained for T'(z). To do this we
proceed analogously to the proof of Theorem 5 (p. 19): Defining 3

n—1 n—up
tn = cK"{l +3 K, [2 +3 K’mtm] } n> 1,
pn=1 m=1

for K > 1/p and sufficiently large ¢ > 0, we show by induction |7, | <
tn, n > 1. Putting f(z) = > tn (2/K)", one can formally obtain the
quadratic equation (1 — 2) f(z) = zc[1 + 2f(2)] + ¢ f2(2). Its solutions are

Fi(z) = (20)7 {1 —2(2e+ 1) £ /[I - 2(2c + 1] — 4c2z } ,

which both are holomorphic near the origin. Moreover, f_(0) = 0, and
the coefficients of its power series expansion satisfy the same recursion as,
so are in fact equal to, the numbers ¢, K~™. This proves convergence of
17 b, 2™, for sufficiently small |z|. |

Note that, unlike for linear systems, we have not shown that the matrix
T'(z) in the above lemma is holomorphic in the same disc as the coefficient
functions; in general, this is not true for nonlinear systems, as one can learn
from simple examples.

Lemma 2 may be rephrased as showing existence of a unique analytic
transformation of the form

T(z) = [ é T”I(Z) } . Ti(0) =0,

transforming (2.1) into (2.12), with

B(z) = [ 218 BQS(Z) ] ’

3Observe that the same recursion, but with ¢ replaced by ¢/n, would also ensure
T ]| < tn, and this majorizing sequence would clearly give a better estimate. However,
then the corresponding function f(z) is a solution of a Riccati differential equation,
instead of a simple quadratic equation. Hence proving analyticity is more complicated.
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Bi1(z) = A11(2) — Th2(2) A21(2), Bai(z) = A21(2),
BQQ(Z) = Agl(z) T12(Z) + AQQ(Z).

Iterating this result, we are able to prove that a system with general spec-
trum can be transformed into another one that is reduced in a block struc-
ture determined by the Jordan canonical form of Ay:

Proposition 3 Let a system (2.1) with general spectrum be given. As-
sume that the matriz Ay is diagonally blocked, with the diagonal blocks
having ezxactly one eigenvalue, and let these eigenvalues have increasing
real parts. Then an analytic transformation T(z) exists that is upper tri-
angularly blocked with respect to the block structure of Ag, with diagonal
blocks identically equal to I, so that the corresponding transformed system
is lower triangularly reduced in the same block structure.

Proof: We proceed by induction with respect to the number of blocks of
Ap. In the case of one such block nothing remains to prove, while for two
blocks Lemma 2 assures the existence of the transformation as stated. If
we have even more diagonal blocks in Ag, we block all matrices in a coarser
block structure with two diagonal blocks by grouping several of the blocks
of Ag into one large block. Then we can again apply Lemma 2 to obtain
a system that is lower triangularly blocked of this coarser type, with two
diagonal blocks to which the induction hypothesis applies. Since diagonally
blocked analytic transformations leave the system in lower triangularly
blocked form, we can use such a transformation to put all the diagonal
blocks into the desired form. This, however, completes the proof. a

Note that the assumptions of the above proposition can always be made
to hold by a constant transformation T(z) = T, putting Ag into Jordan
canonical form with the eigenvalues ordered accordingly. Hence, in princi-
ple the above proposition allows us to compute fundamental solutions of
systems with general spectrum: First, we find an analytic transformation
to another system that is reduced and has diagonal blocks, each of which
has good spectrum. Then, we compute a fundamental solution of the new,
reduced, system by means of Theorem 5, applied to each diagonal block,
and Theorem 4. This fundamental solution will be investigated further:

Proposition 4 Let a system (2.1) be given that is reduced of some type
(V1. .., v), with A;;(0) having exactly one eigenvalue A, and assume that
these eigenvalues have increasing real parts. Moreover, let Ay;(0) = 0 for
k > j. Finally, let k; € Z be such that 0 < Re A\j — k; < 1. Then there
exists a triangularly blocked fundamental solution X (z) of (2.1) of the form

X(2)=T(z) 25 M,

where T(z) is a lower triangularly blocked analytic transformation, M is
a lower triangularly blocked constant matriz with diagonal blocks equal to
Ajj(0) = ki1, and K = diag [k11y,, ..., kuly,].
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Proof: Using Theorem 5 (p. 19), we compute fundamental solutions
X;j(2) = Tjj(2) 2435 for the diagonal blocks of our system, and then
compute the blocks below the diagonal using Theorem 4 (p. 12), thus ob-
taining some lower triangularly blocked fundamental solution X (z). Obvi-
ously, X(z) has a monodromy factor that is blocked in the same way, and
according to Theorem 71 (p. 241), so is the unique monodromy matrix M
with eigenvalues in [0,1). Its diagonal blocks M;; are monodromy matrices
for the diagonal blocks of X (z), having eigenvalues with real parts in [0, 1).
Another such monodromy matrix is A;;(0) — k;I; hence, according to the
uniqueness part of Theorem 71, we have M;; = A;;(0) — k;I. Defining
T(z) = X(2) 2= 27K we conclude that T'(z) is single-valued at the ori-
gin, and its diagonal blocks are even holomorphic there, while the others
could be singular there. Direct estimates of (1.15) (p. 13) show that the
blocks of T'(z) below the diagonal cannot have an essential singularity at
the origin. Moreover, the definition of T'(z) implies

2T'(z) = A(2) T(z) — T(z) B(z), (2.15)

with B(z) = K + 25X M 27 Since 1, ..., k, are weakly increasing and M
is lower triangularly blocked, we conclude that B(z) is holomorphic at the
origin, and B(0) and A(0) have the same diagonal blocks. For the blocks
Ty;(2), 1 <j <k <wv, we obtain from (2.15) that

2Ty (2) = Agk(2) Tij(2) — Tij(2) Bjj(2) + Rij(2), (2.16)

with Ry;(z) depending only upon such blocks of T'(z) that are closer to, or
on, the diagonal. Assume that we have shown Ry;(2) to be holomorphic at
the origin, which is correct for k — j = 1, since then Ry;(z) involves only
diagonal blocks of T'(z). Then, let m > 0 be the pole order of T;(z) and
Tg:i) denote the corresponding coefficient in its Laurent expansion. If m
were positive, then (2.16) would imply [mI + Axx(0)] ngfb) = Tyjf;) A;;(0).
This, however, would imply Tfkj ) — 0, owing to our assumption on the
eigenvalues of the diagonal blocks. Hence m = 0 follows; i.e., Tj;(2) is
holomorphic at the origin. Therefore, by induction with respect to k — j we
find that all blocks of T'(z) must be holomorphic at the origin. a

Together, the above two propositions clarify the structure of fundamental
solutions in case of general spectrum: First, we use a constant transforma-
tion to bring Ag into Jordan form, with eigenvalues ordered appropriately.
Then, we compute an upper-triangularly blocked analytic transformation,
such that the transformed equation is lower triangularly blocked. Finally,
we find a lower triangularly blocked analytic transformation for which the
transformed equation has an explicit solution 2% 2. We state this main re-
sult of the current section in the following theorem, before we add a remark
concerning a more efficient way of computing this fundamental solution.
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Theorem 6 A system (2.1) with general spectrum has a fundamental so-
lution of the form
X(z) =T(z) 25 M, (2.17)

where
e T(z) is an analytic transformation,
o M is constant, lower triangularly blocked of some type (v1,...,v,),

e the kth diagonal block of M has exactly one eigenvalue my with real
part in the half-open interval [0,1),

o K = diag(kil,,,...,k.0,,], k; € Z, weakly increasing and so that
my + K s an eigenvalue of Ay with algebraic multiplicity vy,.

It is worth pointing out that the above result does not coincide with
Theorem 5 (p. 19) in case of a good spectrum, since the eigenvalues of Ag
need not have real parts in [0,1). Nonetheless, the theorem clarifies the
structure of fundamental solutions of (2.1) with general spectrum, and the
propositions in principle allow the computation of the monodromy matrix
M, the diagonal matrix K, and any finite number of coefficients of T'(z).
For a more effective computation, one may use the following procedure
from Gantmacher [105], which also provides another proof of Theorem 6:

Remark 1: Let (2.1) and an analytic transformation T'(z) = > o~ T, 2™ be
arbitrarily given, and expand B(z) = Y.~ B, z". Then (2.13) is equivalent

to
n—1

T, (Bo+nl) = Ao Ty = Y (An—m Ton — Trn Bnm), (2.18)
m=0
for n > 0. We assume that Ay = diag [411, ..., Ay, is diagonally blocked as
in Proposition 3 (p. 30), which can always be brought about by a constant
transformation, and take To = I, By = Ap. Blocking T, = [T,(ij)], and
similarly A,, B,, according to the block structure of Ay, the equations
(2.18) for n > 1 are of the form

TR (Apy 4+ nl) — Aj; TUR = AGR — BUR) 4

According to Lemma 24 (p. 212), whenever Ay +nl and A;; do not have
the same eigenvalue, these equations can be solved for T,(Lj ) for whatever
block Br(f M we have, and we then choose such blocks equal to vanish. In
the other case we apply Lemma 25 (p. 213) to see that the equation be-
comes solvable if we pick B,(Lj k) accordingly. This second case occurs only
for finitely many values of n and for some j > k, and one can see that the
transformed system so obtained has a fundamental solution 2% 2™, with K
and M as described in the theorem. <
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A definition frequently used in the literature is as follows: Given a system
having an isolated singularity at some point 2y, we say that zq is a reqular-
singular point, if a fundamental solution X (z) = S(2) (z — 29)™ exists
whose single-valued part S(z) has at most a pole at zg, or in other words:
if || X (2)]| cannot grow faster than some negative power of |z —zg| as z — 2
in, e.g., |arg(z—2p)| < 7. Note that then the same statements hold for other
fundamental solutions as well. Using this terminology, we may summarize
the results obtained in this chapter as follows:

1. Every singularity of first kind is a regular-singular point.

2. In case of good spectrum, there is a unique fundamental solution of
(2.1) of the form (2.2), and the coefficients S,, can be recursively
computed from (2.3).

3. In case of general spectrum, there exists a fundamental solution of
(2.1) of the form (2.17), and the matrices M and K and the coefli-
cients T,, can be computed as described in Remark 1.

So we have given quite satisfactory solutions to the problems stated at the
beginning of this chapter. It is worthwhile to emphasize that the converse
of statement 1 does not hold, as follows from Exercise 1. To find an effective
algorithmic procedure for checking whether a system has a regular-singular
point at zp is not a trivial matter and has attracted the attention of re-
searchers for quite some time. In principle, every procedure finding the
so-called formal fundamental solution that we shall define later can also
serve as a way of determining the nature of the singularity. So many pa-
pers concerned with effective calculation of formal solutions fall into this
category as well. From the more recent work in this direction, we mention,
e.g, Turrittin [268], Moser [195], Lutz [171-173], Deligne[84], Jurkat and
Lutz [145], Harris [114], Wagenfihrer 276, 277], and Dietrich [85-87].

In particular, the computer algebra packages mentioned in Section 13.5
may be used very effectively to check whether a singularity of positive
Poincaré rank is regular-singular. For scalar equations, however, we shall
obtain a very easy criterion for regular-singular points. So in this context,
scalar equations are much “better behaved” than systems.

Exercises:

1. For an arbitrary constant M and a diagonal matrix K of integer
diagonal entries, let A(z) = K + 25 M 2=%. Show that the origin is
a regular-singular point of zz’ = A(z) z, but in general a singularity
of the second kind.

2. Let a confluent hypergeometric system (2.5) in dimension v = 2, with
B = diag[0,1] and A as in (2.7), be given. Use the procedure outlined
in Remark 1 to find explicitly the matrices M and K, and recursion
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equations for the entries of the matrices T, for a fundamental solu-
tion of the form (2.17).

2.5 Scalar Higher-Order Equations

Consider a vth-order linear ODE (1.6) (p. 4), with coefficients ax(z) holo-
morphic in some punctured disc R(0, p) about the origin. As for systems,
we say that the origin is a regular-singular point of (1.6), if all solutions do
not grow faster than some inverse powers of |z|, as z — 0 in |arg z| < 7.
Moreover, we call the origin a singularity of the first kind for (1.6), if ar(z)
has at most a pole of kth order there, for 1 < k < v. To see how this
definition relates to the system case, see Exercise 1.

In contrast to the case of systems, for scalar equations regular-singular
points and singularities of the first kind are the same:

Theorem 7 The origin is a reqular-singular point for (1.6) if and only if
it s a singularity of the first kind.

Proof: First, assume that (1.6) has a singularity of the first kind at the
origin. Then the equivalent system constructed in Exercise 1 has a singu-
larity of the first kind as well, hence a regular-singular point according to
Theorem 6. This in turn implies a regular-singular point for (1.6).
Conversely, assume that (1.6) has a regular-singular point at the origin.
From Exercise 9 on p. 10, we conclude existence of a solution of the form
y(z) = s(z) 2, with p € C and s(z) single-valued at the origin. Owing to
the assumption of a regular-singular point, s(z) cannot have an essential
singularity at the origin. Redefining ¢ mod 1, we therefore may assume

o0

y(z) =Dy 2", 2l <p,
n=0

with yo # 0. As for systems, we call such a solution y(z) a Flogquet solution
of (1.6). Making p smaller if necessary, we may also assume that y(z) does
not vanish on R(0, p). We now complete the proof by induction with respect
to v: For v = 1, we obtain from (1.6) that z a1 (2z) = 2¢'(2)/y(z), and on the
right one can cancel z#. Thus zaq(z) is the quotient of two holomorphic
functions, with a nonzero denominator, hence holomorphic at the origin.
So for v = 1 we completed the proof. For larger v, we substitute y = y(2)g
into (1.6), use that y(z) is a solution to cancel two terms, and then divide
by y(z), to obtain (setting ag(z) = —1):

) = Z;g(y)z( )y(k e )aufk@)-
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This is an ODE for ', and its order is v —1. Observe that the factor z# can
be canceled from y*~7)(z)/y(z), which then becomes single-valued at the
origin, with a pole of order j—k. So the coefficients of this new equation are
holomorphic in R(0, p). By assumption, no solution y (hence: no g, or its
derivative) can grow faster than powers of z, so by induction hypothesis,
the new ODE has a singularity of the first kind at the origin. Thus we
conclude that the coefficient of §/) can at most have a pole of order v — j
at the origin. This information can be used to conclude by induction that
each a,_j(z) can at most have a pole of order v — k. O

According to Exercise 3, one can always recursively compute the coeffi-
cients for at least one Floquet solution of (1.6). The proof of the previous
theorem then shows that other solutions can, in principle, be obtained
through an equation of order v — 1. This, however, is not a very efficient
procedure.

The Floquet exponents pu are roots of the so-called indicial equation in-
troduced in Exercise 2. A fundamental solution of (1.6), aside from Floquet
solutions, consists of so-called logarithmic solutions of the form

where p is one of the Floquet exponents, j is strictly smaller than its
multiplicity, and the sj(z) are holomorphic at the origin. An elegant method
to compute finitely many power series coefficients of these functions goes
under the name Frobenius’ method. In the exercises below we have described
an essential part of this method; for the cases not included there, see [82].
In any case, for v > 3, one will only in exceptional cases succeed in finding
all power series coefficients of the functions si(z) in closed form.

Exercises: For the following exercises, let a vth-order linear ODE (1.6)
in G = R(0,p), p > 0, be given.

1. Defining x = [y, z¢/, .. ., Zy_ly(y_l)]Tv and

0 1 0 0 0
0 1 1 0 0
0 0 2 ... 0 0
A(Z) = )
0 0 0 S 1
| bu(2) bu—i(2) bu_a(2) ... ba(z) bi(2)+v—1 |

with by (2) = 2%ax(2), show that y(z) solves (1.6) if and only if the
corresponding z(z) is a solution of (2.1) (in particular, show that a
solution vector z(z) of (2.1) always is of the above form).
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2. Assume (1.6) to have a singularity of the first kind at the origin, i.e.,

br(z) = 2Fag(2) = Z b2zl <p, 1<k <.

n>0

Let y(2) = >, yn 2", yo # 0, p € C, be a solution of (1.6). Show
that then the Floquet exponent pu satisfies the indicial equation

iy =3 657 [y,

k=1
with [pulo =1, [plek =pp—-1)-...- (u—k+1), for k € N.

3. For by(z) and y(z) as above, find the equations that the coefficients
yn have to satisfy so that y(z) is a solution of (1.6). Show that for
at least one solution p of the indicial equation one can recursively
compute the coeflicients from these equations. In this way, we obtain
a constructive proof for existence of at least one Floquet solution.

4. For bi(z) as above, let w be a complex variable.

(a) With po(w) = [w], — > r_, bgk) [w]k, show that the inhomoge-
neous equation

2y =N "2 Ry (2) y R = po(w) 2
k=1

has a unique solution y(z; w) = Y o° yn(w) 2", with yo(w) =1
and coeflicients y,, (w), n > 1, which are rational functions of w.
Find the possible poles of p, (w) in terms of the roots of pg(w).

(b) Let u be a root of po(w), but so that po(p + 7) # 0 for j € N.
Conclude that then y(z; u) is a Floquet solution of (1.6). Show
that for at least one root of po(w) this assumption holds.

(c¢) Let u, as above, be a root of multiplicity at least k& > 2. Show
that then (1.6) has a solution of the form

k—1 E_1 o> .
Z( ; )[logZ]’“‘l‘Jnyi)(u)Z””, 2] < p.

j=0 n=0
Show that all solutions so obtained are linearly independent.

5. For the hypergeometric, resp. Bessel’s, equation, find the cases where
the indicial equation has a double root. Use the previous exercise to
compute a fundamental solution for these cases.
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Highest-Level Formal Solutions

In this and later chapters, we are concerned with systems having a singu-
larity of the second kind at some point zy. As in the case of singularities
of the first kind, we may without loss of generality assume that zy is any
preassigned point in C U {oo}. Both for historical reasons as well as nota-
tional convenience it is customary to choose zy = oo here. Hence we shall
be dealing with systems of the form

2o’ = A(2)x, A(z) =2" ZA” 2", |z| > p, (3.1)
n=0

with Poincaré rank » > 1. Observe that we usually assume the leading term
Ap to be nonzero, but sometimes we may apply certain transformations,
producing a new system with vanishing leading term. In this case we may
say that we have lowered the Poincaré rank of the system.

In principle, we should like to solve the same three problems posed at
the beginning of the previous chapter, but we shall see that things are
considerably more complicated here: We know that fundamental solutions
of (3.1) are of the form X(z) = S(z) 2™, with a single-valued matrix S(z)
that in general will have an essential singularity at infinity. Expanding
S(z) = > Snz~", inserting into (3.1), and comparing coeflicients gives

Spr(M = (n=1)I) = ApSp_m, neL.
m=0

This is a homogeneous system of infinitely many equations in infinitely
many unknowns; and the also unknown matrix M may be regarded as a
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matriz eigenvalue for this system. In the case of a singularity of the first
kind we have seen that S(z) cannot have an essential singular point at
infinity; hence S,, = 0 for small n € Z. For singularities of the second
kind, however, this is no longer true. Therefore, although we know that for
some M this system has a solution (S,,)>,, for which S(z) converges and
det S(z) # 0 for sufficiently large |z|, to find M and (S,) is much more
difficult. There is a theory of infinite determinants (see von Koch [153])
that might be applied here. We shall not do this, however, because even
if we had computed M and the coefficients S,,, we would not obtain any
detailed information on the behavior of solutions for z — oco. Instead, we
will show existence of certain transformations that will block-diagonalize
the system (3.1). Hence in principle we will reduce the task of studying the
nature of solutions of (3.1) near the point infinity to the same problem for
simpler, i.e., smaller, systems. However, some of the transformations will
be formal in the sense that they look like analytic transformations, but the
radius of convergence of the power series will in general be equal to zero.
So at first glance, the usefulness of these transformations is questionable,
but in several later chapters we shall show that they can nonetheless be
given a clear meaning.

Many of the books listed in Chapter 1 also cover the theory of singu-
larities of the second kind. In addition, we mention the survey articles
by Brjuno [74], Kimura [151], Malgrange [182, 183], Hukuhara [131, 132],
Bertrand [51], and Varadarajan [274, 275]. For presentations using more
algebraic tools, see Gerard and Levelt [106], Levelt [167], or Babbitt and
Varadaragan [3].

3.1 Formal Transformations

Since we are now working in a neighborhood of infinity, we have to adjust
the notion of analytic transformations accordingly. Moreover, we shall have
reason to use other types of transformations as well, and we start by listing
such transformations x = T'(z)Z employed in this chapter:

1. IfT(z) = Y., T 2~ ™ has positive radius of convergence and det T, #
0, then we shall call T'(z), or more precisely the change of the depen-
dent variable x = T(2)Z, an analytic transformation (at the point
infinity). This coincides with the definition in Section 2.4, up to the
change of variable z — 1/z. If only finitely many coefficients T,, are
different from zero, we say that the transformation terminates.

2. IfT(z) = oo T 2~ ™, with Tj as above, but the radius of convergence
of the power series possibly equals zero, we speak of a formal analytic
transformation. If in addition for some s > 0 we can find constants
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¢, K > 0 so that
|Toll < cK"T(1+sn), n=>0, (3.2)

we shall say that T(z) is a formal analytic transformation of Gevrey
order s. Note that being of Gevrey order s = 0 is the same as con-
vergence of T'(z) for sufficiently large |z|.

. Transformations of the form T'(z) = diag [21/9, ..., 2P»/9], with p;, €
Z, q € N, will be called shearing transformations. If ¢ = 1, we say
that T'(z) is an unramified shearing transformation.

. For T'(z) = explq(z)]1, with ¢(z) a scalar polynomial in z, we speak
of a scalar exponential shift. Note that such a transformation is holo-
morphic at the origin, but is essentially singular at infinity. However,
since T'(z) commutes with A(z), the transformed system has coeffi-
cient matrix A(z)—z¢'(z)I and hence is again meromorphic at infinity.
. A transformation of the form T'(z) = 3.2 T,2~", with ng € Z,
will be called a meromorphic transformation if the series converges for
sufficiently large |z|, and if in addition the determinant of T'(z) is not
the zero series. Then, T1(2) exists and is again of the same form. If
the radius of convergence of the series is unknown, and in particular
may be equal to zero, we speak of a formal meromorphic transforma-
tion, and in this case write T'(z) instead of T(z). If the coefficients
T, satisfy (3.2), we call T(z2) a formal meromorphic transformation
of Gevrey order s.

. A transformation T'(z) will be called g-analytic, resp. g-meromorph-
ic, with ¢ € N, if T'(29) is an analytic, resp. meromorphic, trans-
formation, or in other words, if T(2) = Y02 _ T,27"9, 2| > p,
and det T'(z) is not the zero series. Analogously, we define formal g-
analytic resp. g-meromorphic transformations T(z) Finally, we say
that T'(z) is formal of Gevrey order s if T(z9) is formal of Gevrey
order s/q, i.e., if the coefficients T), satisfy (3.2) with s/q in place of
s. To see that this is a natural terminology, check what happens to
the Gevrey order of an analytic resp. meromorphic transformation

under a change of variable z = w?.

Note that all the above transformations have inverses of the same type:
For formal analytic transformations of Gevrey order s compare Exercise 3,
and for meromorphic ones use Proposition 5 (p. 40); observe, however, that
the inverse of a terminating transformation will, in general, not terminate.
Proceeding formally, the change of variable z = T'(z) & transforms (3.1)
into the transformed system z %' = B(z) &, with

2T'(z) = A(z) T(2) — T(z) B(2).
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However, except for analytic transformations, the transformed system will
in general not be of the same form as (3.1): In case of a formal analytic
transformation the coefficient matrix will be given as a series of the form
(3.1), but the radius of convergence of this series will in general be equal to
zero. Systems where this happens, or to be precise: where this may happen,
will be named formal systems and denoted as

2ol =Az)x, A(z)=2" Z Apz ™. (3.3)
n=0

In particular, if for sufficiently large ¢, K > 0 we have
[An]] < cK"T(1+sn), n=0, (3.4)

then we shall call (3.3) a formal system of Gevrey order s. Applying a
formal analytic or meromorphic transformation 7'(z) to (3.3) and denoting
the resulting formal system by zZ = B(z) Z, the coefficient matrices are
related by the purely formal identity

2T"(2) = A(2) T(2) — T(2) B(2). (3.5)

Using Exercise 2, we see that a formal analytic transformation of Gevrey
order s transforms a system that is formal of Gevrey order s and of Poincaré
rank r into another such system. Shearing transformations, or g-analytic
transformations, take (3.1) or (3.3) into a system that, after a change of
the independent variable as in Exercise 5, is of the same form, but perhaps
of larger rank. Scalar exponential shifts also increase the Poincaré rank of
the system, except when the degree of ¢(z) is at most r.

For meromorphic transformations, we prove the following well-known
result, showing that they are a combination of analytic ones and a shearing
transformation:

Proposition 5 Fvery formal meromorphic transformation T(z) can be
factored as
T(z) = Ty (z) diag [2F1, ..., 2] Th(2),

where Ty(z), Ta(2) are formal analytic transformations and k; € Z, ky <
ky <...<k,. WhenT(z) is of Gevrey order s > 0, then both Tj(z) can be
chosen to be of Gevrey order s as well.

Proof: We proceed by induction with respect to v: For v = 1, the statement
obviously holds with 71(z) = 1 and K = k = degT(z), where degT'(z)
denotes the highest power of z occurring in the series T(z) For v > 2, let
T(2) = [tjx(2)] and take k, = deg T'(2) = max; j deg;(2). Interchanging
rows and columns, we can arrange that k, = deg fyy(z). Adding suitable
multiples of the last row/column to previous ones, the factors used being
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formal power series in 271, and then dividing the last row by a power series
with nonzero constant term, we can arrange that fyy(z) = M, fl,j (2) =
fjl,(z) =0,1 < j <v—1. All the steps used to obtain this form can be
interpreted as multiplication from the left- or right-hand side by formal
analytic transformations, which are of Gevrey order s > 0 if 7'(z) is formal
of Gevrey order s. The induction hypothesis then completes the proof. O

While the usefulness of formal transformations is not clear ofthand, the
other types of transformations take (3.1) into an equivalent system in the
sense that it suffices to compute a fundamental solution of either one of the
two equations, since then one for the other system is obtained through the
transformation. We shall see in Chapter 8 that the same applies to formal
transformations of Gevrey order s as well, since we shall give a holomorphic
interpretation to the formal series by which formal transformations are
defined. In this chapter, however, we shall take a formal approach, meaning
that we most of the time disregard the question of convergence of formal
power series occurring in calculations, but we will always verify estimates
of the form (3.2) resp. (3.4).

Exercises:

1. Use the Beta Integral (p. 229) to show I'(14+2)T'(1+y)/T(1+2+y) =
xB(z,1+y) <1forz,y>0.

2. If T1(2),To(2) are formal analytic transformations of Gevrey order
s > 0, show the same for T3 (z) T (2).

3. For a formal analytic transformation T(z) of Gevrey order s, show
that 771(z) is of Gevrey order s, too.

4. Show that every formal meromorphic transformation can be factored
as T(z) T(z), with a formal analytic transformation 7(z) and a ter-
minating meromorphic transformation 7'(z). Conclude that in Propo-
sition 5 we may take 7 (z) to converge.

5. Show that the system equivalent to (3.3) by means of the change of
variable z = w?, ¢ € N, has Poincaré rank qr.

6. Show that for s > 0 the following statements both are equivalent to
(3.2), possibly for different values of ¢, K:

(@) |Tn]l < cK™n®*", n>1. (b) limsup {/|[|T.||/T(1 + sn) < co.
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3.2 The Splitting Lemma

Roughly speaking, finding a formal fundamental solution of (3.1) will be
equivalent to finding a formal g-meromorphic transformation 7°(z) so that
the transformed system, after a change of variable z = w?, is elementary in
the sense of Section 1.6. A fundamental solution G(z) of the transformed
system can then be easily computed. The object X (z) = T'(z) G(z) formally
satisfies (3.1), and classically these formal fundamental solutions have been
the starting point of the so-called asymptotic theory. In the light of recent
results, it will be more natural to base these investigations on a formal
solution of highest level. This essentially will be a formal g-meromorphic
transformation 7'(z) of a certain minimal Gevrey order, block-diagonalizing
the system (3.1). The diagonal blocks of the transformed system will, in
general, not be elementary. However, since they are of smaller dimensions
than the original system, we shall be able to obtain significant results simply
by induction with respect to the dimension of the system.

When the leading term Ag of (3.1) has several distinct eigenvalues, exis-
tence of such a transformation, with ¢ = 1, follows from a classical result:

Lemma 3 (SPLITTING LEMMA) Let (3.3) be a formal system of Gevrey

order s, and assume that Ay = diag [Agu), A(()zz)], such that the two diagonal
blocks have disjoint spectra. Then there exists a unique formal analytic
transformation of Gevrey order § = max{s,1/r} of the form

T(z) = Tgll(z) Tlgf(z)}v Tjk(@:leTyk)z*",

such that the transformed formal system is diagonally blocked, with each of
the two diagonal blocks being a formal system of Gevrey order s.

Proof: Blocking

ORI C R [ s S

and inserting into (3.5) leads to

BQQ(Z) = 12122(23) =+ Agl(z) Tlg(Z), (36)
2Tiy(2) = Aua(2) + An(2) Tra(z) — Tha(2) Aza(2)
—T12(Z) /121(2) Tlg(z), (37)

plus two other equations with indices 1,2 permuted that are omitted here
but can be treated in quite the same way. Inserting power series expansions
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and comparing coefficients implies

T AE - Az S(ASELTT‘J”—TS”ASEM
m:nl, L
ST Z s T
Ag Dt (n— >T£122, (3.8)
for n > 1, interpreting T,(Ll_%} = 0 for n < r. From these formulas we

can uniquely compute the coefficients TT(LU). So we are left to estimate the
coefficients T,(Lw), and this can be done as follows (also compare the proof
of Lemma 2 (p. 28)):

It suffices to consider the case s > 1/, so that § = s. By assumption we
have (3.4). Taking ¢,, = HTy(LlQ)HK_"/I’(l + sn), we conclude from (3.8), for
sufficiently large ¢ > 0:

m

+sn— I'(1+4 sm
O T )

+Zt Z 1+su)F(1+s(n—u—m))F(l+sm)t

== (1 + sn) "

n—r)I'(1+4s(n—r))

—r
K I'(1+ sn)

tn_r}, n>1.

According to Exercise 1 on p. 41, both quotients of Gamma functions inside
the two sums can be estimated by 1, and by taking K larger we may also
assume the term in front of ¢,,_, to be bounded by 1. Finally, by allowing
t, to become larger, we may assume equality in the above estimate, and
thus get ¢, = ¢[1+tp—r + Zu T2+ A ,)], for m> 1. Defining
f(z) =377 t,2"™, we conclude formally

(1 =2)f(z) =2E[1+(2+271(1=2)) f(z) + f2(2)].

This quadratic equation has exactly one solution that is holomorphic at the
origin and vanishes there, while the other solution has a pole. This shows
convergence of Z‘fo t,z"™, hence t,, < K™. Thus we obtain an estimate of
the desired type for ||T7(le) |I. In the same fashion one can estimate HT,&QU II,
hence T'(z) is of Gevrey order s. Moreover, from (3.6) we conclude, using
Exercise 2 on p. 41, that both diagonal blocks of the transformed system
are of Gevrey order s. a

Applying the above Lemma repeatedly and using Exercise 2 on p. 41, we
obtain an analogous result when Ay has more than two blocks:
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Theorem 8 Let (3.3) be a formal system of Gevrey order s > 0, and as-

sume that Ay = diag [A(()H)7 . A(()““)}, such that the kth diagonal block has
exactly one eigenvalue Ay, and let Ay, ..., A, be distinct. Then there exists
a unique formal analytic transformation of Gevrey order § = max{s,1/r},
with diagonal blocks all equal to I and the off-diagonal ones having zero con-
stant terms, such that the transformed formal system is diagonally blocked,
with each of the diagonal blocks being formal of Gevrey order s.

Remark 2: It follows from the form of the formal analytic transformation
that the diagonal blocks of the transformed system have leading terms with
exactly one eigenvalue. Assuming that this was already the case for (3.3),
we can use the scalar exponential shift z = exp[Az"/r] & to produce a
system with nilpotent matrix Ag. Such systems will be investigated in the
following section. &

Remark 3: Suppose that Ag has v distinct eigenvalues; this situation usu-
ally is referred to as the distinct eigenvalue case. Then the above theorem
shows existence of a formal analytic transformation for which the trans-
formed system is diagonal, i.e., decoupled into v one-dimensional systems.
These can easily be solved, and in this way one can compute a formal
fundamental solution of (3.3). For details, compare Exercise 4. <&

Exercises:
1. Forr =1, v =2 and

a b

Aq = diag[0,1], 4, = [ o

},AH:O,n>2,

compute 7 given by (3.8) and find its rate of growth, in depen-
dence upon a and b, as n — oo.

2. Assume that a formal system (3.3) is given, whose coefficients A,, all
commute with one another (this is satisfied for v = 1, or whenever all
Ay, are diagonal). Show that B(z) = A, logz+3_, . Ap2""/(r—n)
commutes with A(z). In case the series in (3.3) converges for |z| > p,
conclude that (3.3) is elementary in the sense of Section 1.6.

3. Under the assumptions of the previous exercise, show that (3.3), at
least formally, i.e., disregarding the question of convergence of the
series involved, has the fundamental solution X (z) = T'(z) 2 ¢@(),
with Q(z) = 32028 Apz""/(r —n), A = A,, and

n=0

oo

T(z)=I+ Z T,z"" =exp [Z Apz" 7"/ (r —n)].

1 n>r



3.3 Nilpotent Leading Term 45

4. In case the leading term Ag has all distinct eigenvalues, show that
(3.3) has a formal fundamental solution of the form

X(z) = T(z) A eQ(Z),

with a formal analytic transformation T(z)7 being of Gevrey order
§ =max{s,1/r} in case (3.3) is formal of Gevrey order s, a constant
diagonal matrix A, and a diagonal matrix @Q(z) with polynomials
along the diagonal satisfying Q(0) = 0. Explicitly describe an algo-
rithm for computing the matrices A and Q(z) and any finite number
of coefficients of T'(z).

3.3 Nilpotent Leading Term

In this section, we are concerned with formal systems (3.3) whose leading
term only has one eigenvalue, so that the Splitting Lemma does not apply.
A scalar exponential shift then reduces such a system to one with nilpotent
leading term, and such a transformation commutes with every other one we
are using here. Hence it is without loss of generality when, for notational
convenience, we restrict our discussion to systems (3.3) having a nilpotent
leading term Ay # 0. We may also assume Aj in Jordan canonical form

AO:diag[Nl,...,Nu], (39)

with nilpotent Jordan blocks of weakly decreasing sizes s; > ... > s, — if
this were not so, we could apply a constant transformation. In what follows,
we shall block A(z) = [A;1(2)] according to the block structure of the ma-
trix Ag, and similarly for transformations resp. corresponding transformed
equations. Our goal is to simplify the given system, in a sense to be made
clear later, using finitely many transformations that are either terminating
analytic ones, or shearing transformations, or scalar exponential shifts. Ow-
ing to the nature of the transformations we see that in case the system we
begin with is convergent, then the one we obtain in the end converges, too.
Hence, divergent transformations or systems will only occur when applying
the Splitting Lemmal!

As a first step we shall try to find terminating analytic transformations,
resp. unramified shearings, that leave the Poincaré rank r of (3.3) un-
changed, but possibly increase the matrix rank of A or, in general, leave
the ranks of Af fixed, for 1 < k < j — 1, and increase the rank of A}. To
have a way of expressing this, we shall use the following terminology:

ORDER RELATION FOR NILPOTENT MATRICES
Given any two nilpotent matrices N, N € C**¥ we say that N
is superior to N, if for some j > 1 we have rank N* = rank N*
for 1 <k <j—1,and rank N7 < rank N7,
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Note that the ranks of the powers determine the structure of a nilpotent
Jordan matrix up to a permutation of its blocks, so if we restrict ourselves
to nilpotent Jordan matrices whose Jordan blocks have decreasing sizes,
then the above relation becomes a total order, and it is easily seen that the
nilpotent matrix with rank equal to v — 1 is the maximal element for this
order relation.

Classically, the case of nilpotent leading matrices has been treated by
finding transformations reducing the rank of Ay, or if possible, even making
Ag = 0, hence lowering the Poincaré rank. Here we do the opposite, which
at first glance appears unreasonable. However, we shall see that this may be
considered as an example of what sometimes is called “worst case analysis,”
since in case of a maximal leading term we shall find that the system has
a very particular structure.

Finding the transformations that will produce a superior leading term
requires two steps, the first one being the following analogue to the Splitting
Lemma; see, e.g., Wasow [281] for an equivalent version.

Lemma 4 Let a formal system (3.3) with leading term as in (3.9) be given.
Then for every ng € N there exists an analytic transformation of the form
T(z) = I + [T;i(2)], blocked according to the block structure of Agy, with

matrices Tj(z) = Y.1° T,(ljk) z~™, such that the coefficient matrix of the
transformed system has the form B(z) = 2" Ao + [Bjr(2)], with Bjx(z) =
2" Z(fo By(fk)z_”, and so that for 1 < n < ng the coefficients BT(L]k)

e have all zero rows except for the first one in case 1 < j < k < pu,

o have all zero columns except for the last one in case 1 <k < j < pu.
The transformation T(z) is unique if we require for 1 < n < nq that

e all TT(ij) have vanishing last row in case 1 < 5 <k < pu,

e all Té‘jk) have vanishing first column in case 1 <k < j < pu.

Proof: Insertion into §3.5) implies the following identities for the coeffi-
cients of the blocks of A(z), B(z),T(z):

N, TI® — TU¥ N = BUM + RGP, n>1, 1<j,k<p, (3.10)

where R%j k) only involves blocks of T,,, B,, with m < n. For n < ng,
Lemma 25 (p. 213) implies existence of a unique matrix Bfﬁ %) with nonzero
entries only in the first row, resp. last column, such that (3.10) has a so-
lution T, 7(1j *) This solution is unique if we require its last row, resp. first
column, to vanish. Which case applies depends on the shape of the block,
i.e., upon its position on or above, resp. below, the block-diagonal. For
n > ng + 1, we have T,Ej’“) = 0; hence take B,Sjk) so that (3.10) holds, thus
completing the proof. O



3.3 Nilpotent Leading Term 47

Remark 4: We say that (3.3) (with Ay as above and p > 1) is normalized
up to z~™°, if all coefficients Aka), for 1 < n < ng, have nonzero entries
only in first row resp. last column (in case j < k resp. j > k). If this is so for
some ng, we briefly call (3.3) normalized. If (3.3) is normalized up to z~ ",
and in addition all AY* with j # k vanish completely, for 1 < n < ng,
then we say that (3.3) is reduced up to z—™°.

For later use, observe that if (3.3) is already normalized up to z~"°, then
normalization up to z~ ", for ng > 7y, can be done by a transformation
T(z) with coefficients T,, = 0 for 1 < n < fg; hence the corresponding
coeflicients A,, remain unchanged. <&

For normalized systems (3.3) with © > 1 we apply shearing transforma-
tions to produce another system with superior leading term:

Proposition 6 For some ng € N, let (3.3) be a formal system with lead-
ing term as in (3.9), normalized up to z7™, and assume p > 2. Assume

the existence of n1, 1 < ny1 < ng, so that Aku(z) =z’ Znan A%k”) P
1 <k < p—1, and not all Aﬁ{j“) vanish. Then the unramified shearing

transformation T'(z) = diag[ls,,..., I, ,,2™I,,] produces a system with
a supertor leading term.

Proof: Abbreviate C), = Agi“), 1 < k < p— 1. Then, check that the
shearing transformation produces a transformed system with leading term

Ny O ... 0 G . .
k1 .- Cks,
0 Ny ... 0 AR
Bo=| i i o i L Ge= |
0 0 ... Nuiy Cuy ;
O 0 ... 0 N, 0 0

By assumption, Cy # 0 for at least one k. For ¢ > 1, we find

NYOO o ¥

o N ... o ¢
Bg — . . . E E ,

0 0 N, )

0 0 0 N

with C,(f) = N,f_lck + C’,g_l)Nu, ¢ > 2. This shows that the /th row of

C’](f) equals the first one of C, while the following ones vanish. From this
we learn that those rows of B§ with a one in a subdiagonal coincide with
the corresponding rows of A§. Therefore, we have rank A§ < rank B§, and

equality holds if and only if the rows of C}ge)’ forevery k =1,...,u0— 1,
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are linear combinations of the rows of N, ﬁ. Now, take ¢ = s, the size of
the last, i.e., the smallest, Jordan block of Ay. Then we have N 5 =0, but

C’,il) # 0 for at least one k, hence inequality holds for the ranks, thus By is
superior to Ag. O

Suppose that we are given a formal system with a leading term as in (3.9),
normalized up to z~™°. Proposition 6 then implies that either Aku(z) =
O(z"—™~1) 1 < k < pu—1, or we have a shearing transformation producing
a system with a superior leading term. Much more can be said, however:

Theorem 9 Let (3.3) be a formal system with a leading term of the form
(3.9), normalized up to z="™. Then we can find an unramified shearing
transformation producing a system with a superior leading term, except
when the coefficients A,, 1 < n < ng, are all diagonally blocked in the
block structure of Ay, i.e., when (3.3) is reduced up to z=™°.

Proof: For p = 1 nothing remains to prove, so suppose otherwise. Ap-
plying Proposition 6 shows the existence of a shearing transformation as
required, except when all A,, 1 < n < ng, are lower triangularly blocked,
not necessarily in the block structure of Agy, but the coarser one with two
diagonal blocks, the second one of the same size as N,,. It is not difficult
to see that an analogue to Proposition 6, with a shearing transformation
inverse to the one used there, produces a system with a superior leading
term, except when the above-mentioned coefficients are diagonally blocked
in the same coarser block structure. Repeating the same arguments for the
first diagonal block then completes the proof. o

According to the above results, we are now left to deal with a formal
system (3.3) with a leading term as in (3.9), and for some ng to be chosen
later we may assume that (3.3) is reduced up to z7"°, i.e., for all n =
1,...,npand 1 < 5.k <

ag’l) a%j’z) . ag’sj)
o) 0 0 .. 0 " _
AgD = | . Lo AP =0 G R, (311)
0 0 0

Note that in case p = 1, the condition on AY® for j # k becomes void!

Remark 5: On one hand, for theoretical arguments we may assume with-
out loss in generality that the number ng introduced above is as large as we
need it to be; however, for more computational purposes it is convenient
to keep it as small as possible. So in the discussion to follow, we shall con-
sider an arbitrarily fixed value ng, but keep in mind that we might have
arranged ng > v, because if not, then we may apply Theorem 9 to obtain
a system with larger ng, or one with superior leading term, and the latter
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case can occur only finitely many times. Hence after a finite number of
steps we arrive at a system where, when normalizing it up to some power
z7™0, it automatically satisfies (3.11). Also recall from Remark 4 (p. 47)
that increasing ng can be done without changing the leading terms of the
system. &

To proceed, let (3.3) be reduced up to z=™°, and consider the finite set of
rational numbers of the form p/q, 1 < p < ¢ < s; (recall that by assumption
51, the size of IVy, is at least as large as the sizes s; of the other blocks N;
of Ap). For each such p/q, assume from now on that we have chosen p and
q to be co-prime, i.e., having no nontrivial common divisor. The shearing
transformation

T(z) = diag[Ti(2),...,Tu(2)],
Tj(z) = diag[l,2P/9,2%/9  (i=Dp/q] (3.12)

then produces a ramified system (except for p = ¢ = 1), whose coefficient
matrix may be denoted by ép /q(2). The elements of this matrix in those
positions corresponding to 1’s in the matrix Ay then are formal Laurent
series in z~!/¢ beginning with the term 2" /4. Elements of ép/q(z) in
other positions may or may not involve higher rational powers of z — if
they do, then we discard the corresponding rational p/q as inadmissible.
This may eliminate many values of p/q, but we observe that at least the
smallest possible value p/q = 1/s1 remains admissible. If several admissible
values remain, we take the largest one. For this admissible p/q, the matrix

By, /4(2) may be written in the form
R R (o)
By(z) = B(2) =2" Y Bz /1, (3.13)
n=p

If p/g =1 (hence p = g = 1), then the transformed equation is unramified
and of Poincaré rank r — 1, so we consider this an improvement, and then
apply to the resulting system the same arguments as above (depending
upon its new leading term having several distinct eigenvalues or not). If
this is not so, we show that the leading term B, either is nilpotent or has
several distinct eigenvalues:

Lemma 5 Let a system (3.3) with coefficients as in (3.11) be given, let p/q
be determined as above, and let the transformed equation be written as in

(3.13). Then we have
e 2"mi/iB = D 'B, D, n>p, (3.14)

with D = T(e*™) — note that this is not the identity matriz except for
q = 1. In particular, the spectrum of the leading term B, is closed with
respect to multiplication with €2™/9, i.e. X is an eigenvalue of B, if and
only if \e?™"/ 4 is one, too. Hence, if p/q < 1, then B, either is nilpotent or
has more than one eigenvalue.
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Proof: It can be concluded from B(z) = T71(z2)[A(2) T(z) — 2T"(2)]
and T(ze2™) = T(z) D that B(ze*™) = D~'B(z) D, from which follows
(3.14). This then implies det(B, — zI) = e*""P/adet(B, — e~ 2"P/4z]),
showing that the spectrum of B, is closed with respect to multiplication
with e=27%/4 and since p and ¢ are assumed to be co-prime, the same
follows for €27/ O

Hence, according to the above lemma, the only case where we did not
make any progress is when B,, for the maximal admissible value p/q, is
nilpotent. This case, however, cannot occur when the value ny has been
large enough: Imagine that ng > v, then for n < v the coefficients A,, are
diagonally blocked. In this case either 1 is admissible, or for the maximal
admissible value p/q < 1 we have a leading term B, which is a direct sum
of matrices of the form N; + C;, with N; as in (3.9), and C; having zero
rows except for possibly the first one. According to maximality of p/g, not
all C; can be the zero matrix, hence B, cannot be nilpotent, as follows
from Exercise 1.

We summarize the result of the preceding discussion as follows:

Theorem 10 Given a formal system (3.3) with a nilpotent leading term,
then one of the following two cases occurs:

(a) There exists a terminating meromorphic transformation T(z) so that
the transformed system has Poincaré rank smaller than r.

(b) There exist a q € N, not larger than the order of nilpotency of the
leading term Ao, and a terminating q-meromorphic transformation
T(z), so that the transformed system has a non-nilpotent leading term
whose spectrum is closed under multiplication by e27"/4.

The minimal value for q and a transformation T(z) can in both cases be
found in an algorithmic manner following the steps described below.

What we have shown so far can be summarized in algorithmic form: Let a
system (3.1), or more generally an arbitrary formal system (3.3), be given:

1. If the Poincaré rank of (3.3) is zero, or if the dimension v equals one,
stop. If not, find the number of distinct eigenvalues of the leading
term Ap; if it turns out to be larger than one, stop. Otherwise, use
a scalar exponential shift to go to a system with a nilpotent leading
term and continue with step 2, taking the parameter ng = 1.

2. Normalize the system up to z~"0.

(a) If (3.11) does not hold, use an unramified shearing transforma-
tion as in Proposition 6 (p. 47), resp. Theorem 9 to go to a
system with superior leading term, and continue with step 2
and value ng = 1.
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(b) If (3.11) holds, find the maximal admissible value p/q (< 1).
For p/qg = 1 use the shearing transformation (3.12) to go to
a system of smaller Poincaré rank, and continue with step 1;
otherwise, use the ramified shearing transformation (3.12) and
a change of variable z = w? to go to a system whose leading
term either has several eigenvalues (in which case we accept the
transformed system and stop) or is nilpotent; in this case we
discard the transformed system and return to the previous one,
increase ng by one and continue with step 2.

The above algorithm terminates after finitely many steps. It produces
finitely many transformations that we may combine into a single one de-
noted by T'(z), and a resulting system

wi' = A(w)E, w=2z"1 qeN. (3.15)

As can be read off from the results in this sections, the following two es-
sentially different cases occur:

1. The system (3.15) has Poincaré rank 7 = 0; in this case all transfor-
mations used have been unramified (hence ¢ = 1), and T'(z) has the
form

T(z) = )T (2),

with a polynomial ¢(z) of degree at most r and a terminating mero-
morphic transformation T7(z).

2. The system (3.15) has Poincaré rank 7 > 1; in this case 7 and ¢ are
co-prime, the leading term of A(w) = w™ > ° A, w™™ has several
eigenvalues, and T'(z) has the form

T(z) = Ty (2) T(2),

with a polynomial ¢(z) of degree at most r, a terminating meromor-
phic transformation 71(z), and a ramified shearing transformation
T(z) as in (3.12). Moreover, the coeflicients A,, satisfy

e 2m=Nmi/a g — T (e?™) A, T(e*™), n>0.

Now, consider a convergent system (3.1) instead of a formal one. Then
the system (3.15) will also converge. If the second one of the above two
cases occurs, we may then apply the Splitting Lemma to (3.15). Doing so,
we obtain a diagonally blocked system, whose blocks are formal of Gevrey
order 1/7. We shall show in the next section that this formal system can
then be transformed into a convergent one, using a diagonally blocked
formal analytic transformation of the same Gevrey order. Combining all
the transformations used into a single one, we then have obtained what we
shall define in the following section as a highest-level formal fundamental
solution.
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Exercises:

1. For a nilpotent Jordan block NV and a constant matrix C' with nonzero
entries in the first row only, compute the characteristic polynomial of
A = N+C and show that A is nilpotent if and only if C' = 0. Matrices
of this form will also be called companion matrices, although they are
slightly different from the ones named so before.

2. For the simplest nontrivial situation of v = 2, verify Theorem 10
(p. 50) and give explicit conditions under which each case occurs.

3. For a system (3.3) with a nilpotent leading term, give examples show-
ing that the value for ¢ in Theorem 10 (p. 50) can be any natural
number strictly smaller than the order of nilpotency of Aj.

4. For a system (3.1) with nilpotent leading term, let X (z) be an arbi-
trary fundamental solution of (3.1). For S as in Exercise 4 on p. 15,
show existence of ¢,a, 6 > 0 so that

Z‘r—é

|X(2)] < ce® z€S.

3.4 Transformation to Rational Form

Given a system (3.1), then in case (b) of Theorem 10 (p. 50) we can find a
transformation which, after a change of variable, leads to a system of the
same kind, but with a leading term having several eigenvalues. In this case,
according to the Splitting Lemma, we can find a formal analytic transfor-
mation of Gevrey order s, with 1/s being the Poincaré rank of the new
system, which splits this system into several smaller blocks. To continue,
we wish to show that these formal systems may always be transformed into
convergent ones, using formal analytic transformations of Gevrey order s
— in fact, we shall show that the transformed system can be such that only
finitely many of its coefficients are nonzero, hence is a rational function
with poles (at most) at infinity and the origin.

Theorem 11 Let (3.3) be a formal system of Gevrey order s =1/r. Then
for every sufficiently large N, M € N, a formal analytic transformation of
Gevrey order s exists, which is of the form T(z) = I + S NTnz™", so
that the transformed system has a coefficient matrix of the form

N+M

B(z) =2" Z B,z "

n=0
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Proof: For the moment, assume that we had found T'(z) and B(z) as
desired. Inserting formal expansions into (3.5) and equating coefficients
then shows B,, = A,,, for 0 <n < N — 1, and

—(n=1)Tnep =An—Bn+ Y (AT — TnBnm), (3.16)
m=N

for n > N, setting T,, = 0 for n < N. Using the notation

we see that (3.4), (3.2) are equivalent to A(u), T(u) having positive ra-
dius of convergence. Slightly violating previous notation, we set B(u) =
SSVEM B wn= /D(n/r) and abbreviate

n=1

I(u,T,B) = /Ou [A((u’" - t’“)l/r) T(t) — T(t) B((ur - tr)l/’“)} dt".
Then the integral equation
T(u) Ag — (Ao +ru"I)T(u) = A(u) — B(u) + I(u, T, B) (3.17)

can, by termwise integration and use of the Beta Integral (B.11) (p. 229), be
seen to be equivalent to (3.16). So the proof of the theorem is equivalent to
showing existence of T'(u) and B(u), of the desired form, satisfying (3.17).
For this, we use the space V of pairs (T, B) of matrix-valued functions that
are holomorphic in R(0, p), continuous up to the circle |u| = p, for p > 0
to be selected later, and have a zero resp. a pole at the origin of order at
least N —r resp. at most r — 1. This is a Banach space with respect to the
norm
(T, B)| = Sup (T (@) ]~ + [IBu)] ul"").
ul<p

Given any (T, B) € V, we aim at finding a new pair (T, B) € V so that
T(u)Ag — (Ag + ru"I)T(u) = A(u) — B(u) + I(u, T, B). (3.18)

Obviously, (3.18) is a system of linear equations for the matrix T'(u). How-
ever, its coefficient matrix has a determinant that is a polynomial in
vanishing at the origin; hence, the inverse matrix is rational and has a
pole, say, of order p, at the origin, and for sufficiently small p > 0, the
inverse matrix is holomorphic in R(0, p) and continuous along the circu-
lar boundary. Hence the pair (T, B) belongs to V, if the right-hand side
of (3.18) vanishes at the origin of order at least N + p — r. By choosing
B (u) appropriately, we can arrange the right-hand side to vanish of order
N + M —r (and then B(u) is unique); hence we choose M = p. Thus,
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we have defined a mapping of V into itself, and a fixed point is a solution
of (3.17). To apply Banach’s fixed point theorem, we need the following
estimates (for |u| < p):

Taking any pair (7, B) with norm at most k, we have by definition of
the norm in V that ||T(u)|| < k|u|N=", | B(u)|| < k|u|'~" and, for suitable
a >0, ||A(w)|| < alu/*~". Integrating along the straight line segment from
0 to u and using the Beta Integral we obtain

- _ T(1/r)T(N/r)
1. T.B)| < ex (at )k Jul™1,ex = Fm 7

Putting B(u) = 25:1 Apu™ " /T(n/r) + Bg(u), we find, using Cauchy’s
integral formula, that

- 1 dt

By(u) = 5— [A2() + 1t T, B)]k(u/t)

211 Jye|=p

with Ag(t) = Y07 vy Anu” "/T(n/r) and the kernel function k(w) =
wN =T (1 —wM) /(1 —w). Since M = SUP| (<1 |1 —wM|/|1 —wl|, we can es-
timate the above integral to obtain || By (u)|| < M[as+ecn (a+k) k]ju|N 17,
with ag depending only on As(u). Hence the right-hand side of (3.18) is at
most (M +1)(ag+cn (a+k) k)|[u/NT1=" (but note that by choice of By (u),
the right-hand side vanishes at the origin of order N + M — r). For u on
the circle |u| = p, we have

lul =M T ()] < claz +en (a+ k) k)

with a constant ¢ that depends on p and M, but is independent of N. Due
to the maximum principle, the same estimate then holds for smaller |u].
Combining the above estimates, one then obtains

(T, B)|| < by + been(a + k)k,

with constants b; that depend on A(w), but are independent of N. Since
¢y — 0 as N — oo, one finds that for k& = 2b; we may choose N so large
that the norm of (T, B) is at most equal to k. In other words, the mapping
(T, B) — (T, B) maps the ball of V of radius k into itself. By similar
estimates one can show that the mapping is contractive and hence has a
unique fixed point. ]

The problem of computing the transformation in the previous theorem
is of a different nature than for those transformations in previous sections,
since there it was, at least theoretically, possible to give the exract values
of any finite number of coefficients, while here we use Banach’s fixed point
theorem, which is constructive, but gives approximate values only. However,
since the earlier coefficients of our system remain unchanged, this will be
of little influence on what we have in mind to do. Therefore, we may say
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that the previous theorem and the other results of this section reduce the
problem of finding a formal fundamental solution for a system (3.1) to the
same problem for a finite number of systems of the same kind, but of strictly
smaller dimension. In the next section we briefly indicate a modification of
the definition of the term formal fundamental solution that was first given
in a different, but equivalent, formulation in [8] and which is very natural to
consider, in particular in the discussion of Stokes’ phenomena in sections to
follow. Since Stokes’ multipliers also can at best be approximated, it does
not hurt in this context to have only approximate values for the coefficients
of the system.

Exercises: In the following exercises, let a system (3.3) of Gevrey order
s =1/r be given.

1. Assume that all coefficients A,, of (3.3) commute with one another.
Prove that then Theorem 11 (p. 52) holds, with N =1and M =r—1
and a transformation 7'(z) commuting both with A(z) and B(z). Note
that this in particular settles the case of dimension v = 1.

2. Assuming that Ag is diagonal, find the pole order p of the inverse
matrix corresponding to the left hand side of (3.18).

3.5 Highest-Level Formal Solutions

The classical notion of regular versus irregular singularities distinguishes
between cases where fundamental solutions have only a moderate growth
rate, resp. grow exponentially. As shall become clear later on, the second
case can naturally be divided into two subcases: Sometimes, the exponen-
tial growth is entirely due to the presence of one scalar exponential poly-
nomial in a formal fundamental solution, while in other cases several such
polynomials occur. Therefore, we shall use the following terminology:

1. We say that infinity is an almost regular-singular point of (3.1) if
one can find a terminating meromorphic transformation 7'(z) so that
the transformed system has the form B(z) = 2" Y~ Bpz~", with
B; = \; I for 0 < j <r—1. Note that then a scalar exponential shift
transforms this system into one having a singularity of first kind at
infinity.

2. We say that infinity is an essentially irreqular singularity of (3.1) if
it is not almost regular-singular.

3. A formal g-meromorphic transformation F' (), ¢ € N, is called a for-
mal fundamental solution of highest level for (3.1), if the following
holds:
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(a) The coefficient matrix B(z) = F~1(2)[A(2)F(z) — 2F"(2)] of the
transformed system is of the form

ng
B(z) = w" Z B,w™", z=w,
n=0
for some ng € N, and the coeflicients B,, are all diagonally

blocked of some type (s1,...s,), independent of n, with p > 2.
(b) For some integer p, 0 < p < rq, which in case ¢ > 2 is positive

and co-prime with ¢, the coefficients By, ..., B, have the form
By = NI (0<j<p-1),
B, = diag\PI, +Ni,... APL, + N, (3.19)

with distinct complex numbers )\ép ) and nilpotent matrices Ny.

(¢) The transformation F(z) is of Gevrey order s = q/(qr — p).

In the sequel, we shall abbreviate the term highest-level formal fundamen-
tal solution by HLFFS. The notion of HLFFS will turn out to be very
important in what follows, so we wish to make the following comments:

e Having computed an HLFFS for a system (3.1), we have (formally)

partially decoupled the system in the sense that we have reduced the
problem of computing a fundamental solution of (3.1) to the same
problem for several smaller systems. As we shall show later, the di-
vergence of the transformation F' (z) does not keep us from giving a
clear analytic meaning to it, so that the process of decoupling will be
not only a formal one.

In the definition of HLFFS, the parameters ¢,p, Ao, ..., Ap—1 and the

pairs (/\g.p ), sj), 1 < j < p, occurred. As a convenient way of referring
to those quantities, we define

=l ron/q ) 2P/

()= A 1<j<pu.
q;(2) nz:% e TN o SISH

These are polynomials in the gth root of z that shall play an impor-
tant role later on, and the pairs (g;(z),s;) will be referred to as data
pairs of the HLFFS. We shall show in Chapter 8 that any two HLFFS
of the same system (3.1) have the same data pairs up to a renumer-
ation; in fact, more cannot hold in general, since given one HLFFS,
we can block its columns into blocks of sizes si, and permuting these
blocks can be seen to produce another HLFFS with the data pairs
permuted correspondingly.
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o We shall say that the data pairs of any HLFFS are closed with re-
spect to continuation, provided that to every pair (g;(z),s;), there
is a (unique) pair (¢;(2),s;) with ¢;(2) = ¢;(2¢*™) and s; = s;.
Obviously this is equivalent to saying that A\; = 0 whenever j is
not a multiple of ¢, and that the pairs ()\g-p ),sj) are closed with
respect to multiplication by exp[2mi/q], i.e., for suitable j we have
()\ép),sj) = (/\§-p) exp[2mi/ql, s;). We shall show in Chapter 8 that
this always holds. Also note that, owing to the fact that p,q are co-

prime when p # 0, we can recover p,q from the data pairs of an
HLFFS.

Assuming that infinity is an essentially irregular singularity implies that in
the algorithm described in Section 3.3 we end with case 1. This leads to
the following result:

Theorem 12 FEvery system (3.1) having an essentially irreqular singular-
ity at infinity possesses an HLFF'S whose data pairs are closed with respect
to continuation.

Proof: From the algorithm formulated in Section 3.3, followed by an ap-
plication of the Splitting Lemma together with Theorem 11 (p. 52), we
conclude existence of a transformation z = eq(Z)T(z) T, with a polynomial
q(z) of degree at most 7 and a formal g-meromorphic transformation 7'(z)
of Gevrey order s = ¢/(qr — p), p > 0 and co-prime with ¢ provided p # 0,
such that the transformed system, after the change of variable z = w9,
has a coefficient matrix of the form B(w) = w73 (° B, =", with lead-
ing term By having the form required for B,,. The scalar exponential shift
exp[—q(w?)] then leads to a system satisfying all the requirements for con-
cluding that T(z) is an HLFFS, and its data pairs are closed with respect
to continuation. O

The results of the previous sections enable us to compute an HLFFS in
the following sense:

e First, follow the steps in the algorithm on p. 50 to compute a system
whose leading term has several eigenvalues.

e Next, apply the Splitting Lemma to obtain several formal systems of
Gevrey order 1/7, with 7 being their Poincaré rank.

e Finally, apply the iteration outlined in the proof of Theorem 11 (p. 52)
to compute corresponding convergent systems; of these systems the
first IV coefficients will be known exactly, since they agree with cor-
responding coefficients of the formal systems, while the remaining
nonzero coefficients can in principal be computed up to any degree
of accuracy.
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The HLFFS F(z) obtained by this algorithm is “known” in the sense that
its first NV terms are computed exactly, while finitely many other terms
may be computed up to any desired degree of accuracy. Also, observe that
the above algorithm computes an HLFFS for which the numbers Ag in the
definition vanish whenever k is not a multiple of ¢, so that the data pairs
of the HLFFS are closed with respect to continuation. We shall show that
the power series for ﬁ‘(z) in general has radius of convergence equal to
zero, but is k-summable in Ramis’ sense, for k = 1/s. To do so, we shall in
the following chapters provide the necessary instruments from the general
theory of asymptotic power series. In Chapter 8 we then will return to the
investigation of HLFFS.

Exercises:

1. For v = 1, show that infinity always is an almost regular-singular
point of (3.1).

2. Compute an HLFFS for (3.1), with A(z) = zA9 + A; and
. )\1 0 o a b
(a)Ao—{O )\2}7 Al—[c d} AL # A2
A0
(b)A0:|:1 )\:|7 Al |:C ,b;é()

3. Assume that we are given a system (3.1) with A having all distinct
eigenvalues. Verify that the matrix 7'(z) in the formal fundamental
solution obtained in Exercise 4 on p. 45 is an HLFFS.


Administrator
ferret
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Asymptotic Power Series

In this chapter we define the notion of asymptotic expansions, in particular
Gevrey asymptotics, and we show their main properties. To do so, it will
be notationally convenient to restrict ourselves to power series in z, hence
statements on asymptotic behavior of functions are always made for the
variable z tending to the origin in some region. The main applications will
be to formal analytic or meromorphic transformations, i.e., series in 1/z,
but we trust that the reader will be able to make the necessary reformula-
tion of the results.

The fact that formal analytic transformations have matrix coefficients
does not cause any additional problems: If we develop a theory for scalar
power series, it immediately carries over to series with matrix coefficients,
since these are the same as a matrix whose entries are scalar power series.
However, efforts have been made very recently to generalize the theory of
multisummability to partial differential equations, or ordinary differential
equations depending upon a parameter, and in this context one has to allow
power series with coefficients in some space of functions in one or more
variables. Therefore, we shall consider a fized but arbitrary Banach space
E over C, which we shall frequently assume to be a Banach algebra, and we
will study functions, resp. power series, with values, resp. coefficients, in
E. Many of the results to follow are true even for E being a more general
space: Sometimes no topology on E is needed, so E might be an arbitrary
vector space, or an algebra, over C. Even when a topology is required, one
may verify that instead of a norm one can make do with one or several
seminorm(s) on E, hence E may be a Fréchet space. We will, however,
always assume that E, equipped with some fixed norm || - ||, is a Banach
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space. The classical case then occurs for E = C, which is a Banach algebra
under ||-|| = ||, the modulus of complex numbers, and readers who are only
interested in this case may always specialize the definitions and results by
setting E = C, or = C¥, or = C¥*". For a brief description of the theory
of holomorphic functions with values in a Banach space, and in particular
of those results applied in this book, refer to Appendix B.

Aside from some of the books listed in Chapter 1, the theory of asymp-
totic power series has been presented by the following other authors: Erdélyi
[101], Ford [103], de Bruijn [75], Olver [212], Pittnauer [219], Dingle [89],
and Sternin and Shatalov [257].

Recently, several authors have developed a new theory under the name
of hyper-asymptotics, which is not discussed here. As references, we men-
tion [196, 209, 210].

4.1 Sectors and Sectorial Regions

We will deal with holomorphic functions, which in general have a branch
point at the origin. Therefore, it is convenient to think of these functions as
defined in sectorial regions on the Riemann surface of the natural logarithm,
which is briefly described on p. 226 (Appendix B).

A sector on the Riemann surface of the logarithm will be a set of the
form S = S(d,a,p) = {z: 0<|z| < p, |d —argz| < «/2}, where d is an
arbitrary real number, « is a positive real, and p either is a positive real
number or co. We shall refer to d, resp. a, resp. p, as the bisecting direc-
tion, resp. the opening, resp. the radius of S. Observe that on the Riemann
surface of the logarithm the value argz, for every z # 0, is uniquely de-
fined; hence the bisecting direction of a sector is uniquely determined. In
particular, if p = oo, resp. p < oo, we will speak of S having infinite, resp.
finite, radius. It should be kept in mind that we do not consider sectors of
infinite opening, nor an empty sector. If we write S(d, o, p), then it shall
go without saying that d, «, p are as above. In case p = co, we mostly write
S(d, a) instead of S(d, a,0). A closed sector is a set of the form

S=S(d,a,p)={z: 0<|z| <p, |d—argz| < a/2}

with d and « as before, but p a positive real number, i.e., never equal to
00. Hence closed sectors always are of finite radius, and they never contain
the origin. Therefore, closed sectors are not closed as subsets of C, but are
so as subsets of the Riemann surface of the logarithm, since this surface
does not include the origin.

A region G, on the Riemann surface of the logarithm, will be named a
sectorial region, if real numbers d and « > 0 exist such that G C S(d, a),
while for every 3 with 0 < 3 < « one can find p > 0 for which S(d, 3, p) C
G. We shall call « the opening and d the bisecting direction of G, and we
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frequently write G(d, «) for a sectorial region of bisecting direction d and
opening «. Observe, however, that the notation G(d, ) does not imply that
the region is unbounded, as it would be for sectors. Also, a sectorial region
is not uniquely described by its opening and bisecting direction, but these
two will be its essential characteristics. As an example, we mention that
the open disc centered at some point zp # 0 and having radius equal to |zg|
is a sectorial region of opening 7 and bisecting direction arg zy. For more
examples, see the following exercises.

Exercises:

1. For k > 0 and a € C \ {0}, show that the mapping z — a z¥ maps
sectorial regions of opening o and bisecting directions d to sectorial
regions of opening ka and bisecting direction kd + arga.

2. For k>0, ¢ > 0 and 7 € R, show that the set of points described by
the inequalities

klr —argz| < 7/2, cos(k[t —argz]) > c|z|F, (4.1)

is a sectorial region of opening 7/k and bisecting direction 7. In par-
ticular, picture the case of ¢ = 0. Observe that the first inequality is
needed to specify a sheet of the Riemann surface of the logarithm on
which the sectorial region is situated.

3. For fixed a > 0, and d in some open interval I, let sectorial regions
G(d,«) be given. Show that their union is again a sectorial region,
and find its opening and bisecting direction.

4.2 Functions in Sectorial Regions

Let G be a given sectorial region, and let f € H(G,E) —hence f(z) may be
multi-valued if G has opening larger than 2m; see p. 227 for the definition
of single- versus multi-valuedness. We say that f is bounded at the origin,
if for every closed subsector S of G there exists a positive real constant
¢, depending on S, such that [|f(z)|| < ¢ for z € S. We say that f is
continuous at the origin, if an element of E, denoted by f(0), exists such
that

flz) — f(0), G>3z2-0,

with convergence being uniform in every closed subsector, meaning that for
every S C G and every € > 0 there exists p > 0 so that [|f(2) — f(0)[| < ¢
for z € S with |z| < p. Hence, continuity at the origin assures existence of



62 4. Asymptotic Power Series

a limit when approaching the origin along curves! staying within a closed
subsector of G, while no limit may exist for general curves in G. Similarly,
statements upon continuity, resp. a limit, as z — oo are always meant to
imply that convergence is uniform in closed subsectors.

We say that f, holomorphic in some sectorial region G, is holomorphic
at the origin, if f can be holomorphically continued into a sector S O G
of opening more than 27, and if f then is single-valued in S and bounded
at the origin; the well-known result on removable singularities then implies
that f has a convergent power series expansion about the origin; for the
notion of essential singularities, poles, and removable singularities, compare
Exercise 2 on p. 223.

We say that f is differentiable at the origin, if a complex number f(0)
exists so that the quotient (f(z)— f(0))/z is continuous at the origin, in the
sense defined above, and then its limit as z — 0 in G is denoted by f/(0)
and named the derivative of f at the origin. In the exercises below, we shall
show that differentiability of f at the origin is equivalent to continuity of
/' there, and that f’(0) is equal to the limit of f/(2) as 2 — 0 in G.
Obviously, differentiability implies continuity of the function at the origin,
but a function can be differentiable at the origin without being holomorphic
there — for this, compare one of the exercises below. Moreover, we say that
f is n-times differentiable at the origin, if its (n — 1)st derivative f("=1(z)
is differentiable at the origin. As follows from the exercises below, this is
equivalent to f(")(z) being continuous at the origin.

Let S = S(d, ) be a sector of infinite radius, and let f(z) be holomorphic
in S. Suppose that k > 0 exists for which the following holds true:

To every ¢ with |d— | < a/2 there exist p,c1,ca > 0 such that for every
z with |z| > p, |d —arg z| < ¢,

1£ ()]l < ex expleal2]*].

Then we shall say that f(z) is of exponential growth at most k (in S).
This notion compares to that of (exponential) order as follows: If f(z) is of
exponential growth at most &k (in S), then it either is of order less than k,
or of order equal to k and of finite type, and vice versa (see the Appendix
for the definition of order and type, and formulas relating both to the
coefficients of an entire function). The set of all functions f, holomorphic
and of exponential growth at most k£ in S and continuous at the origin,
shall be denoted by AWK (S,E). As an example, we mention Mittag-Leffler’s
function E,(z), defined on p. 233. It is an entire function of exponential
order k¥ = 1/a and finite type (equal to one); hence it is of exponential
growth (at most) k in every sector of infinite radius. More generally, if
fn € E, n > 0, are such that for some ¢ > 0 we have || f,]| < ¢, n > 0,

INote that a curve is given by an arbitrary continuous mapping z(t), a <t <b, while
the term path means a rectifiable curve, i.e., a curve of finite length.
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then

F(2) =3 fu 2" /DO +n/k)

n=0

is bounded by Ej /i (c|z]), and therefore f(z) is of exponential growth at
most k in every sector of infinite radius. We shall occasionally say that a
function f is of exponential growth not more than k in a direction d, if for
some ¢ > 0 we have f € A®(S(d,¢),E).

Exercises: For some of the following exercises, let E = C and define

g(z) = /000 ettt dt = /OOO explt(z — logt)] dt, (4.2)

integrating along the positive real axis. This interesting example is from
Newman [203].

1. Let G be a sectorial region, and let f(z) be analytic in G and so that
f'(%) is continuous at the origin. Let f'(0) denote the limit of f’(2)
as z — 0 in G. Show that f(z) then is differentiable at the origin,
and f(0) is equal to its derivative at the origin.

2. Let G be a sectorial region, and let f(z) be analytic in G and dif-
ferentiable at the origin. Let f’(0) denote the derivative of f at the
origin. Show that f’(z) then is continuous at the origin, and f’(0) is
equal to the limit of f'(z) as z — 0 in G.

3. Let G be an arbitrary sectorial region, and counsider f(z) = z*log z,
for fixed p € C. For the largest integer & (if any) with 0 < k < Re p,
show that f is k-times, but not (k + 1)-times, differentiable at the
origin.

4. Show that g(z) as in (4.2) is an entire function, and give the coeffi-
cients of its power series expansion in terms of some integral.

5. For Im z = 7/2 + ¢, ¢ > 0, show that Cauchy’s theorem allows in
(4.2) to replace integration along the real axis by integration along the
positive imaginary axis. Use this to show for these z that |g(z)] < 1/c.
Prove the same estimate for Im z = —(7/2 + ¢).

6. For every sector S of infinite radius, not containing the positive real
axis, conclude that g(z) is of exponential order zero in S.

7. Use Phragmen-Lindel6f’s principle (p. 235) or a direct lower estimate
of g(x) for x > 0 to show that g(z) cannot be of finite exponential
growth in sectors S including the positive real axis; hence g is an
entire function of infinite order.
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8. For ¢ > 0, let f(z) = g(2+ /2 +c). For every fixed ¢ € R, show that
f(re'®) remains bounded as r — co. Why does this not imply that f
is of exponential order zero in every sector S?

4.3 Formal Power Series

Given a sequence (f,)52, of elements of the Banach space E, the series
f(z) = S0 faz™ is called a formal power series (in z), the term “formal”
emphasizing that we do not restrict the coefficients f, in any way; thus the
radius of convergence of the series may well be equal to zero. The set of
all such formal power series is denoted by E [[z]]. We say that f converges,
or is convergent, if p > 0 exists so that the power series converges for all
z with |z] < p, defining a function f(z), holomorphic in D(0, p). We shall
call f(z) the sum of f whenever f converges, and we write f = S f The
set of all convergent power series will be denoted by E {z}.
If f(z) = > fn2" is a formal power series so that for some positive ¢, K,
and s > 0 we have
[fll < cK"T(1 4 sn) (4.3)

for every n > 0, then we say that f is a formal power series of Gevrey
order s, and we write E [[z]]s for the set of all such formal power series.
Compare this to the definition of formal transformations of Gevrey order s
on p. 39. Obviously, (4.3) holds for s = 0 if and only if the power series
converges, hence E [[z]]o = E{z}. It follows from the exercises below that
E [[2]]s, under natural operations, is a vector space closed under termwise
differentiation, and a differential algebra in case of E being a Banach alge-
bra.

Exercises: For formal power series in E [[z]] we consider the usual oper-
ations; also compare Section B.2 of the Appendix.

1. Show that E[[z]], with respect to addition and multiplication with
scalars, is a vector space over C.

2. In case E is a Banach algebra, show that E [[z]], with respect to mul-
tiplication of power series, is an algebra over C, and is commutative
if and only if E is so.

3. In case E is a Banach algebra, show that E[[z]], with respect to
termwise derivation, is a differential algebra over C; Le., show that the
map f +— [’ is C-linear and obeys the product rule (f§)' = f'g+ [’

4. Suppose that E is a Banach algebra with unit element e (hence e = 1
if E = C). Show that then é, the power series whose coefficients are
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all zero except for the constant term being equal to e, is the unit
element in E [[2]].

5. Suppose that E is a Banach algebra with unit element e. Show that
the invertible elements of E [[z]], i.e., those f to which § exists such
that f g = é, are exactly those whose constant term is invertible in
E (i.e., is nonzero for E = C).

6. Assume that E is a Banach algebra. For arbitrary s > 0, show that
E [[#]]s, with respect to the same operations as above, again is a dif-
ferential algebra over C.

7. Suppose that E is a Banach algebra with unit element e. For arbitrary

s > 0, show f € E[[z]]s invertible (in E[[z]]s) if and only if it is
invertible in E [[2]], i.e., if and only if its constant term is invertible.

8. For arbitrary s > 0, show that for f = 3 f,2" € E[[2]]s with fo =0
we have 271 f(2) = Y07 fup12™ € E[[2]]s.

4.4 Asymptotic Expansions

Given a function f € H(G,E) and a formal power series f(z) = 3. fn2" €
E[[2]], one says that f(z) asymptotically equals f(z), as z — 0 in G, or:
f(z) is the asymptotic expansion of f(z) in G, if to every N € N and
every closed subsector S of G there exists ¢ = ¢(N,S) > 0 such that
|2~V |1 f(2) — év_l fn2"|| < cfor z € S. This is the same as saying that
the remainders

N-1

rr(EN) = 2N (f() = 3 fas")

n=0
are bounded at the origin, for every N > 0. If this is so, we write for short
f(2) = f(2) in G, and whenever we do, it will go without saying that G is
a sectorial region, f € H(G,E) and f € E[[z]].

For the classical type of asymptotics with E = C the results to follow

are presented in standard texts as, e.g., [82, 281]. The proofs given there
generalize to the Banach space situation, as we show now:

Proposition 7 Given a sectorial region G, let f be holomorphic in G, with
values in B and so that f(z) = f(2) in G for some f(z) = fnz™ € E[[2]].
Then the following holds true:

(a) The remainders r¢(z,N) are all continuous at the origin, and

ri(z,N) — fn, G32z—0, N>0. (4.4)
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(b) Suppose that the opening of G is larger than 2w and that f(z) is single-

valued. Then f(z) is holomorphic at the origin, and f converges and
coincides with the power series expansion of f(z) at the origin.

Proof: (a) Observe zry(2, N +1) = ry(z,N) — fn; hence r;(z, N + 1)
bounded at the origin implies (4.4).

(b) Under our assumptions, f(z) is a single-valued holomorphic function
in a punctured disc around the origin and remains bounded as z — 0. Hence
the origin is a removable singularity of f, i.e., f(z) can be expanded into its
power series about the origin. It follows right from the definition that the
power series expansion is, at the same time, an asymptotic expansion, and
from (a) we conclude that an asymptotic expansion is uniquely determined
by f(z). This proves f (z) to converge and be the power series expansion
for f(z). O

The following result shows that existence of an asymptotic expansion is
equivalent to f’s being infinitely often differentiable at the origin. However,
observe that, unlike the case of holomorphic functions, existence of some
derivative at the origin does not imply existence of higher derivatives.

Proposition 8 Let f be holomorphic in a sectorial region G. Then the
following statements are equivalent:

(a) f(2) = f(z) = 30 fu 2™ in G.

(b) The function f is infinitely often differentiable at the origin, and
f™(0) =n! f, forn>0.

(¢) All derivatives f™)(z) are continuous at the origin, and

f™(z) — nlf,, G3z2—0, n>0.

Proof: For the equivalence of (b) and (c), compare Exercises 1 and 2 on
p. 63. Assuming (a), observe that according to Cauchy’s integral formula
for derivatives

n! re(w,n+1
5 (f(z/w)fl dw = f™(z) = n! f,
integrating along a circle around z. For z in a closed subsector S of G, the
radius of this circle can be taken to be ¢|z|, for some fixed €, 0 < € < 1,
depending on S but independent of z. Thus, w/z = 1 + ce?® for some real
number ¢, so that the denominator of the integral can be bounded from
below by some positive constant independent of z, but depending on S.
The standard type of estimate implies that the right-hand side tends to
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zero uniformly in S; hence (c) follows. Conversely, let (c) hold. Then for
z,20 € G and N > 0 we have

N—-1 (n) p 2
10 - X T oy = gy [ -0 )

Letting zp — 0 and estimating the right-hand side of the resulting formula
then implies (a). m|

Let A(G,E) be the set of all functions f € H(G,E), having an asymp-
totic expansion f (2). In view of the above proposition, part (a), to every
f(2) € A(G,E) there is precisely one f € E[[z]] such that f(z) = f(z) in
G. Therefore, we have a mapping

J: AGE)—E[2], f—Ff=JFf (4.5)

mapping each f(z) to its asymptotic expansion. The results to follow show
that A(G,E), under the natural operations and assuming E a Banach alge-
bra, is a differential algebra, and J is a surjective homomorphism between
A(G,E) and E[[z]]. However, examples given in the exercises below show
that J is not injective — even if we consider regions of large opening. In the
next section we are going to study another type of asymptotic expansions
better suited to our purposes, since it will turn out that the corresponding
map J, for regions of sufficiently large opening, is injective, however, not
surjective.

Theorem 13 Given a sectorial region G, suppose that fi, fo € A(G,E).
Then f1 + fo € A(G,E) and J(f1 + f2) = J fr + J fa. In other words,

fi(z) = fi(2)inG, 1<j<2,

implies

fi(2) + fa(2) = fi(2) + fa(2) in G.

Proof: Follows directly from the definition. a

If E is a Banach algebra, then a product of any two elements of A(G,E)
again belongs to A(G,E). This will be a corollary of the following more
general result:

Theorem 14 Suppose that E, F are both Banach spaces and G is a sec-
torial region. Let f € A(G,E), a € A(G,C), and T € A(G,L(E,F)).
Then

Tfe AGF), J(Tf) =TT f),
afeAG,E), Jaf)=(Ja

=

<
~
—
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Proof: We only prove the first one of the two statements; the second one
can be shown following the same steps.

Let (JT)(2) = >0 Tn 2", (J [)(2) = X0 fn 2" Given a closed subsec-
tor S of G and N € N, there exists ¢y > 0 such that for every z € S we
have ||rf(z, N)|| < en, ||rr(2z, N)|| < cn. Then

N-1
lrzg (2, NI < T g Gz N+ D Wl Iz (2, N = m).

m=0

Proposition 7 (p. 65) part (a) implies ||| < ¢m (m > 0). Hence

N
Irrs (2 N[ <D emen—m, (4.6)
m=0
completing the proof. O

If E is a Banach algebra, every f € A(G,E) can be identified with an
element of L(E | E). Thus, the above theorem immediately implies:

Corollary to Theorem 14 In case E is a Banach algebra, let fy, fo €
A(G,E). Then fi1 fo € A(G,E) and J(f1f2) = (J f1)(J f2). In other

words,

fi(z) = fi(2)inG, 1<j<2,

implies

f1(2) f2(2) 2 fi(2) fo(2) in G.

Note that f(z) = f(z) implies continuity of f(z) at the origin, so that
I f(w)dw is well defined. For f(z) € E[[z]] we define Iy f(w)dw by

termwise integration.

Theorem 15 Given a sectorial region G, suppose that f(z) = f(z) in G.
Then

F(z) = f(2), /Ozf(w)dw%/ozf(w)dw in G.

Proof: Follows easily from Proposition 8 (p. 66). O

The next result implies surjectivity of the mapping J defined in (4.5)
and was shown for E = C in [233], but the proof easily generalizes:

Theorem 16 (RITT’s THEOREM) Given any sectorial region G and any

f(2) e E[[2]], there exists f(z) € A(G,E) such that f(z) = f(z) in G.

Proof: Without loss of generality, let G be a sector S(d,«) of infinite
radius, and let f(2) = >_ f,2" be given. For 8 = 7/a, and ¢,, = (|| fn||n!)~!
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in case f,, # 0, resp. ¢, = 0 otherwise, let w,(z) = 1 — exp[—c,/(ze7*)].
Using Exercise 1, we find || f,| |2|"wn(2)| < |2]"7P/n! for every n > 0
and every z € (. This proves absolute and locally uniform convergence of
[(z) =300 fn 2" wy(2) in G, so that f € H(G,E). Moreover,

(Z N Z fn 2" exp Cn/(zeiid)ﬁ}v

where fy(z) = Y 0" fn 2" N wy(2) is bounded in G, and the other terms
tend to zero as z — 0 in every closed subsector S of GG, and hence are
bounded at the origin. m]

The following result characterizes the invertible elements in A(G,E) in
case E is a Banach algebra with unit element:

Theorem 17 Let E be a Banach algebra with unit element e. Given a
sectorial region G, suppose that f(z) = f(z) in G. Moreover, assume that

the constant term fo of f(z) and all values f(z), = € G, are invertible
elements of E. Then

if f~1(2) denotes the unique formal power series §(z) with f(z)§(z) = é,
the unit element of E [[2]].

Proof: Compare Exercise 5 on p. 65 for existence of fﬁl(z) = an z"
Given a closed subsector S of G, there exist ¢y > 0 such that ||7¢(z, N)|| <

cy for N >0 and z € S and, using (4.4), HfNH < ¢y for every N > 0. The
identity 7¢-1(2, N) f(2) = — Zg éfm r¢(z, N —m), and the fact that for
z € S we have || f(z)|| > § > 0, then imply

N—-1
rp=2 (2, NI <671 emen—m,

m=0

completing the proof. O

Exercises:
1. Show |1 — e #| < |z| for z in the right half-plane.

2. Suppose f(z) is holomorphic in a sectorial region G, and f(z) = f(z)
in G for some f € E[[z]]. If p is a natural number and G is such that
z € G <= 2P € G, show that f(z) = f(z*) is holomorphic in G, and

J(z) = f(z0) in G
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3. For arbitrary b € E, show e=%b 2 0 in the right half-plane, where 0
stands for the power series with all coefficients equal to zero.

4. Suppose f(z) is holomorphic in a sectorial region G, and f(z) = 0
in G. If k > 0 and G is such that z € G <= 2" € G, show that
f(2) = f(z¥) is holomorphic in G, and f(z) =0 in G.

5. Show that the mapping J defined in (4.5) is never injective.

6. Let f, € A(G,E), n > 0. Assume that for every m > 0 the sequence

( 7(17”))” converges uniformly on every closed subsector of G. Show

f=limf, € A(G,E).

4.5 Gevrey Asymptotics

Given s > 0, we say that a function f, holomorphic in a sectorial region
G, asymptotically equals f(z) = S f,, 2" € E[[2]] of Gevrey order s, or f
is the asymptotic expansion of order s of f, if to every closed subsector S
of G there exist ¢, K > 0 such that for every non-negative integer N and
every z € S

[rs(z, N)|| < cKNT(1+sN). (4.7)

If this is so, we write for short f(z) 2, f(z) in G.

This terminology differs slightly from the one in [21] but agrees with
the classical one used in most papers on Gevrey expansions. While for a
general asymptotic, the bounds ¢y for the remainders ||7¢(z, N)|| may be
completely arbitrary, we note that for a Gevrey asymptotic of order s their
growth with respect to N is restricted. As we shall see, this has important
consequences!

Observe that f(z) =, f(z) in G implies f(z) = f(z) in G in the previous
sense; hence from Proposition 7, part (a) (p. 65) we conclude that f(z) 2
f(z) in G implies f(z) € E[[z]]s. For § > s, Stirling’s formula implies
(1 + sN)/T(1+3N) — 0 as N — oo; hence f(z) =, f(z) in G implies
f(2) 2 f(2) in G. Also note that (4.7) remains meaningful for s = 0 and
is equivalent to f(z) being holomorphic at the origin and f (z) being its
power series expansion.

Proposition 9 Let f be holomorphic in a sectorial region G, and let s > 0.
Then the following statements are equivalent:

(a) f(2) = f(2) in G.
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(b) All derivatives ff”)(z) are continuous at the origin, and for every
closed subsector S of G there exist constants ¢, K such that

1
— sup Hf(”)(z)H <cK"T(1+ sn)
n: 2es

for every n > 0.

Proof: Proceed analogously to the proof of Proposition 8 (p. 66). O

Let A;(G,E) denote the set of all f € H(G,E), having an asymptotic
expansion of order s. The following results are the direct analogues to the
ones in the previous section, proving that A5(G,E) is again a differential
algebra provided that E is a Banach algebra, and J: A4 (G,E) — E[[z]]s
is a homomorphism.

Theorem 18 Given a sectorial region G and s > 0, suppose that f1, fa €
A (G,E). Then f1+ fo € As(G,E) and J(f1+ f2) = J f1+J fa. In other
words, X

fi(z) = fi(z) in G, 1<j<2,
implies

F1(2) + f2(2) = f1(2) + fa(2) in G.
Proof: Follows directly from the definition. m|

Theorem 19 Suppose that E, F are both Banach spaces, G is a secto-
rial region, and s > 0. Let f € As(G,E), a € A,(G,C ), and T €
As(G,L(E,F)). Then

TfeAG,F), J(Tf)=T)Jf)
afe As(GE), Jaf)y={Ja)

<
=

Proof: Set cy = ¢ KN T'(1+ sN) in the proof of Theorem 14, and further
estimate (4.6) by ¢2 KYNT'(1 + sN) (N + 1). Observing 1 + N < 2V then
completes the proof. |

Corollary to Theorem 19 In case E is a Banach algebra, let fi, fo €
A G, E). Then f1 fo € As(G,E) and J(f1 f2) = (J f1)(J f2). In other
words, R

implies

f1(2) f2(2) = fi(2) fa(2) in G.
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Theorem 20 Given s > 0 and a sectorial region G, suppose that f(z) =,
f(z) in G. Then

f(2) = f(z /f dw_s/f )dw in G.

Proof: Follows directly from Proposition 9. o

Theorem 21 Let E be a Banach algebra with unit element e. Given s > 0
and a sectorial region G, suppose that f(z) =, f(z) in G. Moreover, assume
that the constant term fo of f(z) and all values f(z), z € G, are invertible
elements of E. Then

) = fH2) inG,

if f~1(2) denotes the unique formal power series §(z) with f(2)§(z) = é,
the unit element of E [[2]].

Proof: From Exercise 7 on p. 65 we conclude that f~1(z) = o fn2" €
E [[2]]s. Using the same arguments as in the proof of Theorem 17, one can
obtain the necessary estimates. O

Exercises: Let s > 0, let f € E[[2]], and let f(z) be holomorphic in a
sectorial region G with values in E.

1. (a) Given integers p > 1 and ¢ > 0, assume that to every closed
subsector S of G there exist ¢, K > 0 such that for every z € S
and every N of the form N = pM + q, M € N, we have (4.7).

Show that then f(z) 2, f(z) in G.
(b) Given e > 0, assume that to every closed subsector S of G with
radius of S smaller than €, there exist ¢, K > 0 such that for
every z € S and every non-negative integer N we have (4.7).

Show that then f(z) 2, f(z) in G.

2. Let p be a natural number. For G' = {2| 2» € G}, define g(2) = f(zP),
z € G, and §(z) = f(2?). Show that then f(z) =, f(z) in G if and
only if g(2) =/, §(2) in G.

3. Suppose f(z) =, f(z) in G, and let the constant term of f(z) be zero.
Show that then 271 f(2) 2, 271 f(2) in G.

4. Suppose f(z) = f(z) in G(d, ). Show that f(ze¥2™) 2, f(2) in a
corresponding sectorial region G(d F 27, ).

5. Given s > 0 and a formal Laurent series f(z) = Y200 f, 2", for
some m € N, show that the following two statements are equivalent:
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(a) f(z) — Z:Li_m fn 2™ = ZO=0 fn2™in G,

(b) 2™f(2) = 3 fuom 2" in G.

n=0
Let either one serve as definition for f(z) =, f(z) in G.

6. Assume that E is a Banach algebra. Let A, ,,,(G,E) denote the set
of functions f(z) that are meromorphic in G, so that the number
of poles of f(z) in an arbitrary closed subsector of G is finite, and
such that f(z) =2, f(z) for some formal Laurent series f. Show that
Asm(G,E) is a differential algebra. In case E = C (a field), show
that A, ., (G,C) is a differential field, i.e., a differential algebra in
which each element is invertible.

7. Show the existence of f € A(G,E) that is not in A4;(G,E), for any
s> 0.

8. Let f,, € A;(G,E), n > 0. Assume that for every m > 0 the sequence
(#$™),, converges uniformly on every closed subsector S of G. More-
over, assume existence of ¢, K, depending upon S but independent of
n and m, so that ||f,gm)(z)|| < cK™m!T(1 + sm) for every z € S.
Show f =lim f, € A4(G,E). Compare this to Exercise 6 on p. 70.

4.6 Gevrey Asymptotics in Narrow Regions

The following result is a version of Ritt’s theorem, adapted to the theory
of Gevrey asymptotics; its proof makes use of the so-called finite Laplace
operator, which is defined and discussed in some detail in the following
exercises.

Proposition 10 (RITT’S THEOREM FOR GEVREY ASYMPTOTICS) For
s> 0, let f(z) € C[[#]]s and a sectorial region G of opening at most sw be
arbitrarily given. Then there exists a function f(z), holomorphic in G, so

that f(z) =, f(z) in G.

Proof: Let f(z) = 30 f, 2" and define g(u) = 30 f, u"/T(1+sn), then
f(2) € C[[2]]s implies holomorphy of g(u) for |u| sufficiently small. Let d
be the bisecting direction of G' and define for a = pe'?, with sufficiently

small p >0, and k = 1/s:

f(z) = 2 / " () exp—(u/2)"] dut* (4.8)
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It follows from the exercises at the end of this section that this f(z) has
the desired properties. O

The above result ensures that the mapping J: A (G,E) — E[[7]]s is
surjective if the opening of G is smaller than or equal to sw. It is, however,
in this case not injective, as one learns from the following exercises.

Exercises: If not otherwise specified, let g(u) be continuous for argu = d
and 0 < |u| < p with fixed d and p > 0, and define f(z) by (4.8), for k > 0
and a = pe’?.

1.

Show that f(z) is holomorphic on the Riemann surface of the loga-
rithm. In the literature, the mapping g — f is named finite Laplace
operator of order k.

Assume that complex numbers g,, and real numbers ¢,, > 0 (for n > 0)
exist so that for every N > 0 and every u as above ||rg(u, N)| < cn.

(a) Setting g(u) = 0 for argu = d, |u| > p, show ||rg(u, N)|| < én,
for every N > 0, every u with argu = d, and
N-1
¢y = max{cn, Z cn pV VY.
n=0
(b) For z with cos(k(d — argz)) > ¢ > 0 and N > 0, set f, =
9nI'(1 + n/k) and show

s (2, N)2"|| < Ky = e " N*ey D(1 + N/k).

With ¢, K,, as above, assume for s; > 0 that ¢, < ¢ K"T'(1 + ns;),
n > 0, with sufficiently large ¢, K > 0, independent of n. Show that
then K, < éf("l"(l + nsg), with s; = 1/k + s; and sufficiently large
¢, K > 0 (independent of n, but depending on ¢ > 0). Use this to
prove the above version of Ritt’s theorem for Gevrey asymptotics.

For k> 0,b € E, and ¢ > 0, let f(z) = bexp[—cz~*]. Show that
f(2) =11 0in S(0,7/k), with 0 being the zero power series.

Use the previous exercise to conclude that to every sectorial region
G of opening not more than 7 /k there exists f(z), holomorphic and
nonzero in G, with f(z) =, 0 in G.

Let G be a sectorial region of az"bitmry opening, and let f(z) be
holomorphic in G with f(z) =4/, 0 in G. To each closed subsector S
of G, find ¢, > 0 so that ||f(2)]| < ¢1 exp[—ca|z|7*] in S.

Let G be a sectorial region of opening not more than smw, and let
f be holomorphic in G with f(z) =, 0 in G. Moreover, let g(z) be
holomorphic in G and so that for £ < 1/s and some real ¢i,¢co > 0
we have ||g(2)| < c1 explea|z|~*] in G. Show f(2)g(z) =, 0 in G.



4.7 Gevrey Asymptotics in Wide Regions 75
4.7 Gevrey Asymptotics in Wide Regions

We have learned from Proposition 10 that the mapping J: A (G,E) —
E [[2]]s is surjective for sectorial regions of opening at most sm. We now
show that for wider regions J is injective — the fact that then it is no longer
surjective will follow from results in the next chapter. The proposition we
are going to show is due to Watson [282]:

Proposition 11 (WATSON’S LEMMA) Suppose that G is a sectorial region
of opening more than sw, s > 0, and let f € H(G,E) satisfy f(z) = 0 in
G. Then f(z) =0 in G.

Proof: Let S = S(d, a, p) be any closed subsector of G of opening a > s.
From Exercise 6 on p. 74 we conclude for suitably large constants ¢, K and
k=1/s

If ()] < ce B 2 €3,

In particular, ||f(z)|| is bounded, say, by C, on S. For k = 7/a (< k)
and z = z(w) = e(p™" + w)"/* we have z € S for every w in the
closed right half-plane. Thus, for arbitrary x > 0, the function g(w) =
explz w] f(z(w)) is bounded by C on the line Re w = 0 and, because of
K < k, bounded by some, possibly larger, constant for Re w > 0. Phragmén-
Lindeldf’s principle (p. 235) then implies

lg(w)|| = explz Re w] [|f(2(w))| <C Rew > 0.

Letting x — oo completes the proof. O

Given a sectorial region G, we shall say that a subspace B of A(G,E)
is an asymptotic space, if the mapping J: B — E[[z]]s is injective. In this
terminology we may express the above proposition as saying that A;(G,E)
is an asymptotic space if the opening of G is larger than smw. This result, in
a way, is the key to what will follow in the next chapters: Given a formal
power series f (z) and a sectorial region G of opening larger than s, if we
succeed in finding a holomorphic function f with f(z) =, f(z) in G, then
it is unique, and it is justified, if not to say very natural, to consider this
f as a sum of some sort for f . While this abstract definition of a sum will
be seen to have very natural properties, one certainly would like to have
a way of somehow calculating f, and we shall see that this indeed can be
done, at least in principle.

Exercises:

1. Let f be holomorphic for |z| < p, p > 0, and let fbe its power series
expansion. Conclude that then for every sectorial region G and every
s> 0 we have f(z) 2, f(z2) in G.
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2. Show the following converse of the previous exercise: Let G be a
sectorial region of opening more than (2 + s)m, for some s > 0, and
assume f(z) 2 f(z) in G. Show that then f € C{z}.



D
Integral Operators

In this chapter we introduce a certain type of integral operators that shall
play an important role later on. The simplest ones in this class are Laplace
operators, while some of the others will be Fcalle’s acceleration operators,
that will be studied in detail in Chapter 11. All of them will be used in the
next chapter to define some summability methods that, in the terminology
common in this field, are called moment methods. As we shall prove, most
of these methods are equivalent in the sense that they sum the same formal
power series to the same holomorphic functions. The reason for investigat-
ing all these equivalent methods is that for particular formal power series it
will be easier to check applicability of a particular method. Thus having all
of them at our disposal gives a great deal of flexibility. Moreover, it also is
of theoretical interest to know what properties of the methods are needed
to sum a certain class of formal power series. It should, however, be noted
that statements on methods being equivalent are here to be understood
for summation of power series in interior points of certain regions, while
the methods may be inequivalent when studying the same series at some
boundary point.

Laplace and Borel operators are used in several different areas of math-
ematics, and are therefore defined and studied in many textbooks, such
as [284] and others. They will also be the main tool in our theory of multi-
summability. Here, we only apply them to functions that are holomorphic
in sectorial regions and continuous at the origin, which simplifies most of
the proofs for their properties. For example, the identity theorem for holo-
morphic functions implies that formulas proven for some “small” set of
complex numbers, e.g., an infinite set accumulating at some interior point
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of a region, immediately extend to the full region where all terms involved
are holomorphic. Moreover, it will be convenient to slightly adjust the def-
inition of Laplace operators, so that a power of the independent variable is
mapped to the same power times a constant. For these reasons, we choose
to include all the proofs for the properties of these operators.

A very recent paper dealing with Borel transform is by Fruchard and
Schifke [104]. For a discussion of related but more general integral operators
see, e.g., Braaksma [65], Schuitman [246], or their joint article [73].

5.1 Laplace Operators

Let S = S(d,) be a sector of infinite radius, and let f € A® (S E),
which we defined to mean that f is holomorphic and of exponential growth
at most k£ > 0 in S and continuous at the origin. For 7 with |d — 7| < a/2,
the integral fOOO(T) f(u) exp[—(u/2)*] du*, with integration along argu = 7,
converges absolutely and compactly in the open set cos(k[r —arg z]) > ¢|z|*,
if ¢ is taken sufficiently large, depending upon f and 7. On the Riemann
surface of the logarithm, the region described by this inequality in general
has infinitely many connected components, one of which is specified by the
inequalities (4.1) (p. 61). These describe a sectorial region G = G(7,7/k)
of opening 7/k and bisecting direction 7, which has been discussed in Ex-
ercise 2 on p. 61. In G, the function

oo(T)
g(z) = =" / £(w) expl—(u/2)"] du® (5.1)

is holomorphic. According to the definition of exponential growth, the
constant ¢ may be taken independent of 7, as long as 7 is restricted to
closed subintervals of (d — «/2,d 4+ «/2), but may go off to infinity when
T approaches the boundary values. Consequently, a change of 7 essentially
means a rotation of the region G, corresponding to holomorphic continua-
tion of g. Therefore, g(z) is independent of T and holomorphic in the union
of the corresponding regions G(7,7/k), which is a, in general bounded,
sectorial region G(d,3), with 8 = « + w/k. For short, we write g = Ly f
and call Ly the Laplace operator of order k. We sometimes also say that
g = Ly f is the Laplace transform of order k of f.

One immediately sees that ¢g(z) being the Laplace transform of order
k of f(u) is equivalent to g(z'/*) being the Laplace transform of order 1
of f (ul/ *), in appropriate sectorial regions. Introducing a mapping s, for
a > 0, by (sof)(z) = f(2%), this property of Laplace operators can be
conveniently stated as saying that, slightly more generally,

Lok ©8q = 8q 0 Ly, (52)

for every k > 0.
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The reason for the factor z—* in front of the integral representation of
g(z) is that we want the Laplace transform of a power u* to be equal
to I'(1 + \/k) 2%, as is to be shown in Exercise 1. Accordingly, termwise
application of Ly, to a formal power series f (u) = >°¢ fnu™ produces the
formal power series §(z) = Y " fn I'(14n/k) 2™, which we denote by Lif.
The operator Ly will frequently be called the formal Laplace operator of
order k.

The following theorem shows that Laplace operators link very naturally
with the notion of Gevrey asymptotics, making them the perfect tool for
what will follow.

Theorem 22 Let f € A(k)(SJE), for k > 0 and a sector S = S(d, «), and
let g = Ly f be its Laplace transform of order k, defined in a corresponding
sectorial region G = G(d,a + 7/k). For s; > 0, assume f(z) =, f(2) in
S, take so = 1/k + s1, and let § = ﬁkf Then

9(2) =, (=) inG.

Proof: For arbitrarily fixed a = pe’™ € S, we may split the path of integra-
tion in (5.1) into the line segment from 0 to a and the ray from « to infinity,
thus defining two functions g1(2), g2(z). From the exercises on p. 74, to-
gether with the ones below, we conclude g1(z) =5, §(2), 92(2) =1/ 0 in
G(r,m/k). This implies ¢g(z) =, §(2) in G(7,7/k), owing to Theorem 18
(p- 71). Since G is the union of these regions as 7 varies in the interval
(d — a/2,d + «/2), the proof is completed. O

Let Ag’f)(S,E) =AM (S E)NA, (S,E), ie., the set of all holomorphic
E -valued functions on S that are of exponential growth not more than k and
have a Gevrey asymptotic of order s; at the origin. The previous theorem
then says that £ maps Ag}f)(S,]E) into A,,(G,E), and Jo Ly, = L} 0 J.
In the following sections we show that Ly is in fact bijective and its inverse
equals Borel’s operator.

Exercises:

1. Prove that the Laplace transform of u*, with complex A, Re A > 0,
equals I'(1 + \/k) z*. Discuss for which other A this statement holds
as well.

2. For f € A(k)(S,IE)7 k > 0, show that ¢ = L;f is bounded at the

origin.

3. For f € AD(SE), k>0, take a = pe'™ € S and define

oo(7)
g(z) = sz/ flw) exp[—(u/z)k] du®, zeG(r,m/k).

Show g(z) 2, 0 in G(r,7/k) for s = 1/k.
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5.2 Borel Operators

Assume that 7 € R, k,7 > 0, and 0 < € < 7 are given. Let 74 (7) denote the
path from the origin along argz = 7+ (¢ + 7)/(2k) to some z; of modulus
r, then along the circle |z| = r to the ray arg z = 7 — (e +m)/(2k), and back
to the origin along this ray. In other words, the path 4 (7) is the boundary
of a sector with bisecting direction 7, finite radius, and opening slightly
larger than 7 /(2k), and the orientation is negative. The dependence of the
path on € and r will be inessential and therefore is not displayed.

Let G = G(d, a) be a sectorial region of opening o > 7 /k. For every 7
with |7 —d| < (o — 7/k)/2, we may choose € and r so small that v (7) fits
into the region G. If f(z) is holomorphic in G and bounded at the origin,
we define the Borel transform of f of order k by the integral

(Bif) (1) = / 2 £(2) expl(u/2)"] d=~", (5.3)
Y (T)

T 2mi

for u € S(r,¢/k). Observe that for these u the exponential function in the
integral decreases along the two radial parts of the path, so that the integral
converges absolutely and compactly and represents a holomorphic function
of u. The integral operator By, defined in this manner will be referred to as
the Borel operator of order k.

From Cauchy’s theorem we conclude that By f is independent of ¢ and
r, and a change of 7 results in holomorphic continuation of By f. So we
find that By f is also independent of 7, and therefore is holomorphic in the
sector S(d, a — w/k). By a simple change of variable, one can show that, in
analogy to (5.2),

Sa 0B = Bor 0 8a, k,a>0.

An exercise below shows that termwise application of By to a formal
power series f(z) =Y ;" fn 2" produces the formal power series

(Bif)(2) = fu2"/T(1 +n/k),
0

and By, is called the formal Borel operator.
As for Laplace operators, we show that Borel operators also “respect”
Gevrey asymptotics:

Theorem 23 Let G = G(d,«) be an arbitrary sectorial region, let f be
holomorphic in G, and for s; > 0 assume f(z) =, f(z) in G. Let k > 0
be such that o > 7/k, so that Byf is defined and holomorphic in S =
S(d,oc — w/k). Define s by s3 = sy — k=t if 1/s1 < k, resp. s = 0
otherwise. Then

(Bif)(u) =, (Bef)(u) in S.
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Proof: For 7 close to d and ~v,(7) in G, we have for sufficiently large
¢, K > 0 that |rf(z, N)| < cKVT'(1+ s1N), for every N > 0 and every
z € yi(1). With g = By f we find that

uNrg(u, N) = (BeeNrs(2,N)) (u), ue S(r,e/k).

Breaking v (7) into three pieces, the two radial parts and the circular arc
of radius 7, and estimating the resulting three integrals in the usual way,
we find for N > 0 and arbitrarily fixed u € S(7,¢/(2k), p), p > 0

[uNrg(u, N)| < e KN 2m) ' T(1+ s1N) (I + I + I3),

with
I I < k / N exp[—é (Jul/2)] ds, I <&V exp[(ful/r)"],
0

for suitable constants ¢é,¢ > 0, independent of u, N and r. It suffices to
consider large N; the final estimate then holds automatically for all N,
with possibly enlarged constants. For sufficiently large NV, however, we may
choose 7 = |u| (k/N)'/*, implying Iy < &|u|" (k/N)N/*eN/k and, after
substituting y = & (Ju|/z)*,

-[1,]3 < |U|N éN/k/ yflfN/k: eV dy < ‘U|N 671 (k/N)1+N/k.
éN/k

Using Stirling’s formula, this shows, with suitably large C, K > 0, inde-
pendent of u and N,

lrg(u, N)| < C KNT(1+ Nsp)/T(1+ N/E).

Another application of Stirling’s formula and the fact that closed subsectors
of S can be covered by finitely many sectors of the form S(r,e/(2k), p)
completes the proof. m]

In case 1/s1 > k, Theorem 23 says that By, f is holomorphic at the origin,
and By, f is its power series expansion. If 1/s; > k, one can see, either from
the final estimate in the proof or by looking at By, f and estimating its
coefficients, that By f is an entire function of exponential growth not larger
than (k~! — s1)~!. For a corresponding statement on the growth of By f in
case 1/s1 < k, see the next theorem in the following section.

Exercises:

1. For f(z) = 2}, A € C, show (By.f)(u) exists and equals u* /T (14+\/k),
for every k > 0.
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2. Under the assumptions of Theorem 23, let G be a sector of infinite
radius, and assume f € A(”l)(G,E), for some k1 > 0. Show that
then By f € A" (S E) for 1/ky = 1/k + 1/k;.

3. For G(d,a), f, k and 7 as in (5.3), and sufficiently large ¢ > 0,
show that the curve §,, parameterized by z(t) = €' (c + it)~'/*,
—y < t <y, is contained in G for arbitrary y > 0. Use Cauchy’s
integral theorem to conclude for argu = 7 that

lim - / () expl(uf2)*)de* = (Bf)(w).  (5.4)

y—o00 271
Y

5.3 Inversion Formulas

The following two theorems say that, roughly speaking, Bj is the inverse
operator of L, considered as mappings between certain spaces of analytic
functions. In the first theorem we shall not worry about the exact region
where Ly (B f)(z) will be defined, compared to that of f(z). Instead, we
show Ly (B f)(z) = f(z) for sufficiently many z, so that the Identity Theo-
rem in Exercise 3 on p. 230 allows to conclude that they both are the same
analytic function.

Theorem 24 Let G(d,a) be a sectorial region, and let k > w/a. For any
f € H(G,E) that is bounded at the origin, let

g(u) = (Bpf)(u), weS=58(da—mr/k).

Then g(u) is of exponential growth not more than k in S, so that (Lxg)(z)
is holomorphic in a sectorial region G = G(d, &), with w/k < &, and

f(2) = (Lrg)(2), z€GNG.

Proof: Split 74 (7) into three pieces, as in the proof of Theorem 23. Then
the integrals over the radial parts uniformly tend to zero as u — oo in
S(7,¢/(2k)). In the integral over the circular arc, expand exp[(u/z)¥] into
the exponential series and integrate termwise to see that this integral is an
entire function of u of exponential growth not more than k. Altogether, this
shows By f of exponential growth not more than k in S(7,e/(2k)). Varying
7, we find the same in S.

To prove f = Lg, it suffices to do so for z with argz = d and |z|
sufficiently small. For such z, we may insert the integral for By f into that
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for Lg, both with 7 = d. Interchanging the order of integration and then
evaluating the inner integral gives

—k wh=1 f(w)
(LroBrf)(z) = —/ ———duw.
210 Joy(ay WP — 2F
The function F,(w) = wk~1 f(w)(w* — 2¥)~1 can be seen to have, in the
interior of v (d), exactly one singularity, namely, at w = z, this being a
pole of first order with residue f(z)/k. Since 7 (d) has negative orientation,
the Residue Theorem in Exercise 3 on p. 224 completes the proof. O

Theorem 25 For a sector S = S(d,«) of infinite radius and k > 0, let
fe AW(SE) and define g(z) = (Lrf)(2), z € G = G(d, o + 7 /k). Then

f(u) = (Brg)(u), ueSs.

Proof: Using (5.4) for the representation of the Borel operator, fix y and
insert (5.1), interchange the integrals and then evaluate the inner integral.
Use the exercises below to complete the proof. O

Exercises:

1. Check that in Theorems 24 and 25 it suffices to prove the case k = 1
and d = 0; the general case then follows through suitable changes of
variables.

2. For a sector S = S(0, ) of infinite radius, let f € A(l)(S,E). For
sufficiently large ¢ > 0 and ¢ > 0, show
00 elt—w)(zotiy) _ g(t—u)(zo—iy)

ulggo 0 U 27t (t —w)

du = f(¢), (5.5)

integrating along the positive real axis; observe that v = ¢t is a re-
movable singularity of the integrand.

5.4 A Different Representation for Borel Operators

Here we give a different integral representation for Borel operators of order
k > 1/2, using Mittag-Leffler’s function as a kernel. To do so, we first
prove the following well-known result upon the behavior of Mittag-Leffler’s
function as the variable z — oo; for a more complete asymptotic analysis
of Es(z), compare the exercises below.
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Lemma 6 (ASYMPTOTIC OF MITTAG-LEFFLER’'S FUNCTION)
Let 0 < s < 2. Then for S_ = S(m, (2 — s)m) we have

z2Es(z) — —1/T(1 —s), S_ 3z — o0, (5.6)
while for S4 = S(0, sm) we have
Ey(2) = 57! exp[z'/°] + E4(2), (5.7)

with z E4(z) bounded in S .

Proof: In the integral representation (B.19) (p. 233) one can deform the
path of integration 7 (owing to Cauchy’s integral theorem) such that the
two radial parts follow the two rays arg w = £(w+¢)/2, for arbitrarily small
e > 0. Doing so, we find that for z with |7 —argz| < (1 — s/2)7 — se the
denominator w® — z never vanishes, so that we may interchange integration
and limit, by which we obtain (5.6), owing to (B.10) (p. 228). On the other
hand, for z € S; we can use the Residue Theorem to show

Ey(2) = 57! exp[z"/*] + Eq(2), |2] > 1,

where E,(z) has exactly the same integral representation (B.19), but for
|z| > 1. From this representation, it is easy to see that z F4(z) remains
bounded as z — oo in S. |

Remark 6: Since exp[z!/®] is bounded in the sectors s7/2 < +argz <
3sm/2, we observe that (5.7) remains valid in the sector S(0,3sw). This
will be used in the proof of the next theorem. &

For s as above, consider any sectorial region G = G(d,«) of opening
a > sm, and let f € H(G,E) be continuous at the origin. With k = 1/s
and ~y(7) as in Section 5.2, let

-1

o0 =5 [ B 5%

5.8
- (53)
According to Lemma 6, the integral is absolutely convergent for u with
|d —argu| < (o — sm)/2 and T = argu, and convergence is locally uniform
there, so that g(u) is analytic. We now show

Theorem 26 For 0 < s < 2 and any sectorial region G = G(d,«a) of
opening o > sw, let f € H(G,E) be continuous at the origin and define g
by (5.8). Then we have

g:ka, kzl/s.
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Proof: The integral for the Borel operator can be written as

(Bif)(u) = —~ / kf(z) et/ 92
Vi (T)

- 2mi z
Hence, according to (5.7), resp. Remark 6, we have

o(u) — (Brf)(u) = L /.( )Esm/z)d?

T 2mi z
Since the integrand is bounded in the interior of the path of integration,
we can use Cauchy’s integral theorem to conclude g — By f = 0. O

The above representation of Borel operators, aside from being interesting
in its own right, also will serve as a starting point for more general integral
operators in the next section. Concerning the restriction of s to the interval
0 < s < 2,s0that k =1/s > 1/2, one should note that this is forced by the
fact that Mittag-Leffler’s function behaves differently for other values of s.
In later chapters we shall see other results indicating that the value of 1/2
is special in the sense that some aspects of the theory of summability of
power series change when the parameter k is larger, resp. smaller, than 1/2.

Exercises: Let 0 < s <2 and S_ = S(m, (2 — s)7).

1. For N > 0, show

N-1
E(2) = 2" NEi(z;N) = > 27"/T(1 - sn), (5.9)

n=1
with 27 Eg(2; N) = fﬂ{ e? wsN =1 (ws — 2)~ duw.

2. For E4(z; N) as above, show z E5(z; N) — —1/T(1—sN), as z — oo in
S_. Interpret this, together with (5.9), as an asymptotic for Fs(1/z).

5.5 General Integral Operators

In this section, we are going to study some generalizations of Laplace resp.
Borel operators. In detail, we are going to define pairs of integral operators,
one being the inverse of the other on suitable function spaces, and each pair
being associated with one particular “sequence of moments.” To do so, we
introduce pairs of functions serving as kernels for these operators.

KERNEL FUNCTIONS
A pair of C-valued functions e(z), F(z) will be called kernel
functions if for some k > 1/2 the following holds:
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e The function e(z) is holomorphic in S; = S(0,7/k), and
27 Ye(z) is integrable at the origin, meaning that the in-
tegral [ 2~ !|e(xe'™)|dw exists, for arbitrary zo > 0 and
2k|r| < . Moreover, for every € > 0 there exist constants
¢, K > 0 such that

le(2)| < ¢ exp[—(|z|/K)¥], 2k|arg z| < 7w —e. (5.10)

e For positive real z = z, the values e(x) are positive real.

e The function E(z) is entire and and of exponential growth
at most k. Moreover, in S_ = S(m, 7(2 — 1/k)), i.e., the
complement of Sy in C, the function z=! E(1/z) is inte-
grable at the origin in the above sense.

e The functions e(z), F(z) are linked by the following mo-
ment condition: Define the moment function corresponding
to the kernel e(z) by

m(u) = /000 " te(x)dr, Rewu >0. (5.11)

Note that the integral converges absolutely and locally
uniformly for these u, so that m(u) is holomorphic for
Re v > 0 and continuous up to the imaginary axis, and
the values m(x) are positive real numbers for = > 0. Then
the power series expansion of E(z) equals

n

E(z) =) mz(n). (5.12)
0

The number k will sometimes be referred to as the order of the
pair of kernel functions e(z), E(z).

Observe that the kernel E(z) is uniquely determined by e(z) because of
(5.12). Obviously, (5.10) implies km(n) < ¢K"T'(n/k), n > 1. On the
other hand, by assumption we have that E(z) is of exponential growth at
most k, meaning by definition [E(z)| < & exp[K|z2|]*, for sufficiently large
¢, K > 0. From the proof of Theorem 69 (p. 233) we conclude that this
implies existence of & K > 0 so that m(n) > é K"T'(14+n/k), n > 0. Hence
the moments m(n) are of order T'(14+n/k) as n tends to infinity in the sense
that [m(n)/T'(1 4 n/k)]=Y/" is bounded. In particular, this shows that the
order of a pair of kernel functions is uniquely defined, and that the (entire)
kernel E(z) is exactly of exponential growth k, or in other words, is of
order k and finite type. As a first example of such kernel functions we take
e(z) = k 2* exp[—2"]; in this case m(u) =T'(1 4+ u/k) and E(2) = Ey/i(2).
Other examples of interest will follow in the exercises and the next section.
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With the help of any such pair of kernel functions of order k > 1/2, we
now define a pair of integral operators as follows:

Let S = S(d,a) be a sector of infinite radius, and let f € A®(S,E),
then for |d — 7| < «/2, the integral

s0(7) "
TnE = [ et/ ) 5 (513)

converges absolutely and locally uniformly for z with (4.1) (p. 61), for
sufficiently large ¢ > 0. As for Laplace operators, a change of 7 results in
holomorphic continuation of T'f. Hence we conclude that T f is holomorphic
in a sectorial region G(d, a + 7/k).

If G = G(d,a) is a sectorial region of opening larger than 7/k, and
f € H(G,E) is continuous at the origin, then we define, with v(7) as in
the definition of Borel operators on p. 80,

~1
T u — FElu/z z
(T~ F)(w) /W) (u/2) £(2)

B dz
2 '

. (5.14)

We conclude as in the proof of Theorem 24 (p. 82) that T~ f is holomorphic
and of exponential growth at most & in S(d, « — 7 /k).

In case e(z) = kz* exp[—2¥], the two integral operators coincide with
Laplace resp. Borel operators. Even in general they have many properties
in common with those classical operators, as we now show:

1. For f(u) = u*, with Re A > 0, hence f(u) continuous at the origin,
we have T'f(z) = m()\) z*; to see this, make a change of variable in
(5.13) and use (5.11).

2. For f(u) =" fn u™ being entire and of exponential growth at most
k., the function T'f is holomorphic for |z| < p, with sufficiently small
p>0,and (Tf)(z) =Y ;" fnm(n)z", |z| < p; to see this, check that
termwise integration of the power series expansion of f is justified.

3. For w # 0 and z # 0 so that |z/w] is sufficiently small, it follows from
the above that

oo(7) du
:/O e(u/z) E(u/w) o (5.15)

w—z

This formula extends to values w # 0 and z # 0 for which both
sides are defined. In particular, this is so for argw # arg z modulo
27, since then we can choose T so that |7 — argz| < 7/(2k) and
|m — 7+ argw| < (2 — 1/k), implying absolute convergence of the
integral, according to the properties of kernel functions.

4. For a sectorial region G = G(d,«) of opening more than w/k, and
f € H(G,E) continuous at the origin, the composition h =T o T~ f
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is defined. Interchanging the order of integration and then evaluating
the inner integral, using (5.15), implies

he) = o [ ) gy = (),

72777@ k(T)’U}—Z

since v;(7) has negative orientation. Hence we conclude that T~ is
an injective integral operator, and T is its inverse. Note, however,
that we do not yet know that either operator is bijective; this will be
shown in Theorem 30 (p. 92).

. For Re A > 0 and f(z) = 2*, we conclude from (5.14) by a change of

variable u/z = w, and using Cauchy’s theorem to deform the path of
integration:

1 pew =g [ B

with v as in Hankel’s formula (p. 228). Hence 7~ f equals u’ times
a constant. Using that T is the inverse operator, we conclude that
this constant equals 1/m(A). In particular, this shows m(u) # 0 for
Re u > 0. Moreover, we have the following integral representation for
the reciprocal moment function:

1 1
= —/E(w)w_“_1 dw,
v

m(u)  2mi

Compare this to Hankel’s formula for the reciprocal Gamma function
(B.10) (p. 228), and note that the integral also converges for u on the
imaginary axis.

Exercises: In the following exercises, let e(z), E(z) be a given pair of
kernel functions of order k > 1/2, and let a > 0.

1. For e(z;a) = 2%e(2), find E(z; @) so that e(z; ), E(z;a) are a pair

of kernel functions of order k.

. For 0 < a < 2k, define e(z; ) = e(2'/?)/a, resp.

1 woc—l
E(z;a) = 5 /E(u)) p— dw. (5.16)
vy

Show that e(z; ) and E(z; «) are a pair of kernel functions of order
k/a. Compare (5.16) to the integral representation of Mittag-Leffler’s
function (p. 233). Moreover, show that for the corresponding opera-
tors T and T, one has T o s, = s, 0 T,, with s, defined on p. 78.
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3. Under the same assumptions as in the previous exercise, define

o) =2 [ B(w/ma) )%,

2mi Vi (T) z

for f € H(G,E) continuous at the origin, and G a sectorial region
of opening larger than w/k. Show that g =T~ f.

5.6 Kernels of Small Order

In the previous section we restricted ourselves to kernels and corresponding
operators of order k > 1/2. Here we generalize these notions to smaller
orders.

KERNEL FUNCTIONS OF SMALL ORDERS
A C -valued function e(z) will be called a kernel function of
order k > 0 if we can find a pair of kernel functions é(z), E(2)
of order k > 1/2 so that

e(z) = é(zF/*)k/k, =€ S(0,n/k). (5.17)

From Exercise 2 on p. 88 we conclude that if a pair of kernels of some
order k > 1/2 exists so that (5.17) holds, then there exists one for any such
k. In particular, if k¥ happens to be larger than 1/2, then we can choose
k = k, hence e(z) is a kernel function in the earlier sense. Moreover, to
verify that e(z) is a kernel function of order k, we may always assume that
k = pk, for a sufficiently large p € N. This then implies the following
characterization of such kernel functions:

For arbitrary k > 0, e(z) is a kernel function of order k, if and only if it
has the following properties:

e The function e(z) is holomorphic in S; = S(0,7/k), and 27! e(2)
is integrable at the origin. Moreover, for every € > 0 there exist
constants ¢, K > 0 such that (5.10) holds.

e For positive real z = z, the values e(x) are positive real.

e For some p € N with pk > 1/2, the function E,(z) = >~ 2" /m(n/p)
is entire and of exponential growth not more than p k. Moreover, in
the sector S(m, (2 — 1/(pk))) the function 2= E,(1/z) is integrable
at the origin.

Let a kernel function e(z) of order k with 0 < k < 1/2 be given. Then we
define the corresponding integral operator T as in (5.13). The definition of
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T~ , however, cannot be given as in (5.14): While we can define an entire
function E(z) by means of (5.12), this function does not have the same
properties as for k& > 1/2. Therefore, we define the operator T~ as follows:
Take any k > 1/2, then by definition, resp. Exercise 2 on p. 88, there exists
a pair é(z), E(z) of kernel functions of this order, such that (5.17) holds.
Abbreviate o = l;/k and set f = sof, for f € A(k)(S,E) and s, as on
p. 78. Then f € A® (S’,E), for suitable S, and the functions h = T f and
h = Tf are related by h = soh. In view of this relation between T" and T,
we now define:

e Let a kernel function e(z) of order 0 < k < 1/2 be given. Choose
k > 1/2 and let &(z), E(z) and a be as above. For a sectorial region
G = G(d, a) of opening larger than 7/k, and any f € H(G,E) that
is continuous at the origin, we define with 4 (7) as in the definition
of Borel operators on p. 80:

-1 -
T f)(u) = E((u/2)Y z
(T~ f)(w) [M ((u/2)/%) £(2)

2ot

dz
-

For this definition to give sense, we have to show that the right-hand side
does not depend upon the choice of k. This, however, follows directly from
Exercise 3 on p. 89.

This definition of 7~ has the following consequence: For f (2) = saf and
g =T f, resp. § = T~ f we obtain g(u) = sqg. This relation and the
corresponding one for T' which was shown above can be formally stated as

Sa 0T =To0Sa, S$a0T™ =T o0s,. (5.18)

In particular, this shows that 7" maps a power u" to m(n)z", while
T~ is inverse to T, at least for such powers. This motivates the definition
of formal operators 1", T, acting on formal power series f by means of
termwise application of T, resp. T~ . Consequently, T and T~ are inverse
to one another.

Exercises: In the following exercises, let €;(z), 1 < j < 2, be two kernel
functions of the same order k > 0, and let m;(u) denote the corresponding
moment functions.

1. For k(z) = Yo" mi(n)z"/ma(n), show that the power series has
positive, but finite, radius of convergence.

2. For k > 1/2 show that the function k(z), defined above, can be holo-
morphically continued along all rays except for the positive real axis.

3. For 0 < k < 1/2, let p € N be so that pk > 1/2. Define ky(z) =
>0  mi(n/p) 2" /ma(n/p). Conclude from the previous exercise that
k,(z) can be holomorphically continued along all rays except for the
positive real axis. Use this fact to show the same for k(z).
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5.7 Properties of the Integral Operators

In this section, we consider fixed operators T, T~ of some order k > 0. From
the definition of these operators in case of k < 1/2, especially (5.18), one
can see that in some of the proofs to follow it suffices to consider k& > 1/2.

Using the corresponding formal operators defined above, we show that
Theorems 22 and 23 in Sections 5.1 resp. 5.2 immediately generalize to the
operators T',T:

Theorem 27 Let f € A(k)(S,IE), for k > 0 and a sector S = S(d,a),
and let g = Tf be given by (5.13), defined in a corresponding sectorial
region G = G(d, o + m/k). For s; > 0, assume f(z) =, f(z) in S, take
$o=1/k+ sy, and let  =Tf. Then

Proof: By assumption, for every § > 0 there exist constants ¢, K > 0 such
that ||7¢(u,n)|| < c K" T'(14s1n) for every u with |[d—argu| < a—é, |u| <1
and every n > 0. As was seen before, this implies || f,|| < ¢ K" T'(1 + sin),
for every n > 0. Using that f(u) is assumed to be of exponential growth
not more than k, it is easily seen that (making ¢, K larger if needed)

|7 (u,n)|| < e K"T(1 + syn)eul",

for |d —argu| < o — ¢ and arbitrary |u|. Since the operator T' maps
u"r¢(u,n) to 2" re(2,n), one can complete the proof estimating the in-
tegral in a standard manner. O

Theorem 28 Let G = G(d,«) be an arbitrary sectorial region, let f be
holomorphic in G, and for s; > 0 assume f(z) =, f(z) in G. Let k > 0
be such that o > 7/k, so that T~ f is defined and holomorphic in S =
S(d,a — w/k). Define so by so = s1 — k™' if 1/sy < k, resp. s5 = 0
otherwise. Then

(T~ f)(u) =, (T~ f)(u) inS.

Proof: Observe that T~ maps 2" r¢(z,n) to u" rp-¢(u,n), and estimate
as in the proof of Theorem 23 (p. 80). m|

The first inversion theorem of Section 5.3 also generalizes to the situation
of arbitrary integral operators T and 1~ , as we show now.

Theorem 29 Let G(d,«) be a sectorial region, and let k > 7/a. For f €
H(G,E) which is continuous at the origin, let

glu) =T~ f)u), weS=S8(da—r/k).
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Then g(u) is of exponential growth not more than k in S, so that (T'g)(z)
is holomorphic in a sectorial region G = G(d, &), with w/k < &, and

f(z) = (Tg)(z), zeGNG.

Proof: For k > 1/2, the proof has been given in property 4 (p. 87). For
smaller values of k, use the definition of T', T~ given in Section 5.6 in terms
of operators T', T~ of order k > 1/2, together with (5.18). |

To prove the analogue to the second inversion theorem of Section 5.3 is
harder, owing to the fact that we have to use different rays of integration
in the integral operator T in order to cover the path of integration 7 (7)
used in the integral representation for 7T~. Here, we give a proof that in
the case of T’s being a Laplace operator is considerably different from the
proof of Theorem 25 (p. 83).

Theorem 30 For a sector S = S(d,«) of infinite radius and k > 0, let
fe AP(S E) and define g(z) = (Tf)(2), z € G = G(d, o + 7 /k). Then
f=T"g follows.

Proof: Without loss of generality, assume that d = 0 and &k > 1/2; the
latter assumption can be made owing to (5.18). Let S+ be the following
path: from the origin along the ray argz = +(¢ + 7)/(2k) to a point of
modulus r, and then on the circle of radius r to the real axis, with fixed
e,r > 0. Then, for 0 < § < o we may, for r and e sufficiently small and
t on the path B4, represent T f = g by the integral (5.13) with 7 = +6.
Doing so, we define for positive real u

_ 0o (£6) v dz

) = g [ B [ s ST
oo (+6) du
- [ ke
ky(t,u) = 2_—71_11 ; E(t/z)e(u/z)d—;

By definition of the paths B4 we conclude that fi — f_ = T~ g. To evaluate
the kernels k4 (¢, u), we make a change of variable z = 1/w, giving

ki(t,u) = E(wt) e(wu)%u,

2 J g,
with corresponding paths Bi beginning at the point w = 1/r and going
off to infinity. The integrals remain the same when changing the paths of

integration, provided that wu, for w on the path, stays within the sector
S+ where the kernel e(wu) is defined, and wt, at least for large values of ¢,
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remains in S_ where then F(wt) is bounded. By adding a corresponding
integral from 0 to 1/r, we can with help of Cauchy’s theorem also integrate
along the ray argw = F(7 +¢)/(2k). Doing so, and using (5.15), we obtain

-1 [y dw 1w
ki (t — E(wt —=— .
ﬂE(’u)—|—27ri 0 (w)e(wu)w 2mit —u

(5.19)

This shows ki (t,u) = k_(t,u), and k+(t,u) is analytic for u € S, and
arbitrary t, except for ¢ = u. Hence we obtain
_ du
(T7g)(t) = f+(t) = f-(O) = | f(u) kx(t,u)=~,
¥
where the path ~ is from infinity to the origin along the ray argu = —6,
and back to infinity along argu = é. For |u| > [t|, we can deform both
rays to be along the real axis, and then these parts of the integral cancel.
Therefore, we find that v may as well be replaced by a closed Jordan curve

encircling ¢ and having negative orientation. This, together with (5.19) and
Cauchy’s formula, then implies T~ g = f. m|

Exercises: In the following exercises, let e(z) be a kernel function of
order k > 0, and consider the corresponding integral operators 7" and 1.

1. Let S be a sector of infinite radius, and let A denote a subspace of
A(k)(S, E) that is an asymptotic space, in the sense defined on p. 75.
Show that then the image of A under the operator T is again an
asymptotic space.

2. Let G be a sectorial region of opening more than 7 /k, and let A de-
note a subspace of H(G,E ) which is an asymptotic space. Show that
then the image of A under the operator T~ is again an asymptotic
space.

5.8 Convolution of Kernels

In this section, we consider two pairs of operators T}, T of order k; with
corresponding moment functions m;(u), 1 < j < 2. We will try to find a
third pair T, T~ of operators, so that T coincides with T}, o T2+ ,resp. T =
T," o Ty, at least when applied to the geometric series. Consequently, the
corresponding m(u) equals either the product ma(u)mq(u) or the quotient
ma(u)/mq(u). In the first case the new operators clearly will have to have
order k = (1/k1 + 1/ka)~1, because it follows from Stirling’s formula that
m(n) is of order T'(1 4+ n/k). In the second case, their order will be k =
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(1/ka — 1/k1)™1, hence we here have to assume ki > ky. Because of T~
being the inverse of T', at least for suitable function spaces, we only have
to find T, resp. its kernel function e(z).

The following lemma shows how one can recover e(z) from its moment
sequence m(n). However, observe that we shall not be concerned with the
harder question of how to characterize such m(n) to which a kernel e(z)
exists.

Lemma 7 Let a kernel function e(z) of order k with corresponding op-
erator T be given. For f(u) = (1 —wu)™Y, let g = Tf. Then g(z) is
holomorphic in for —m/(2k) < argz < (2 + 1/(2k))7, is asymptotic to
§(z) = Y07 m(n)z" of Gevrey order s = 1/k there, and g(z) — 0 as
z — 00. Moreover,

g(2) — g(ze®™) = 2mie(1/z), |argz| < m/(2k). (5.20)

Proof: Holomorphy of the function ¢g and its behavior at the origin follow
from Theorem 27 (p. 91), the behavior at infinity can be read off from the
integral representation. To show (5.20), represent g(z) resp. g(ze®™) by
integrals (5.13) with 7 = € resp. 7 = 27 — ¢, for (small) € > 0, and use the
Residue Theorem. |

Remark 7: Observe that, according to Watson’s Lemma (p. 75), there is
only one g with g(z) =4/, > m(n) 2" in a sector of opening so large as in
the above lemma. So we indeed have shown that the kernel e(z) is uniquely
determined by (5.20). &

Theorem 31 Let two kernel functions e;(z) of orders k;, with correspond-
ing moment functions m;(u) and operators T;, 1 < j < 2, be given. Then
there is a unique kernel function e(z) of order k = (1/k1+1/ko) ™! with cor-
responding moment function m(u) = my(u)ma(u). For the corresponding
integral operator T and f(u) = (1 —u)~! we then have T f = (Ty oTy) f =
(TyoTh) f. In particular, the function e(1/z) is given by applying Ty to the
function ea(1/u).

Proof: Uniqueness follows from Lemma 7, resp. Remark 7. For existence,
let g(2) = (Th o Ty)f, f(u) = (1 —u)~t, and define e(2) by (5.20). Inter-
changing the order of integration in (77 oT5) f, show that e(1/z) is given by
applying T; to es(1/u). Then, check that e(z) has the necessary properties
for a kernel function of this order as listed on p. 89; in particular, note that
the function E,(z) can be obtained by applying 75 to the corresponding
function Eq ,(z). |

As the final result in this context, we now find the kernel corresponding
to the quotient of the moment functions:
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Theorem 32 Given two kernel functions e;(z) of order k; with corre-
sponding moment functions mj(u), 1 < j < 2, assume ki > ko. Then
there exists a unique kernel function e(z) of order k = (1/ky — 1/k1)~"
corresponding to the moment function m(u) = ma(u)/mq(u). In particu-
lar, the function e(1/u) is given by an application of Ty to the function

ea(1/z).

Proof: As above, uniqueness follows from Lemma 7, resp. Remark 7. For
existence, let f(u) = (1 —u)~! and define go = Ts f. Then g = T, go is
holomorphic in —7/(2k) < argw < (2 4+ 1/(2k))w, and we define e(z) by
(5.20). Interchanging the order of integration, one obtains that e(1/u) is
given by an application of 77 to the function ez(1/z). To complete the
proof, one can verify the necessary properties for e(z), using Theorems 27
and 28. m|

As an application of the last theorem, we mention that for k1 = o > 1,
e1(z) = az® exp[—z?%), and kg = 1, es(z) = ze€?, the function Cy,(u) =
u~!e(u) equals the kernel of Ecalle’s acceleration operator, which will be
studied in detail in Chapter 11. More kernels are constructed in the follow-
ing exercises.

Exercises:

1. Using the above results, verify existence of kernel functions corre-
sponding to moment functions of the form

P +su)-...-T(1+s,u)
m(u) = r(1+ oiu) T +o,u) (5.21)

with positive parameters s;, o; satisfying 25:1 55 — Z;;l o; >0,
and find the order of the kernels.

2. Using the above results, verify existence of kernel functions of order
one corresponding to moment functions of the form

B (o +u) ... - Ty +u)

,op>1, (5.22)

with positive parameters ¢, 5;. Relate E(z) to the generalized con-
fluent hypergeometric function (p. 23).

3. Let f(2) = S20° m(n) 2", with m(n) as in (5.21), resp. (5.22), and let
k be the order of the corresponding kernel function. Show existence
of a sectorial region G of opening larger than 7/k and a function
f € H(G,C) with f(z) 2, f(2) in G.
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4. For

T(og + s1u) - ... - T(ay, + syu)
F(ﬁl +01U) Cae. F(ﬁ/_l, —‘r—O’lLU)’

with positive parameters o, B3;, s;, o; restricted by Z;Zl 55 =

Z’;:l oj, determine the radius of convergence of the series

m(u) =

n=0

Moreover, show that k(z) admits holomorphic continuation along ev-
ery ray other than the positive real axis.
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Summable Power Series

In this chapter we shall present Ramis’s concept of k-summability of for-
mal power series [225, 226]. We shall also study the classical definition of
moment summability methods in a form suitable for application to formal
power series and relate these methods to k-summability. For some historical
remarks, see Chapter 14.

A general summability method may be viewed as a linear functional S
on some linear space X of sequences, or equivalently, series, with complex
entries. In many cases the functional has the following representation: Let
an infinite matrix A = [a;%]55,—, be given. Then we say that a series 0%z,
is A-summable if the series Y ;- a; z converge for every j > 0 and

52 (S0) = i Yoo
k=0

exists. In this case the number S 4 (> xy) is called the A-sum of the series
>~ xk. Such summability methods are called matriz methods, and we say
that the series is summable by the method A, or for short, is A-summable.
The space X consisting of all A-summable series is called the summability
domain of the method. Observe that this terminology gives good sense even
in the more general situation of series > xj with zj in a Banach space E.
One may even replace the entries a;;, of the matrix A by (continuous) linear
operators on E, but we shall not consider this here.

For our purposes it is more natural to replace the index j by a continuous
parameter 7. So instead of an infinite matrix A we have a sequence of
functions a(T"), T > 0, which we again denote by A. Then the functional
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has the form SA(} zx) = limr_o D pegar(T) zg. If the series we want
to sum is a formal power series, hence z;, = f 2¥, then Soreoan(T) fr 2k,
in case of convergence for, say, |z| < p, defines a family of holomorphic
functions a(z;T) on D = D(0, p). It then is natural to restrict ourselves to
cases where convergence for T" — oo is locally uniform in z, at least for z in
some subregion G of D, so that we obtain a holomorphic function f(z) =
limr_ o a(z; T) on G. In this case we say that the formal power series f(z) is
A-summable on the region G, and we shall refer to the function (S f)(z) =
f(2) as the sum of f(z), in the sense of the summation method A. Aside
from the holomorphy of the sum, however, we need more properties of our
summability method in order to make it suitable for differential equations:
Suppose we know that the formal series f (z) satisfies some linear differential
equation, and we have seen earlier that the radius of convergence of such a
formal solution can be zero. If f(z) is indeed summable to f(z) on G, we
should like to conclude from general properties of the summation method
that f(z) also solves the differential equation. Moreover, the origin should
be a boundary point of G, and we should like to conclude that f(z) is
asymptotic to f (2), perhaps of some Gevrey order s > 0. Thus, in order
to make a summability method switable for formal solutions of ODE, we
require

e that its summability domain X is a differential algebra, containing
all convergent power series,

e that the functional S is a homomorphism, and so is not only linear,
but maps products to products and derivatives to derivatives, and

e that the map J, defined on p. 67, inverts S.

For more details, see Ramis’s discussion of such abstract summation pro-
cesses in [229].

In particular, the requirement that products be summed to products is
rarely satisfied for general summation methods, but we shall see that k-
summability does have all the required properties, making it an ideal tool
for treating formal solutions of ODE — ezcept that it is not powerful enough
to sum all formal series arising as solutions of ODE!

A trivial example of a summation method satisfying all the requirements
listed above is as follows: Let X = E{z} and take S = S, mapping each
convergent power series to its natural sum. Clearly, this method is too
weak in that it applies to convergent series only. Constructing a summa-
bility method suitable for formal solutions of ODE may also be viewed
as finding a way of extending S to larger differential algebras, since an-
other natural requirement to make is that for convergent power series a
summation method produces the natural sum.
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6.1 Gevrey Asymptotics and Laplace Transform

In what follows we again consider a given Banach space E. We have seen
in Section 4.7 that the mapping J: A4 (G,E) — E[[z]]s, owing to Wat-
son’s Lemmua, is injective for sectorial regions G of opening more than s,
meaning that given a formal series f(z), there can be at most one function
f € Ay (G,E) with f(z) =, f(z) in G. The following result will be used
in the exercises below to show that in this case the mapping cannot be
surjective, except for the trivial case of dimE = 0.

Theorem 33 Let s = 1/k > 0 and f € E[[z]]s, hence §(u) = (Byf)(u)
converges for |u| sufficiently small. Set g = S §; thus g(u) is holomorphic in
some neighborhood of the origin. Then, for every fized real d the following
two statements are equivalent:

(a) There exists a sectorial region G = G(d, ) with a > s, and [ €
A (G E) with f = J(f).

(b) There exists a sector S = S(d,€) for sufficiently small e > 0 so that g
admits holomorphic continuation into S and is of exponential growth
not more than k there.

Moreover, if either statement holds, then f = Lig follows.

Proof: Follows immediately from Theorems 22-24 in the previous chapter.
O

According to the theorem, existence of f as in (a) is linked to the holo-
morphic continuation of g plus its behavior when approaching infinity. In
principle, (b) can be verified for a given formal series f, and if satisfied,
then the function f can be computed via Laplace transform.

Existence of power series that cannot be continued beyond their disc of
convergence is well known; one such example is contained in the exercises
below.

Exercises: Let s > 0 be given, and set k = 1/s.

1. For §(z) = Y° 22" show that § has radius of convergence equal to
one. Moreover, show that ¢ = S § cannot be holomorphically contin-
ued beyond the unit disc.

2. For g as above, set f = L §. Use Theorem 33 and the previous
exercise to conclude that no f € A,(G,C) with f = J(f) can exist if
the opening of G exceeds sw. Hence the map J: A;(G,E) — E[[z]]s,
for E = C, is not surjective. Generalize this to arbitrary E with
dimE > 0.
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6.2 Summability in a Direction

Let k > 0, d € R and f € E[[z]] be given. We say that f is k-summable
in direction d, if a sectorial region G = G(d, «) of opening o > 7/k and
a function f € Ay,,(G,E) exist with J(f) = f. If this is so, then f €
E[[2]]1/x follows from results in Section 4.5, and Watson’s Lemma (p. 75)
guarantees uniqueness of f € A;,(G,E). In view of Theorem 33, fis k-
summable in direction d if and only if § = By, f converges and g = S (g) is
holomorphic and of exponential growth at most k in a sector S = S(d, ), for

some ¢ > 0. If this is so, we call the function f = Ly g, integrating along rays
close to d, the k-sum off in direction d and write f = Sy 4 f L08 0By, f

Remark 8: If we are given a series f € E[[2]]; /i whose k-summability in
direction d is to be investigated, and if we then want to compute its sum,
we are presented with the following problems:

1. The function g(z), locally given by the convergent series By, f , has to
be holomorphically continued into a sector S(d,¢), for some £ > 0,
which typically will be small.

2. In this sector, we have to show that g is of exponential growth not
larger than k.

3. We have to compute the integral Ljg.

At first glance, one might think that item 1 might be the major problem.
However, there are explicit methods for performing holomorphic continu-
ation, once we know that g is holomorphic in S(d, ). Moreover, we shall
show in Lemma 8 that we may even replace k by k < k, with k — & suffi-
ciently small; then the sum of B;Cf will be an entire function, so that item 1
is no problem at all. This entire function, in general, will have too large an
exponential growth in all directions but argu = d. So in a way, the main
difficulty lies in the problem of verifying item 2. &

As we shall show, this summation method has all the properties listed
at the beginning of the chapter, plus several additional ones, and we begin
with proving some which are direct consequences of the definition:

Lemma 8 For every fived k > 0 the following holds:

(a) Letf be convergent. Then for every d, the series f is k-summable in
direction d, and (Sk,q [)(z) = (S f)(2) for every z where both sides
are defined.

(b) Let f be k-summable in direction d, and let ¢ > 0 be sufficiently
small. Then f is k-summable in all directions d with |d —d| < e, and
(Sp.a F)(2) = (Sk,a [)(2) for every z where both sides are defined.
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(c) Let f be k-summable in direction d, and let ¢ > 0 be sufficiently
small. Then f is (k—¢)-summable in direction d, and (Sk—c.q f)(2) =
(Sk,a f)(z) for every z where both sides are defined.

Proof: For the first statement, use f(z) = (S f)(z) =k f(2) in S, for
every k > 0 and every sector S of sufficiently small radius. To prove the
second, use the definition and observe that for a sectorial region G(d, )
of opening > w/k and ¢ < a — w/k, there exists G(d,a.) C G(d, )
with d as above and a. > 7/k. Finally, for (c¢) use that o > 7/k implies
a > 7/(k —¢) for small ¢ > 0, and I'(1 + N/k)/T(1 + N/(k —¢)) — 0 as
N — oo. m|

The following lemma shall prove useful in later chapters where we will
study multisummablility.

Lemma 9 Let f be ki-summable in direction d, let k > ki, and define ko
by 1/ke = 1/ky — 1/k. Then § = By f is ko-summable in direction d, and
Sky.d 9 = Bi(Sky.d f)-

Proof: Follows immediately from Theorem 23 (p. 80) and the definition
of k1- resp. ka-summability in direction d. O

On one hand, for k& < 1/2 the k-sum of formal series is analytic in sectorial
regions of opening more than 27, which forces us to consider such regions
on the Riemann surface of the logarithm. On the other hand, statement (c)
of the next lemma shows that k-summability does not distinguish between
directions differing by multiples of 2.

Lemma 10

(a) Let f be k-summable in direction d, for every d € (o, B), @ < B, and

fized k > 0. Then (Sk.a, f)(2) = (Sk.a, f)(2) for every di,da € (o, B)
and every z where both sides are defined.

(b) Letf be k;-summable in direction d, 1 < j < 2, with k1 > ky > 0
and some fized d, then f is ki-summable in all directions d with
2ld—d| <7 (1/k2 = 1/k1), and (S, ;f)(2) = (Sky,a [)(2) for every
z where both sides are defined.

(c) For d = d + 27, k-summability off in direction d is equivalent to
k-summability of f in direction d, and (Sk.a H(2) = (Sk.a f)(ze=2m)
for every z where both sides are defined.

Proof:

(a) The function g = S (By.f) is holomorphic and of exponential growth
not more than k in S((a + ()/2, 8 — ). Hence f = Lrg =45, [ in a
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region which, for every d € («, 3), contains a sector of opening larger
than 7/k and bisecting direction d. So S q f = f, for every such d.
From the definition of ks-summability in direction d we conclude ex-
istence of f with f(z) =, /s, f(2) in G(d, a) for some o > 7/ky. Thus,
g = By, f is holomorphic and of exponential growth not more than %,
in S(d,« —7/k1), and the assumption of kj-summability in direction
d implies that ¢ is holomorphic at the origin. Hence statement (b)
follows.

Use Exercise 4 on p. 72.

Exercises: Always assume k > 0.

1.

6.3

Show that f(z) = Yoo  T(1+n/k) 2™ is k-summable in every direction
d#2jm, j € Z.
Assume that f is chosen so that g = S (Bk f) is a rational function.

Let d be so that no poles of g lie on the ray argu = d, and show that
then f is k-summable in direction d.

Show that f(z) = S0 T(1 + n/k)2"/T(1 + n) is k-summable in
directions d with (25 + 1/2)r < d < (2§ +3/2)7, j € Z.
For f as in Exercise 3, let d be such that (2j—1/2)7 < d < (2j+1/2),

j € Z. Show that fis (resp. is not) k-summable in direction d, if k > 1
(resp. 0 < k < 1).

Assume f so that g = S (Bif) is as in (4.2) (p. 63). Show that f is
k-summable in all directions d # 2j7, j € Z, and is not k-summable
in the remaining directions.

Show that f(z) = S.0°T(1 + 2n) 2" /T(1 + n)

(a) is 1-summable in every direction d € [—m, 7) but one (which?).
(b) is 1/2-summable in every direction d with (25 + 1/2)7 < d <
(2j +3/2)r, j€ L.

Algebra Properties

Let k > 0 and d be given, and let E {2} 4 denote the set of all f that are
k-summable in direction d. The following theorems are direct consequences
from the results on Gevrey asymptotics in Section 4.5, together with the
definition of k-summability in direction d.
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Theorem 34 For fized, but arbitrary, k > 0 and d, let f,§1, 92 € E{z}k.q
be given. Then we have

g1+ g2 € E{z}rq, Sk,d (§1 + G2) = Sk,a 1 + Sk,d 92,

[ eE{tha,  Skalf)= i(Sk,d ),

/OZ fw)ydw € E{z}ra,  Sha (/OZ f(ju)dw) = /OZ(Sk,d £(w) dw.

Finally, if p is a natural number, then

) €BLzbphasp  Spmasp (F(27)) = (Ska f)(2P).

Proof: Follows from Theorems 18, 20 in Section 4.5, and Exercise 2 on
p. 72. O

Theorem 35 Let E,F both be Banach spaces, and let f € E{z}k.a; T e
E(E,F){Z}k,d, a e (C{Z}k,d. Then

T f € F{z}pas Ska (T f) = (Sk.aT) (Ska f),
af € F{2}na, Skd (@ f) = (Sk.a @) (Ska f)-
Proof: Follows from Theorem 19 (p. 71). m|

Theorem 36 For fized, but arbitrary, k > 0 and d, let f,§1, 92 € E{z}k.a
be given. If E is a Banach algebra, then

9192 € E{z}y.q, Sk,d (91 G2) = (Sk,a 91) (Sk,a 92)-
Moreover, if & has a unit element and f has invertible constant term, then
fleE{z}ra, Sia (f71) = (Skaf)7L,
wherever the right-hand side is defined.

Proof: The first statement follows from the previous theorem and the fact
that for a Banach algebra E every series g; can be identified with the
element of L(E,F){z}y 4 corresponding to the mapping g +— ¢i go. For
the second one, use Exercise 2 to conclude that (S q4 j’t)’1 is defined on
a sectorial region with opening larger than 7/k, then apply Theorem 21
(p. 72). O

Roughly speaking, the results in this section may be easily memorized
as saying that that E{z}y 4 has the same algebraic properties as E {z},
the space of convergent power series. What these properties are in detail
depends on whether E is an algebra, or has a unit element. In particular, we
obtain that C{z}s.q is a differential algebra, and f € C{z}.q is invertible
if and only if it has a nonzero constant term.
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Exercises:
1. Let E be a Banach algebra with unit element e. Show that every
a € E with |le — a|| <1 is invertible and
o0
a”l = Z(e —a)".
n=0
2. Under the assumptions of the previous exercise, let f be holomorphic
in a sectorial region G, and assume that fo = lim f(z) (for z — 0 in
G) exists and is invertible. Show that then a sectorial region G C G
exists, whose opening is smaller than, but arbitrarily close to, that of
G, so that for z € G all values f(z) are invertible.
3. Let f € E{z}x.q have zero constant term. Show that z~'f(z) €
E{z}p,a, and S,a (27 f(2)) = 271 (Sk,a )(2).
4. Let E be a Banach algebra, and let f € E {#}k,a formally satisfy the
n-th order linear differential equation
n )
> a2y =0,
j=0
with coefficients a;(z) holomorphic near the origin. Show that f =
Sk,a (f) then is a solution of the same equation.
5. Let E be a Banach space whose elements are functions of one or sev-

eral variables w = (w1, ...,w,) on some domain 2 C C¥. Moreover,
assume that the norm on E is such that the mapping f — f(w), for
fixed w € ), is a continuous linear functional on E; e.g., this is so if
I£]l = supg, | f(w)]. For f(z) =3 f 2" € E[[z] we then have that all
coefficients f,, are functions of w, and we can consider the mapping
f(2) — fulz) = 3 falw) 2" from E[[z]] to C [[z]], for every fixed
w € Q. Show: If f is k-summable in direction d, then so is fw. Hence,
the above mapping maps E {z}j 4 into C{z}y 4, for every w.

6.4 Definition of k-Summability

In view of Lemma 10 part (c), we will from now on identify directions d that
differ by integer multiples of 27, despite the fact that regions still are con-
sidered on the Riemann surface of the logarithm. From Lemma 8 part (b)
we see that the set of directions d for which some f is k-summable is always
open. Examples show that the complement of this set can be uncountable;



6.4 Definition of k-Summability 105

however, in most applications one encounters series f being k-summable
in all directions d but (after identification modulo 27) finitely many direc-
tions di,...,d,. Whenever this is so, we simply call f k-summable. The
directions di,...,d, then are called the singular directions of f , provided
they occur. For the set of all k-summable series f we write E{z}, and
it may sometimes be convenient to define E{z},, = E{z}, the set of all
convergent series.

It is immediately clear that Theorems 34-36 remain correct if we replace
E{z}k,q by E{z}k, and the identities for the respective sums then hold for
every but finitely many d (modulo 27).

Lemma 10 part (a) says that Sy 4 f is independent of d, as d varies in an
interval not containing singular directions. At a singular direction, however,
the sum will change abruptly, as can be seen from the following proposition.

Proposition 12 For a < dy < 3, k > 0, assume that f s k-summable in
all directions d € (a, 8), d # dgy. For some dy,ds with a < dy < dy < do <
B, |d1 — do| < 7/(2k), assume

(Sk7d1 f)(Z) = (Sk7d2 f)(z)a

for all z where both sides are defined. Then f 18 k-summable in direction
dg.

Proof: For 1 < j < 2, the functions f; = Shdjf are holomorphic in
sectorial regions G; = G(d;, a;) of opening «; > m/k. Owing to our as-
sumptions, these sectors overlap on the Riemann surface of the logarithm,
and within their intersection the functions are equal. Hence f = f; = fo is
holomorphic in G; U Ga, and f(z) & f(z) there. Obviously, G; U G5 con-
tains a sectorial region of opening larger than 7/k and bisecting direction
do, so f is k-summable in direction dg. O

If a formal power series is k-summable in every direction, then the next
proposition shows convergence. In the terminology of summability theory
one can therefore say: Absence of singular rays is a Tauberian condition
for k-summability.

Proposition 13 Assume f € E{z}r has no singular direction; in other
words, f € E{z}gq for every d. Then f € E{z}, i.e., f(2) converges for
sufficiently small |z|.

Proof: According to Lemma 10 parts (a), (c), the function f = Sy.q (f) is
independent of d and single-valued; i.e., f(ze*™*) = f(z) for every z. From
Proposition 7 (p. 65) we then obtain f € E{z}. O

Suppose f € E {2z} is given, and dy is a singular direction of f . Then
for g = S (B f) two things can happen: Either g(u) is singular for some
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ug with argug = dy, so that holomorphic continuation along argu = dj
breaks down at this point; or otherwise, since directions d close to dy are
not singular, g(u) is holomorphic in a sector S(dp, €), for some £ > 0, but
is not of exponential growth at most k along argu = dy. This can occur,
according to Exercise 5 on p. 102, but only if g(u) is of infinite exponential
order along argu = dy; this can be seen from the following application of
Phragmen-Lindel6f’s principle:

Proposition 14 Fork >0 and a < dy < 3, assume thatf 18 k-summable
in direction d for every d # do, d € (a,3). Moreover, for some k> k
assume that g = S (ka) can be holomorphically continued along argu = dy
and is of exponential growth at most k along argu = dy. Then f 18 k-
summable in direction dg.

Proof: In S = S((a+ ()/2,8 — a) we have that ¢ = S(Bf), along
every ray argu = d but for d = dy, is of exponential growth at most k. An
application of Phragmen-Lindeldf’s principle (p. 235) then shows that the
same holds for d = d. O

_ From Exercise 6 on p. 102 we learn that for fixed d a divergent series
f may very well be ki- and kg-summable in direction d. This changes
drastically, if we require the same for all but finitely many directions at the
same time, because then it converges:

Theorem 37 For ki > ko > 0 we have

E{z}r, NE{z}r = E{z}r, NE[[2l]1/k, = E{z}.

Proof: Trivially E{z} C E{z}x, NE{2}r, C E{2}x, NE[[2]]1/,. If fe
E{z}x, NE[[2]]1/k,, then g = By, (f) is entire and of exponential growth
at most k everywhere, with 1/k = 1/ks — 1/ky. Therefore, Proposition 14
implies that f , with respect to ky-summability, cannot have any singular
directions, hence converges because of Proposition 13 (p. 105). O

The previous theorem can be rephrased as saying that k-summable series
of Gevrey order strictly smaller than 1/k necessarily converge. Thus, we
found another Tauberian condition for k-summability! In fact, the proof
shows that being of Gevrey order strictly smaller than 1/k is a sufficient
condition for absence of singular directions with respect to k-summability.
So Proposition 14 is the stronger result!

Exercises:

1. Investigate k-summability of the formal power series f in the Exer-
cises in Section 6.2.
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2. For ky > ky > 0, let f € E{z}g,.aN E[[z]]1/k,, for every d € (a, )

o < (. Prove f € E{z}y,.q for every d € (o — m/(2k), 3 + 77/(2k))’

3. For Re A > 0, show that f(z;A) = S0°T(\ +n) 2" is 1-summable,
its 1-sum being the function

oo (d) w —1
2)) = —-A —w/zd
f(zA) == /0 T ¢ w,
for d # 2km, k € Z.

4. For complex A # 0,—1,—2,... and f(z;/\) as above, show f(z;)\) €
E{Z}l

5. For f(z) = 3. fnz" € E{z}; and complex a, 8 with 8 # 0,—1,...,
show

zaﬂ an g €E{Z}1.

6. Show that the generalized hypergeometric series

F(alw"aap;ﬂlw'wﬁq;z):ZM %

(with B #0,—1,-2,...) is l-summable for p = ¢+ 2, ¢ > 0.

6.5 General Moment Summability

In Section 5.5 we have introduced general pairs of integral operators with
features similar to those of Laplace and Borel operator. Here we shall show
that each such pair defines a summability method, and that all methods
corresponding to kernels of a fixed order k > 0 are equivalent in the sense
that they sum the same formal power series to the same analytic functions.
However, observe that we do not claim that two such kernels of the same
order represent the sum on exactly the same sectorial region. Moreover, the
two summability methods may be inequivalent for series other than power
series.

All the summability methods we consider, aside from some minor modi-
fications, fit into the following classical family of methods:

MOMENT METHODS
Let e(z) be positive and continuous on the positive real axis and
asymptotically zero as x — oo, so that all moments m(n) =
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fo z"e(x)dr, n > 0, exist and are positive. A series > x,
then is sald to be me-summable if the power series z(t) =
>0 t" xn/m(n) converges for every t € C, and

T

lim e(t) z(t) dt = /000 e(t) x(t)dt

T—o0 0
exists.

Applied to formal power series, it is not clear in general whether summa-
bility for some z # 0 implies summability for other values, in particular
for such values closer to the origin. Moreover, in applications to ODE; it is
more natural not to require convergence of " x,,/m(n) for every t, but
instead be content with a positive radius of convergence plus existence of
holomorphic continuation along the positive real axis. In detail, this leads
to the following modified definition for summability of formal power series
by means of methods defined by kernel functions introduced in Sections 5.5
and 5.6. For further details, see [25].

MOMENT SUMMABILITY OF POWER SERIES
Let a kernel function e(z) of order k > 0, with corresponding
integral operator 7', be given. We say that a formal power series
f(z) is T-summable in direction d if the following holds:

(S1) The series § = - f has positive radius of convergence.

(S2) For some ¢ > 0, the function ¢ = S § can be holomor-
phically continued into S = S(d, ) and is of exponential
growth at most k there.

Obviously, (S1) holds if and only if f € E[[z 2]]1/x- Condition
(S2) implies applicability of the integral operator T to g, and
we call f = Tg the T-sum of f, and write f = STdf The set
of all such f shall be denoted by E {z}7.4.

Due to the results of Section 5.5 it is immediately seen that the above
summability method is equivalent to k-summability in the following sense:

Theorem 38 Let an arbitrary kernel function e(z) of order k > 0 be given.
Then B {z}7.q = E{z}x.q, and for every f € E{z}7.q we have (Sr.q f)(z) =
(Sk.d f)(z) on some sectorial region of bisecting direction d and opening
more than w/k.

Proof: For f € E{z}r.4, we conclude from Theorem 27 (p. 91) that
Sr.a f(2) =k f(2) in a sectorial region G with bisecting direction d and
opening more than 7/k, so by definition f € E{z}rq and Srqf(z) =
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Sk.,d f(z) in G. Conversely, f € E{z}r 4 implies, owing to Theorem 28
(p. 91), that ¢ = T~ (Sk.a f) is analytic and of exponential growth not
more than k in a sector S(d,e), and g(u) = §(u) = T~ f(u) there. An
asymptotic of Gevrey order zero implies convergence of § to g, for small
|u|. Hence (S1), (S2) follow. O

The equivalence of these summability methods is used in the following
exercises:

Exercises: Let k& > 0 be fixed and observe the following terminology: A
sequence (Ay)p>o is called a summability factor for k-summability, if for
every Banach space E and every Y f,, 2" € E{z}, we have >\, f, 2" €
E {Z}k

1. Show that if (\,) is a summability factor for k-summability, then
necessarily > A, 2" € C{z}.

2. Let e(z) be a kernel function of order k, with corresponding mo-
ment function m(u). Show that the sequences (I'(1+n/k)/m(n)) and
(m(n)/T(1+n/k)) both are summability factors for k-summability.

3. Let e1(2), e2(z) be kernel functions of the same order k, with corre-
sponding moment functions m;j(u), ma(u). Show that the sequence
mi(n)/mz(n) is a summability factor for k-summability.

4. Show that the following sequences are summability factors for k-
summability:
(a) \p = %, for o, 3 > 0.

(b) A, = T'(14s1n)(14+s2n)

= T(irssn)(itsim)’ for s; > 0, 51 4 52 = $3 + 54.

5. Show that the sequence A\, = A", for any fixed A € C, is a summa-
bility factor for k-summability.

6. For fixed p € N, show that the sequence A, = 1 (resp. = 0) whenever
n is (resp. is not) a multiple of p, is a summability factor for k-
summability.

7. For m € Z, show that the sequence A\, = (1 4+ n)™ is a summability
factor for k-summability.

8. Show that the sequence A, = 1 (resp. = 0) whenever n is (resp. is
not) of the form 2™ with m € Z, is not a summability factor for
k-summability.

9. For s > 0, show that (1/T'(1 + sn)) is a summability factor for k-
summability if and only if s > 1/k.
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6.6 Factorial Series

In this section, we briefly investigate infinite series of the form

o] bn
;(Z+1)--..-(z+n)’ bn €E. (6.1)

The form of the terms requires the variable z to be different from negative
integers; for convenience, we shall always restrict z to the right half-plane.

Series of this or a very similar form have frequently been studied in con-
nection with Laplace or Mellin transform, and are usually called (inverse)
factorial series. A number of authors have used them to represent solutions
of ODE, or of difference equations. For an application to even more general
equations, see Braaksma and Harris Jr. [72], or Gérard and Lutz [107].

Unlike power series, factorial series converge in half-planes: From the
functional equation of the Gamma function (B.9) and (B.13) (p. 231), it is
easy to conclude that

n! IN'l+n)T'(14+2) T(1+2)

(z4+1)-...-(z4+n)  T(A+z+n) n*

in the sense that the quotient of the two sides tends to one as n — oo.
Hence, if (6.1) converges for some z = zy in the right half-plane, then
the terms necessarily tend to 0. So we obtain that |b,| < nle 20 pl for
large n. Consequently, we have absolute and locally uniform convergence
of (6.1) for all z with Re z > ¢ = 1 4+ Re 2. We also observe that the rate
of convergence of factorial series, in general, is rather slow, limiting their
usefulness for numerical purposes.

It is well understood (see [204], or Wasow [281]) how factorial series are
related to Laplace integrals, and we here are going to show corresponding
relations with k-summability. To do so, we shall make use of the following
numbers:

STIRLING NUMBERS
The numbers I'?’, | defined by

n—m

w(w—&—l)-...-(w—i—n—l):ZF" w" o n>1, weC,
m=1

are called Stirling numbers, or factorial coefficients. For a re-
cursive definition of these numbers and other details, see the
exercises below.

To establish the said connection between k-summability and factorial
series, we first treat the case of k = 1:
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Proposition 15 Let d € R be given. For an arbitrary formal power series
f) =0 fnz" €E{z}1 4, let w=re, r >0, and define

Zwmfm no o> (6.2)

Then for every sufficiently small r > 0, there exists a number ¢ > 0 so that
the factorial series

S (w)
6.3
g (w/z+1)-...-(w/z+n) (6.3)
converges absolutely for Re (w/z) > c. The function f(z) then does not
depend upon r, and

fo+ f(2) = (Sra (), (6.4)

for such z where both sides give sense.

Proof: According to our assumptions, the function ¢ = S (Bl f) is an-
alytic in G = D(0,p) U S(d,e), for sufficiently small p,e > 0. With r
small enough, the function g(uw) is holomorphic in the region defined by
|1 —e™¥| < 1, and continuous up to its boundary. In other words, the func-
tion h(t) = g(—wlog[l — ¢t]) is analytic in the unit disc, and continuous
along its boundary except for a singularity at ¢ = 1. In the sector S(d, ¢),
the function g(u) is of exponential growth at most one. We may assume
without loss of generality that e < /2, so that this fact can be expressed
as |g(u)| < c|lexp[K ue™"]| in G, for sufficiently large ¢, K > 0. This then
implies .

[h(t)] < [Tk It <1, (6.5)

and we may take 0 < r < 1/K, so that h(¢) has an integrable singularity
at t = 1. As follows from Exercise 4 below, the coefficients h,, of the power
series expansion of h(t) about the origin are equal to b, (w)/n!, with b, (w)
given by (6.2), for n > 1, while hg = fy. Using Cauchy’s Formula and (6.5),
we find for the remainder term hy (t) = > 07 by t™

a8 % hwdu | c /2” do
210 Jyy=r uN (w—1t) | T 2w —t| Jo |1 —ei¢KT

for 0 <t < 1. In the original variable u, this implies

|hn (8)] =

Dob"w —u/w\n —u/w o w/w
_f0+z ,’,E;)(l_e /)7|9N(U)‘:‘h]\[(1—e /)|SC|Q/|,

for argu = d. Hence, by means of Lebesgue’s dominated convergence theo-
rem, we conclude that we may insert the expansion for g(u) into Laplace
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transform and integrate termwise. Using the exercise below to find the
Laplace transform for (1 —e~%/“)" we obtain (6.4), completing the proof.
O

The above proposition implies for f,, = d,m, m € N, that

n
Fn—m

oo (w/z+n)’

S Pl oy y

where w can be any complex number. An analysis of the proof shows that
this series converges whenever w/z is is the right half-plane. This implies
that for an arbitrary formal power series f(z) = S fm 2™ we may
replace z™ by the above expansion and formally interchange the two sums
in order to obtain a formal factorial series. Thus, the above proposition
may be viewed as saying that for 1-summable series this process leads to
a convergent factorial series. Since f € E{z}, 4 implies f € E{z}, ., for 7
sufficiently close to d, we obtain that (6.3) remains convergent for w = re'”,
with 7 as above, and 0 < r < ro(7). This observation leads to the following
converse of Proposition 15, showing that 1-summability and summation in
form of a factorial series are equivalent.

Proposition 16 Let d € R be given. For an arbitrary formal power series
f(2) = 30 fu 2, let w = 7', 7 > 0, and define by(w) as in (6.2). For
a < d < B, assume existence of 1o = ro(d) > 0 so that for 0 <r < ro the
factorial series (6.3) converges absolutely for Re (w/z) > ¢, with suitably
large ¢ = ¢(r) > 0. Then, f € E{z}1.q4 for every d as above.

Proof: Observe that absolute convergence of (6.3) implies f(z) — 0 as
z — 0, uniformly in the region Re (w/z) > ¢ + ¢, for every € > 0. Suppose
that we had shown f to be independent of w — then all that were left to
show would be that g = By f is holomorphic near the origin. Both, however,
can be obtained at once as follows:

For fixed w, we use (5.4) (p. 82) to compute g(u) = g(u;w) = (B1f)(u),
for u = xe', x > 0. Moreover, we can interchange summation and limit
y — 00 to obtain g(u) = 300 | by (w) (1—e~/“)" /nl, for u as above. This is
a power series in t = 1 —e~%/“, and consequently we obtain convergence in
some disc |t| < p. This shows holomorphy of ¢ at the origin. Re-expanding
the above series as a power series in « and using (6.2) then shows that
g=S8 (Bl f), so g does not depend upon w (and then so does f), completing
the proof. o

While above we treated the case of k = 1, we shall now briefly discuss a
more general situation of rational k = p/q, with p,q € N being co-prime.
As we shall see later, this is good enough when dealing with systems of
ODE, since there all “levels” will indeed be rational. So assume for such k
that f(z) = 3 fn 2" is k-summable in direction d, and let g(u) stand for
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the sum of By f, and f(2) for the k-sum in direction d of f(z) Perhaps, the
first idea that comes to mind is to observe that then f(z'/*) is the Laplace
transform of index one of g(u!'/*), so that one might think of applying the
above propositions. However, g(ul/ k) will in general not be analytic at the
origin, but instead has a branch-point of order p, or in other words, has a
representation in terms of a power series in u*/?. To remedy this, we form
the series

fi(2) = fongi 2", 0<j<p—1, (6.6)

so that f(z) = Zf;(l) zjfj(z) According to Exercise 6 below, the series
fj(z) are going to be k-summable in direction d if and only if the original
series f(z) is k-summable in all directions of the form d + 2jm/p, 0 <
7 < p—1. Then we can indeed apply the above propositions to each of
the series fj(zl/ k), obtaining representations of their sums as convergent
factorial series in the variable w/z*. Combining these representations, one
then finds a corresponding formula for the sum of f(z). Since we are not
going to use this, we shall not work out the details of this approach here, but
mention that this approach has already been taken by Nevanlinna [201].

Here we have restricted ourselves to investigating convergence of factorial
series. In the context of difference equations, divergent factorial series also
arise, and their summability properties may be investigated. For partial
results in this direction, see [28, 48]. Instead of factorial series, several
authors have given representations of solutions of ODE in terms of higher
transcendental functions. These series have the advantage of converging
“globally” and can be used in the context of the central connection problem.
We here mention Schmidt [244, 245], Kurth and Schmidt [165], Dunster and
Lutz [90], and Dunster, Lutz, and Schafke [91].

Exercises:
1. Setting I'y, = 0 for m > n, show the recursion
et =prm  +T7, n>m>0.
2. Let g(u) be analytic near the origin. For n > 1, show the existence of
numbers by, independent of g, such that

mn

(-0 0 g (~logl1 1) anmg ) (~ logl1 ~1])

Al
Applying this to g(u) = e**, conclude by, = T'7,.

3. Let g(u) = Y0  gnu™, |u| < p, with p > 0. Conclude that then
g(—log[l —t]) = >0 hnt™, |t| < p, with hg = go and

h,n! = Z Ly gmml, n>1.
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4. Under the assumptions of Proposition 15, use the previous exercise

to show for n € N that the coefficients h,,, defined in the proof, are
equal to b, (w)/n!, with b, (w) given by (6.2).

. Show that the Laplace transform of order 1 of (1 —e~"/“)" equals

[(w/z+1)-...- (w/z+n)]"tnl
Given f(z) € E[[2]], let fj (z) be defined as in (6.6). Show that

-1
f](z) =pzJ Z e—QTrile/pf(ZeQK’iﬂ/p), 0<j<p-—1,
©n=0

and use this to show that all fj (z) are k-summable in direction d if

and only if f(z) is k-summable in all directions of the form d+2jm/p,
0<j<p-1

Using the Stirling numbers, show that every formal power series with
a zero constant term can be formally rewritten as a, usually divergent,
factorial series of the form (6.3), and vice versa.
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Cauchy-Heine Transform

Let ¢(w) be a continuous function for w on the straight line segment from
0 to a point a # 0. Then the function

16 =5 | 2

obviously is holomorphic for z in the complex plane with a cut from 0 to
a, but f in general will be singular at points on this cut. If ¢ is holomor-
phic, at least at points strictly between 0 and a, then one can use Cauchy’s
integral formula to see that f is holomorphic at these points, too. At the
endpoints, however, f will be singular, even if ¥ is analytic there; for this,
see the exercises at the end of the first section. For our purposes, it will
be important to assume that v, for w — 0, decreases faster than arbitrary
powers of w, since then we shall see that f will have an asymptotic power
series expansion at the origin. We shall even show that this expansion is
of Gevrey order s, provided that ¥ (w) = 0. Hence integrals of the above
type provide an excellent tool for producing examples of functions with
asymptotic expansions, or even of series that are k-summable in certain
directions. Much more can be done, however: For arbitrary functions, ana-
lytic in a sectorial region and having an asymptotic expansion at the origin,
we shall obtain a representation that is the analogue to Cauchy’s formula
for functions analytic at the origin. As a special case, we shall obtain a
very useful characterization of such functions f that are the sums of k-
summable series in some direction d. In other words, we shall characterize
the image of the operator Sy q, for k > 0 and d € R. As another appli-
cation of this representation formula, we shall prove several decomposition
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theorems. For example, we shall show that a divergent k-summable series
can be decomposed into finitely many such series that all have exactly
one singular direction. An even more important decomposition theorem for
multisummable series will be proven in Section 10.4.

7.1 Definition and Basic Properties

Let s > 0 and a sectorial region G = G(d,«) be given. We shall write
A, (G,E) for the set of ¢» € A4(G,E) with J(¢)) = 0. From Proposition 11
(p. 75) we conclude that for oo > s7 the space A; (G, E) only contains the
zero function. Hence we may restrict our discussion to regions with o < s,
but everything we say will be trivially correct in other cases, too.

Let ¢ € As,(G,E) and fix a € G. Then the function

1) = @) = 5 [ 2 a
will be called Cauchy-Heine transform of ¥)(w). Clearly, f(z) is holomorphic
for z, on the Riemann surface of the logarithm, in the sector S = {z :
arga < argz < 2w + arga}, and vanishes as z — oo. The function f(z)
even is holomorphic at oo, if we consider z in the complex plane instead of
the Riemann surface, but that is of no importance right now. By deforming
the path of integration, we can holomorphically continue f(z) into the
region G = G, U S U e*™G,, where G, denotes G with points za (z > 1)
deleted, and e?™ G, stands for the “same” region as G, on the next sheet
of the Riemann surface. Hence G is a sectorial region of bisecting direction
d=d+n and opening & = a + 27.

Proposition 17 Let G, v, G, f be as above. Then f(z) = f(z) in G, with
f(2) =320 fn 2" given by
1" p(w)

o= dw, n>0. (7.1)

Moreover, if z € G and |z| < |a|, hence both z and ze*™ in G, then
F(2) = f(ze™) = (). (7.2)

Proof: We have (w — 2)~! = 2Nw N(w — 2)71 + Zn o 2w for
N > 0. Hence, with f, as in (7.1), we find

ri(z, N) = ! /aﬂdw, z €@,

2mi Jo wN(w— 2)

if we choose the path of integration so that w — 2z # 0. Let S be a closed
subsector of G. In case its opening is 27 or more, we may split it into
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finitely many closed sectors of smaller opening; thus, we may assume the
opening to be strictly less than 2. For such a sector, we can choose a path
of integration from 0 to a, independent of z € S and so that ¢ = ¢(S) > 0
exists for which |w — z| > c|w|, for every w on the path and every z € S.
Since 9 € A (G, E), we have for sufficiently large ¢, K > 0, independent
of w, that |[w™ Ny (w)|| < ¢KNT(1 + sN), for every N > 0 and every w
on the path of integration. This implies, with L denoting the length of the
path of integration, ||rs(z, N)| < ¢ 'éL (2r)"' KNTIT'(1 + [N +1]s), for
every N > 0 and z € S. From this follows f(z) &, f(z) in G. To prove
(7.2), we observe

£2) - feemy = o § U gy

with a closed path of positive orientation around z, and use Cauchy’s for-
mula. O

Remark 9: Under the assumptions of Proposition 17, and setting k = 1/s,
we see from the definition on p. 100 that f (z) is k-summable in every
direction d with 2|d — d — 7| < a + 7(2 — s). Since o may be arbitrarily
small, it may happen for 0 < k < 1/2 that there is no such d. This is
another reason why values of k below, or even equal to, 1/2 are special in
our theory. Moreover, it is worthwhile to observe for later applications that
fori € Aso(G,E) and a,b € G, the function CH, ¥ —CHy, ¢ is holomorphic
at the origin. &

The formal series f in Proposition 17 will sometimes be denoted as C/7\'[a P
and named formal Cauchy-Heine transform of 1.

Exercises: In the following exercises we shall compute the Cauchy-Heine
transform of functions 1 that are analytic near the origin; this will not be
used later on, but is of interest in its own right.

1. For fixed a # 0 and n > 0, show

n—m

@ w™ dw "oz
=2"log(l —a/z) + _—
J D

w—z

for |z| > |al, and then conclude by holomorphy that the formula stays
valid for z in the complex plane with a “cut” from 0 to a.

2. For v continuous along the line segment from 0 to a and holomorphic
in D(0,¢), for some ¢ > 0, show for |z] < ¢, arg z # arga:

with a function ¢(z) which is analytic near the origin.
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7.2 Normal Coverings

We frequently consider sectors with openings larger than 27 and conse-
quently have to work on the Riemann surface of the logarithm. Nonethe-
less, we have seen in Chapter 6 that for k-summability we should identify
directions d that differ by integer multiples of 27, hence should think of
rays arg z = d in the complex plane. Quite similarly, the notion of a normal
covering to be defined is best understood if pictured in the complex plane:

For a natural number m, let dy < dy < ... < dy,—1 < dy + 27 = d,,, be
given directions. Moreover, let o; > 0, j = 0,...,m — 1, be so that with
am = ap we have d; —a;/2 < d;j_1 +a;_1/2, 1 < j < m. If this is so, and
p > 0 is arbitrarily given, then we say that the sectors S; = S(d;, o5, p),
0 < j < m, form a normal covering. One should observe that on the
Riemann surface Sy, is directly above Sy. One can also define d; and «;,
for arbitrary integers j, so that dji,, = d; + 27, aj1m = «; for every j;
then the sectors S; = S(d;, o, p) cover the whole Riemann surface, and
m + 1 consecutive ones always are a normal covering.

Using this notion of normal covering, we now prove the key result for
what is to follow:

Theorem 39 Let S; = S(d;j, o, p), 0 < j < m, be a normal covering. For
k>0,s=1/k, and1 < j <m, let ¥; € A;,(S;—-1NS;,E) and choose
a; € S; 1N Sj. For0 < p < |aj| (1 <j <m),letS; = S(dj,o,p),
0<j<m, and define

m

Z (CHa, bu)(2) + D (CHa, 1) (ze™)

pr=j+1

for z € 5']-, 0 < j < m, interpreting empty sums as zero. Then we have
fi € A(S;,E), with J(f;) = > e C/ﬂa“ . Hence in particular, J(f;)
is independent of j. Moreover, f;j(z) — fi—1(2) = ¥j(2), 1 < j < m,
fm(ze%-i) = fO(Z)

Proof: For each u, CH,, 1, is holomorphic for d, — a,/2 < argz <
2r + dy—1 + au-1/2, |z| < p. So one easily checks for 1 < p < j, resp.
j+1 < p<m,that (CHqa, 1,)(2), resp. (CHq, 1h,)(2¢*™), are holomorphic
in the sectors Sj, 0 < j < m. The proof then is easily completed, using
Proposition 17. O

Exercises:

1. Check that the above theorem for m = 1 coincides with Proposi-
tion 17.
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2. Given a normal covering, try to define what one might call a finer
normal covering, and check that for any two normal coverings one
can always consider a common refinement.

7.3 Decomposition Theorems

For ¢ € A;,(G,E), the coefficients of f= 57\{@1/), for arbitrary a € S,
have the form of a moment sequence, so that f appears, at first glance,
to be rather special. The following theorem shows, however, that arbitrary
f € C[[z]]s admit a decomposition into a convergent series plus finitely
many formal Cauchy-Heine transforms:

Theorem 40 For s >0 and f € E[[z]], we have f € E[[2]]s if and only if
for every normal covering S; = S(d;, aj, p) with 0 < o < sm, 0 < j < m,
there exist v; € Ago(S;—1NS;,E), 1 < j < m, so that for arbitrarily
chosen a; € S;_1 N S; we have

m

fzfo-*-zc/?\iaj ¥y, with fo € E{z}. (7.3)

Jj=1

Proof: Let f € C [[z]ls, and let S; be as stated, 0 < j < m. Then
Proposition 10 (p. 73) implies existence of f] € A (9;,E) with J(f]) = f,
for j = 0,...,m — 1. Defining f,,(2) = fo(ze~2™), z € Sy, the same
holds for j = m. Let ¥;(z) = f;(2) — fj_1(2), 2 € S;j_1 N S;; then
Y € Ago(Sj—1NS;,E), 1 < j < m. With f; as in Theorem 39, we then
see that f(z) = f;(2) — f;(2) is independent of j, and holomorphic and
single-valued in a punctured neighborhood of the origin. Moreover, f has
an asymptotic expansion there; hence Proposition 7 (p. 65) implies holo-
morphy of f at the origin. Applying J to fj(z) = f(2)+ f;(2), we conclude
(7.3) with convergent fo = J(f). The converse statement follows directly
from Proposition 17. a

The above theorem and its proof remain correct if we allow normal
coverings of possibly larger openings provided that f; € A, (S;,E) with
J(fj) = f,0<j <m—1, still exist. This will be used in the proof of the
following characterisation of k-summable power series:

Corollary to Theorem 40 Let s > 0, d € R and f € E[[z]] be given.
Then the following holds:

(a) Fork=1/s>1/2, k-summability of f in direction d is equivalent to
the existence of a decomposition of f as in Theorem 40, with

|d+m—arga;| <7m(l—s/2), 1<j<m.
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(b) Fork =1/s <1/2, k-summability of f in direction d is equivalent to
the existence of a decomposition off as in Theorem 40, with m =1
and

SonNSy=8d+ma,p), a>(s—2)r.

Proof: Let f € E{z}rq and k > 1/2, and take a normal covering S,
7 =0,...,m as follows: The sector Sy has bisecting direction d and opening
larger than sm and is so that fy = Si.q f is holomorphic in Sy. The openings
of the other sectors are at most sm. Since we are free to choose any a; €
Sj—1NS;, it is easy to see that we can make the inequality in statement
(a) hold. Thus, we obtain a decomposition as in Theorem 40. In case 0 <
k < 1/2, we have that fec {#}k,q implies f = Sk,df € As(So,E),
So = S(d,a,p), @ > sm. With S; = S(d + 27, &, p) we see that Sy and 5S4
are already a normal covering, and Sy N Sy is a sector of opening larger
than 7(s — 2) and bisecting direction d 4+ 7. So one direction of the proof
in both cases is completed. The opposite directions, however, follow from
Remark 9 (p. 117). |

We now show that k-summable series can always be decomposed as a
sum of such series with just one singular direction:

Theorem 41 Let k > 0 and f € C{z}y be given, and let f have m > 2
singular directions in any half-open interval of length 2. Then

f=Ff+. .t fm

where each fj € C{z}k has exactly one singular direction.

Proof: Let the singular directions of f be0<dy <...<d,, <2, and
define dy = d,, — 2. For 1 < j < m, define f; = S.q f, for d;_, < d < d;.
Then f; is holomorphic in a sectorial region G; with bisecting direction
(dj—1 +d;)/2 and opening d; — d;_1 + m/k. Moreover, f;(z) =1 f(2) in
Gj. With Gy = Gre 2™ and fo(2) = fm(2e2™) in Gy, define ¢;(z) =
fi(z) = fi—1(2) in Gj_1 N Gj, 1 < j < m. For arbitrary a; € Gj-1 NGy,
Remark 9 (p. 117) implies that C/’I\-(aj 1; is k-summable in all directions
but d;j_1 modulo 27. As in the proof of Theorem 40 one can show that
f - Z;nzl C/ﬂaj Yy = fo converges; hence is k-summable in every direction.
Defining f} = C/?\'(a]. Y;, 1<j<m~—1,and fm = fo —|—C/7\iam U, the proof
is completed. O

Exercises:

1. Show that if f € E{z}; has exactly one singular ray do, then f(z2)
is in E {z}2x and has exactly two singular rays dy/2 and 7 + do/2.
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2. Let f(z) = Yo T(1 4 n/k)2*", k > 0. Show f € E{z}a, determine
the singluar rays of f , and explicitly write f as a sum of formal series
which each have one singular ray.

3. Choose f € C[[z]]; so that g = S (Bl/sf) is a rational function. Show

that a decomposition of f into series, having exactly one singular ray
each, can be achieved through a partial fraction decomposition of g.

7.4 Functions with a Gevrey Asymptotic

The following result can be thought of as a generalization of the well-
known characterization of removable singularities. As we shall see in the
exercises below, it is very useful in showing that some functions have a
Gevrey asymptotic.

Proposition 18 Let s > 0, any sector S and any function f, holomorphic
in S, be given. Then f € As(S,E) is equivalent to the existence of a normal
covering So, ..., Sm, with Sy = S, and functions f;, holomorphic in Sj,
0 <j <m, with fo = f and f,(2) = fo(2e7*™), z € Sy, so that all f; are
bounded at the origin, and

fr—1(2) = fu(z) € A o(Sk—1 NSk, E), 1<k<m.

Proof: If f € A,(S,E), let f = J(f), and choose any normal covering
S0y, 9m so that Sy = .5 and the opening of S1,...,S,,—1 is less than or
equal to sm. Then Proposition 10 (p. 73) shows existence of f; € As(S5;,E)
with J(f;) = f,1<j<m—1,and with f,,(2) = fo(ze2™) we obtain
fr—1(2) = fr(2) € Ago(Sk—1 N Sk, E), 1 <k < m. Conversely, if S; and f;
are as stated, define v; = f; — fj—1, 1 < j < m, and (with a, € S,—1 NS,
and S; as in Theorem 39)

95(2) = > (CHa, ¥)(2) + > (CHa, ) (2>™)
p=1 p=j+1

for z € S'j and 0 < j < m. Then Theorem 39 shows g; € AS(S']-,E)
and J(g;) = g, independent of j. Moreover, h(z) = f;(z) — g;(2) is also
independent of j, and single-valued and bounded at the origin. Therefore,
the origin is a removable singularity of h, and consequently f; = h+g; €
AS(S’j,E)7 and even in A,(S;,E), in view of Exercise 1 on p. 72, because

S; and S; only differ in their radius. ]

Let f € E{z},q be given. Then, there exists a sector S of opening larger
than 7/k in which Sy 4 f(2) =1/x f(2) holds. Using the above proposition,
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one can therefore characterize the image of the operator Sy q. This will be
done in detail in the context of multisummable series later on.

Exercises: Throughout the following exercises, let A be any complex
number, let p(z) be a polynomial of degree » > 1 and highest coefficient
one, and let g(u) be holomorphic (and single-valued) for 0 < |u| < p.

1. For 5 =0,...,r, define

z
fi(1/z) = z’\ep(z)/ u e PWg(1/u)du”, 0 < |z| < p,

oo (247 /1)

integrating from oo along the line argu = 2j7/r to some arbitrarily
chosen point zp j, 20|~ < p, and then to 2. Show that each f; is
holomorphic for 0 < |z| < p, and f;(1/2) — fj_1(1/z) = c;2 eP(3),
j=1,...,r, with ¢; = f%_ u e P(Wg(1/u) du, where 7; is a path
from oo along argu = 2jm/r to 2o ;, then to zy ;_1, and back to oo
along argu = 2(j — 1)7/r.

2. For z € S; = S(2jm/r,3n/r,p) and j = 0,...,r, show that f;(z) is
bounded at the origin.

3. Show
fi-1(2) = fi(2) € A1)ro(Sj-1NS;E), 1<j<r,
[r(2) = fo(ze72™), z€8,.

4. Conclude f; € Ay, (S;,E), 0<j5<r.
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Solutions of Highest Level

In this chapter we are going to prove that the formal transformations oc-
curring in the Splitting Lemma (p. 42) and in Theorem 11 (p. 52) are, in
fact, r-summable in the sense of Chapter 6. Based upon this, we shall then
show that highest-level formal fundamental solutions are k-summable for
1/k = s equal to their Gevrey order. As an application of this result we
then prove the factorization of formal fundamental solutions according to
Ramis and the author, as described in Chapter 14. For every highest-level
formal fundamental solution (HLFFS for short), we then define normal so-
lutions of highest level that were first introduced by the author in [8], and
we shall investigate their properties in more detail, defining corresponding
Stokes’ directions, Stokes’ multipliers, etc.

Since in Chapter 3 all power series have been in the variable 1/z, we
have to make some more or less obvious adjustments in the definition of
r-summability. In particular, we define sectorial regions at infinity to be
such regions G that by the inversion z +— 1/z are mapped onto sectorial
regions in the previous sense, and from now on, we shall denote by f (2) a
formal power series in the variable z~1. It is then natural to say that

e a power series f(z) € E[[z7!]] is k-summable in direction d if and
only if f(271) = Y07 fn 2" is k-summable in direction —d.

The formal Borel transform B, f is defined by applying By, to f (27 1), and
its sum then is holomorphic in a small sector of bisecting direction —d, and
is of exponential growth at most k there. The k-sum of f (z) then is obtained
by summing f(zfl) followed by the change of variable z — 1/z. Hence, if
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f(2) is the k-sum in direction d of a power series f(z) in inverse powers
of z, then f(z) is holomorphic in a sectorial region G(d,«) (near infinity)
of bisecting direction d and opening « > 7/k, and f(z) can be represented
by a Laplace integral (5.1), with z replaced by 1/z and the direction of
integration 7 close to —d. So here, turning the path of integration in the
positive sense leads to holomorphic continuation of f(z) in the negative
sense, and vice versa.

Because HLFFS in general are series in some root of z~!, we need to
generalize the notion of k-summability to g-meromorphic transformations,
or more generally to arbitrary formal Laurent series in the variable z—1/:

o A power series in 2z~ /4 will be called k-summable in direction d, if the
series obtained by the change of variable z = w? is gk-summable in
direction d/q. Compare Exercise 2 on p. 72 to see that this definition
gives good sense even if the series we start with accidentally happens
to not contain any roots.

e A formal Laurent series > - f,z " is called k-summable in di-
rection d if and only if its power series part f(z) = Yoo fnz s
summable in this sense, with the k-sum of the Laurent series equal
to the k-sum of the power series part plus the finite principle part
Z;i_m fn 27", Compare this to Exercise 5 on p. 72.

8.1 The Improved Splitting Lemma

In the construction of HLFFS we had to consider formal analytic transfor-
mations in two places: In the Splitting Lemma in Section 3.2, and later in
Section 3.4, finding a transformation so that the new system is rational.
To proceed, we first reconsider the proof of the Splitting Lemma and show
that, beginning with a convergent system (3.1), the transformation as well
as the transformed system are r-summable, and we can even completely
describe the set of singular directions.

Lemma 11 (IMPROVED SPLITTING LEMMA) Consider a convergent sys-
tem (3.1) (p. 37) satisfying the assumptions of the Splitting Lemma on p. 42.
Then the formal matriz power series Tio (2) and the block Ezz(z) of the coef-
ficient matriz of the transformed system are r-summable in every direction
d except for the finitely many singular ones of the form —rd = arg(u; — pi2)
mod 27, with p1; an eigenvalue of Aé“). The same statement, but with p1, po
interchanged, holds for T1(z) and Bi1(z).

Proof: Analogously to the proof of Theorem 11 (p. 52), we define T'(u) =
YU Tiou" " /T(n/r), B(u) = >.7° Baau™ " /T'(n/r), and (slightly abus-
ing notation) A, (u) = > 7° AGR u"~"/T'(n/r). Then u"~* Ajj(u) are en-
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tire functions of exponential growth at most r, owing to the convergence
of (3.1). Moreover, (3.6) and (3.7) (p. 42) are formally equivalent to the
integral equation

T(u) AP — (A8 + ' D T(u) =
Alg(u)—i—/o [Au([ur—t“]l/’”)T(t)—T(t)B([u’”—tr]l/r) v, (8.1)

with
( A22 / A21 u — tr]l/'r ) T(f) dt". (82)

The Splitting Lemma ensures existence of T'(u) and B(u), holomorphic and
single-valued near the origin and satisfying (8.1). We aim at proving that
both can be holomorphically continued into the largest star-shaped! region
G that does not contain any point u for which Ag22) and AE)H) +ru"I have
an eigenvalue in common. Observe Exercise 3 on p. 214 to see that this
is the largest star-shaped set not containing any solution of the equation
ru” = po — 1. Moreover, we shall show that in this region both matrices
have exponential growth at most r. This then implies r-summability of
Ti2(2) and Bay(z), with singular directions as stated, and one can argue
analogously for the other two blocks.

To do all this, we employ an iteration: Beginning with B(u;0) = 0,
T(u;0) = 0, we plug B(u;m) and T'(u;m) into the right-hand sides of
(8.1), (8.2) and determine T'(u;m + 1) from the left-hand side of (8.1),
resp. let B(u;m+ 1) be equal to B(u) in (8.2). Both sequences so obtained
are holomorphic in G, except for a pole of order at most r — 1 at the
origin. For the following estimates, we choose d so that the ray u = xe ™%,
x > 0, is in G, hence d is a non-singular direction. Then ||A4;z(u)| <
S ama™ " /T(n/r), with a > 0 independent of d. Inductively we show
estimates of the form [|T(u;m)|| < >°7° ¢ ™" /T(n/r), |Blu;m)| <
> b 2"~7 /T(n/r): For m = 0 this is certainly correct with ) = p0) =
0. Given this estimate for some m > 0, we use the recursion formulas and
the Beta Integral (p. 229) to show the same type of estimate for m + 1. In
particular, we may set

&
n>1,
= e[ 3 @k ]

where ¢ is a constant which arises when solving the left-hand side of (8.1)
for T'(u) and then estimating the solution — hence ¢ is independent of n
and m, as well as independent of d provided we alter d only slightly so that

IWith respect to the origin.
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it keeps a positive distance from the singular directions. For every n, the
numbers t;m), b%m) can be seen to be monotonically increasing with respect
to m and become constant when m > n. Their limiting values t,,, b, then
satisfy the same recursion equations, with the superscripts dropped. Setting
b(z) =3 " bpa™, t(x) => " tha™ alz) =Y. a" 2™ = azx(l —ax)”!, we
obtain formally b(x) = a(x)[1+t(z)], t(z) = cla(x)+(a(z)+b(x))t(x)]. This
can be turned into a quadratic equation for ¢(z), having one solution #; (z)
that is a holomorphic function near the origin, while the other one has a
pole there. The coefficients of t1(x) satisfy the same recursion formulas as
tn, so are in fact equal to t,,. This implies that both ¢,, and b,, cannot grow
faster than some constant to the power n. From this fact we conclude that
T(u;m) and B(u;m) can be estimated by ca!~"e®*" with suitably large
¢, K independent of m. Therefore, the proof will be completed provided
that we show convergence of T'(u;m) and B(u;m) as m — oo. This can be
done by deriving estimates, similar to the ones above, for the differences
T(u;m) —T(u;m—1) and B(u;m) — B(u;m— 1) and turning the sequence
into a telescoping sum. For details, compare the exercises below. O

It is important to note for later applications that the above lemma not
only ensures r-summability of the transformation T(z), but also allows ez-
plicit computation of the possible singular directions in terms of parameters
of the system (3.1) (p. 37). As we shall make clear in Chapter 9, it may
happen that some, or all, of these directions are nonsingular, depending on
whether some entries in Stokes’ multipliers are zero. However, in generic
cases all these directions are singular!

Exercises: In the following exercises, make the same assumptions as in
the lemma above, and use the same notation as in its proof.

1. For m > 1 and u as in the proof of the above lemma, show

1T (w;m) = T(w;m—=1)| < Z dy™ & /T (n/r),

[B(u;m) = B(u;m —1)|| < Z dy™ &= /T (n/r),

with constants d%m), am satisfying
n—1
dgmm+1) — Z bnfk(dgcm) + Jl(cm))’ m+1 Z a~ kd(m)
k=m

for suitably large b > 0, and a as in the proof of the lemma.

2. Setting dp,(z) =Y 00 d™am | and analogously for d,(z), derive a
recursion for these functions — in particular, conclude convergence of

the series for 0 < < min(a, b).
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3. Setting d(z) =), dm (), d(z) = Yom dpm (), use the previous exer-
cise to show functional equations, and from these compute the func-
tions in terms of dy, di. In particular, show that both functions are
holomorphic near the origin. Use this to conclude existence of d so
that d\™,d\™ < d" for every n,m.

4. Use the previous exercises to show that T'(u;m) and B(u; m) converge
uniformly on every compact subset of the region G defined in the
proof of the above lemma.

8.2 More on Transformation to Rational Form

In Theorem 11 (p. 52) we showed that a formal system can be transformed
into a rational one — meaning a system with a coefficient matrix being a ra-
tional function with poles at the origin and infinity only. Here we shall prove
that, starting with a system (3.3) whose coefficient matrix is r-summable,
then so is the transformation obtained in the said theorem. Indeed, much
more can be said:

Proposition 19 For some d € R, let za' = A(z)z and 23 = B(2) % be
two formal system of Poincaré rank r > 1 whose coefficient matrices are
r-summable in some direction d, and let T(z) be a formal meromorphic
transformation of Gevrey order s = 1/r satisfying (3.5). Furthermore, as-
sume that —rd # arg(p — i) mod 27, for any two distinct eigenvalues u, [
of the leading term Aqy. Then T(z) 1s also r-summable in direction d.

Proof: Using Exercise 4 on p. 41, applied to the transpose of 7'(z), we factor
T(z) = Ty(z) T(z) with a terminating meromorphic transformation T(z)
and a formal analytic transformation To(z) of Gevrey order s and leading
term I. Setting Bo(z) = (T(2)B(2) + 2T"(2))T~'(z), we see that By(z)
is also r-summable in direction d, while 7'(z) is r-summable in direction
d if and only if the same holds for Ty(z). This shows that in the proof
we may without loss of generality assume that 7'(z) is a formal analytic
transformation with constant term I, and then the leading term of B (2) is
equal to Ag, and its Poincaré rank is again equal to 7.

Using the same notation as in the proof of Theorem 11 (p. 52), we con-
clude from our assumptions that the matrices u"~! A(u) and u"~! B(u)
are holomorphic in G = D(0, p) U S(—d, ¢), for sufficiently small p,e > 0,
and of exponential growth at most r there. Moreover, we conclude that
T'(u) is holomorphic in D(0, p), with p small enough, except for a pole of
order at most r — 1, and satisfies the integral equation (3.17) (p. 53) for
|u| < p. Making the above € > 0 smaller if necessary, we can arrange that
the equation ru” = u — i, with u, i as above, does not have a solution in
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G. Then this integral equation, according to the exercises below, implies
that T'(u) can be holomorphically continued into G and is of exponential
growth at most k there. This, however, is equivalent to k-summability of
T(z) in direction d. m|

It is worthwhile emphasizing that the integral equation (3.17) (p. 53),
under the assumptions stated above, in general is singular at the origin,
meaning roughly that one cannot use the standard iteration procedure to
show existence of a solution near the origin. However, once a solution is
known, the integral equation can be used for holomorphic continuation, and
a growth estimate for the solution follows from analogous estimates of the
terms in the equation.

In the construction of HLFFS, Theorem 11 (p. 52) is applied to the
diagonal blocks of a system obtained by an application of the Splitting
Lemma. These blocks have been shown above to be r-summable, and by
construction their leading term only has one eigenvalue. In this situation,
the above proposition shows that no additional singular rays occur, because
the condition in terms of the eigenvalues of Ay is void.

Exercises: In the following exercises, use the same notation and assump-
tions as in the proof of the above proposition.

1. For fixed ug = zoe'’™ with |d + 7| < €, assume that T'(u) has been
holomorphically continued along the line segment u = ze'™, 0 < z <
%o, which trivially holds for zy < p. Define C(u) = A(u) — B(u) +

o TA([u" = "1™y T(t) — T(t) B([u™ — t"]*/7) ] dt", and show:

(a) The function C(u) is holomorphic in a small region G, s = {u :
|7 — arg(u — ug)| < 6}, 6 > 0.

(b) The integral equation T'(u) Ag — (Ao + ru"I)T(u) = C(u) +
(T t"|VYT(t) — T(t) B([u" — t"]Y/")] dt" has a unique
solution T'(u) that is holomorphic in G,, s and of exponential
growth at most r.

2. Show that the function T'(u) is holomorphic in G and of exponential
growth not more than r there.

3. Prove the following Corollary to Proposition 19: In addition to
the assumptions of Proposition 19, let fl(z) and B (z) be convergent,
and let Ap have only one eigenvalue. Then the transformation T(z)
converges as well.
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8.3 Summability of Highest-Level Formal Solutions

On p. 55 we have given the definition of HLFFS and its data pairs. Using the
results of the previous sections, we are now ready to investigate summability
of HLFFS. As will become clear later, the following theorem, in a way, is
the main one in our theory of HLFFS:

Theorem 42 (MAIN THEOREM) Assume that we are given a system (3.1)
(p. 37) having an essentially irreqular singularity at infinity. Then the fol-
lowing holds true:

(a) For any two HLFFS of (3.1), the data p,q agree. In particular, both
HLFFS are of the same Gevrey order s = 1/k, k=1 —p/q.

(b) For any two HLFFS of (3.1), the data pairs (qi1(2),51),.-.,(qu(2),s,)
agree modulo renumeration, so in particular the number u of such
pairs is the same.

(¢) For any two HLFFS Fi(z2), Fy(2), assume that their data pairs co-
incide, which can always be brought about by suitably permuting the
columns of any one of the HLFFS. Then the transformation T(z) =
FY(2) Fy(2) is diagonally blocked of type (sy, ..., s,) and converges.

(d) Fvery HLFFS is k-summable in all directions d, except for

—kd = arg()\;p) APy mod2r, j#m, 1<jm<pu (8.3)

m

Proof: Let Fj(z), 1 < j < 2, be any two HLFFS of (3.1), and let B;(2)
be the coefficient matrices of the corresponding transformed systems, as
defined on p. 55. Setting T'(z) = F| '(2) F1(z), one can show formally

2T"(2) = B1(2) T(2) — T'(2) Bay(2). (8.4)

Let ¢ = m1q1 = moge be the least common multiple of ¢, ¢e. Origi-
nally, the matrix B;(z) has been expanded with respect to the variable
wj = 21/ and the first p; coefficients are scalar multiples of the unit
matrix. Re-expanding B;(z) in the new variable w = /9, the first m;p;
coefficients now are scalar, and some may even be zero. Assume for the
moment that both p; are positive, so that scalar coefficients occur. Make
the change of variable z = w? in (8.4), and then apply Exercise 2, with
p =i =1, ie, A(z) = Bi(29), B(z) = By(29) blocked trivially. This
implies that the highest terms of both Bj(z) are the same scalar multiple
of the identity matriz. Since these terms commute with T(z), they can be
cancelled from (8.4). Then, the same argument can be used over again,
until one of the highest terms, after cancellation of the ones shown to be
identical, is no longer scalar. In this situation, an application of Exercise 2



130 8. Solutions of Highest Level

implies that then both leading terms must have more than one eigenvalue;
hence mip; = mops follows. Together with ¢ = mi1q; = mogqo, this implies
P1/q1 = p2/qo. By assumption pj, ¢; are co-prime except for ¢; = 1; so we
conclude ¢ = ¢2 and p; = py. This shows (a). However, applying Exer-
cise 2 to the situation where both leading terms have several eigenvalues,
we even obtain statements (b) and (c).

To show (d), observe that according to (c), it suffices to show the ex-
istence of one HLFFS that is summable as stated. This, however, is a
consequence of Lemma 11 (p. 124) and Proposition 19 (p. 127), combined
with the algorithm of constructing an HLFFS as stated on p. 50. ]

The above Main Theorem not only implies k-summability of HLFFS. It
also supplies information on the degree of freedom in these objects:

On one hand, it is shown that the data pairs, up to enumeration, cor-
respond uniquely to a given system (3.1), and to every enumeration of the
data pairs one can find an HLFFS, simply by a suitable permutation of
its columns. Moreover, the g-meromorphic transformation F'(z) is defined
up to a left-hand-side factor T'(z) that is a diagonally blocked convergent
g-meromorphic transformation. This transformation, owing to the defini-
tion of HLFFS, transforms one system zy’ = B(z) y into another one, say,
27’ = B(z) 7, and both coefficient matrices have terminating expansions
in the variable w = 2'/9. Tt is clear that, given one HLFFS, multiplication
from the left with such a factor T'(z) again gives an HLFFS. Unfortunately,
it is not at all obvious which diagonally blocked g-meromorphic transfor-
mations, when used to transform a system zy = B(z)y with terminating
expansion, will produce another one having the same property. This, how-
ever, will not be of importance for us.

Exercises:

1. Let A, € C¥*¥, B, € C?*7 with r > 0, v, > 1 not necessarily
equal, and n > 0. Let T,, € C"*¥, n > ng (ng € Z) satisfy

n

_(n - T) Thr = Z (An—m T, -1, Bn—m) , M 2= ng,

m=ngo

with T,, = 0 for n < ng. If r > 1 and Ay, By have disjoint spectrum,
show that T, = 0 for every n > ng follows. For r = 0, find a necessary
and sufficient condition in terms of the spectra of Ag, By under which
the same conclusion holds.

2. Let a formal meromorphic transformation T'(z) satisfy (3.5) (p. 40),

with matrices A(z), B(z) of the following form:

(a) The matrices z~"A(z) and z~"B(z) are formal matrix power
series in z~! with constant terms Ay resp. By that may vanish
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or not (in other words: the corresponding formal systems have
Poincaré ranks at most r), and both Ay and By are in Jordan

form, say,

Ao = diag[)\llsl +N1’-..7)\MISN+NM])

Bo = dlag[j\lfgl +N1,...,5\ﬁ1§ﬂ+Nﬁ},
with distinct Aq,..., A, resp. M, S\Q and nilpotent matrices
Nj, resp. Nj.

(b) The matrices A(z) and B(z) are diagonally blocked in the block
structures of their leading terms Ag, resp. By.

Show that then & = p, and the pairs (\;,s;) and (S\j,§j) agree up
to a renumeration. In case the pairs are identical, show that 7'(2) is
diagonally blocked, and converges if both A(z) and B(z) converge.

3. Under the assumptions of the previous exercise, assume that the pairs
(Aj,s5) and (S\j, §;) are not identical. Show that then one can permute
the columns, resp. the rows, of T(z) so that the resulting matrix is
diagonally blocked in the block structure of A(z), resp. of B(z).

8.4 Factorization of Formal Fundamental Solutions

We now are going to discuss briefly the classical notion of formal funda-
mental solutions (FFS for short) of a system (3.1) (p. 37). Such a FFS of
a convergent system will, in general, not be k-summable for any k& > 0.
However, we are going to show that it can always be factored into finitely
many terms that individually are k-summable, but for values k£ depending
on the factor.

In principle, one can compute a formal fundamental solution even for for-
mal systems (3.3) (p. 40). To do so is equivalent to finding a g-meromorphic
formal transformation F' (z) producing an elementary formal transformed
system, say, with coefficient matrix B(2) = w™ >.¢0° Byw™, w = 29,
where all B,, commute with one another. It follows from the exercises be-
low that then another g-meromorphic transformation takes (3.3) into

zy = B(z)y, B(z)=diag[bi(w)ls, + Ni,...,b,(w)Is, + N,], (8.5)

with w = 2'/9 and B(z) in normalized Jordan canonical form, meaning
that

e the b, (w) are distinct polynomials of degree at most 7, with constant
terms having a real part in the half-open interval [0,1/q), and
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e the N,, are nilpotent Jordan matrices whose blocks are ordered so
that they increase in size.

Therefore, we shall always assume that for a formal fundamental solution

F(2) the transformed system already is of the form (8.5). The system (8.5)
then has a unique fundamental solution of the form
Y (z) = diag [e‘“(z)le, ... ,eq“(z),7;J"']7

with z2¢,,(2) = bn(w) — b, (0), and Jp, = by, (0)Is,, + Ny. So each g,
is a polynomial in the gth root of z without constant term, and J,, a
constant matrix in Jordan form, with a single eigenvalue whose real part
is in [0,1/¢). In analogy to the phrase used for HLFFS, we call the pairs
(gj(2),J5), 1 < j < u, the data pairs of the FFS. Recall that the b,,(w)
were all distinct to see the same for the data pairs. Moreover, note that
the enumeration of the data pairs is always chosen to correspond to the
enumeration of the b,,(w) in (8.5). In particular, a renumeration of the
data pairs reflects in a suitable permutation of the columns of the FFS. As
for HLFFS, the data pairs of a FFS will be shown to be closed with respect
to continuation, meaning that to every pair (¢,,(z), J;,) there exists a pair
(q:(2), J) with ge(2) = qn(2e*™) and J,,, = J,.. This s even is uniquely
determined by m, because the data pairs are all distinct!

We now show existence of FFS. For simplicity, we restrict ourselves to
convergent systems (3.1); however, one can check that the same statements
remain correct for formal systems (3.3).

Proposition 20 FEvery system (3.1) (p. 37) has a FFS of the form de-
scribed above. Moreover, the following always holds:

(a) For any two FFS of (3.1), the data pairs coincide up to renumeration.
(b) The data pairs of any FFS are closed with respect to continuation.

(c) For any two FFS Fy(2), Fy(2), assume that their data pairs coincide,
which can always be brought about by suitably permuting the columns
of any one of the FFS. Then F(2) Fy(z) is diagonally blocked of
type (s1,...,s,) and constant.

Proof: To show existence of FFS, first assume that infinity is an al-
most regular-singular point. Then by definition, a terminating meromor-
phic transformation T'(z) and a polynomial ¢(z) of degree at most r exist,
so that the combined transformation z = ¢4(*) T(2) & leads to a system
with a regular-singular point at infinity. According to the results of Sec-
tion 2, in particular Theorem 6 (p. 32),2 there exists another meromorphic
transformation 7T(z), transforming this new system into one with constant

2Use a change of variable z = 1/w to transfer the singularity to the origin.
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coefficient matrix B(z) = By, having eigenvalues with real parts in [0, 1).
Finally, a constant transformation may be used to put By into Jordan
canonical form J = diag[Ji,...,J,], where each J,, contains all blocks
corresponding to one eigenvalue, those blocks being ordered according to
size. Since the scalar exponential shift e?(*) commutes with every other
transformation, this altogether shows existence of a meromorphic transfor-
mation F(z), transforming (3.1) into zy' = B(2) y, with B(z) = z¢'(z)+J.
It follows from the definition that F'(z) is a FFS, with data pairs (¢(2), Jm)-

Observe that, according to Exercise 1 on p. 58, for dimension v = 1 the
system (3.1) always is almost regular-singular. Hence we may now proceed
by induction with respect to v, and we may assume that infinity is an
essentially irregular singularity. Let then £} (z) be a g-meromorphic HLFFS
of (3.1). This transformation takes (3.1) into a system with diagonally
blocked coefficient matrix B(z) having diagonal blocks B,,(z) of strictly
smaller dimension. By induction hypothesis, the systems with coefficient
matrices ¢! By, (w?) have FFS; hence we obtain a FFS Fy(w) for the
transformed system as their direct sum. Setting F'(z) = Fy(2) Fy(21/9), it
is not difficult to verify from the definition that this is a FF'S of (3.1), with
data pairs obtained from those of F’Q(w) by change of variable w = z!/4.

To show (a)—(c), conclude from the definition that for any FFS F(z),
the matrix F (2€2™) is again a FFS whose data pairs are obtained from
those of the first one by continuation. Hence (b) follows from (a). Now, let
Fi(2), Fy(2) be two FFS, and let T(z) = F;'(2) F(z). Observe that we
may assume without loss in generality that both F’j (z) are g-meromorphic,
with ¢ independent of j, and then set z = w?. Corresponding to each FFS
ﬁ.‘j (Z), let

Bj(2) = diag [bf (w) L) + N{,..., b ()L, + N

be as in (8.5). We then have that T'(z) formally satisfies (8.4). Blocking
rows, resp. colums, according to the block structure of By(z), resp. Ba(z2),
we obtain T'(z) = [Tym(2)], with not necessarily quadratic diagonal blocks.
From (8.4) we conclude, using Exercise 1 on p. 130, that T}, (z) = 0 except
when b,(.il)(w) = (w). Since T'(z) is invertible, we conclude that to every

m there exists a kK = o(m) so that this holds, and this k even is unique, since
all b,(.cl)(w) are distinct. Hence, after a suitable permutation of the columns
of either one of the Fj(z), we may assume without loss of generality that
o(m) = m, ie., T(z) is diagonally blocked. Using invertibility of 7'(z)
again, we then find s%) = sﬁg), for every m. Moreover, the square diagonal
blocks satisfy qw(d/dw) Tm(w) = N Toran (W) = Ty (w9) N2 From
Exercise 6 we conclude that Tmm(z) is constant, so N&l) and N,(nz) are
similar. Owing to our assumption that their blocks are ordered according
to size, they must in fact be equal. This observation completes the proof
of statements (a) and (c). O
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The above result shows the existence, and describes the degree of free-
dom, of FFS. To describe their summability properties, it is necessary to
introduce some notation: For an arbitrary nonzero polynomial p(z) in some
root of z, let deg p stand for the rational exponent of the highest power of z
occurring in p(z). Given the data pairs of a FFS, we introduce the rational
numbers

djm = deg(pj *pm)y ifpj(Z) %pnl(z)v 1 < j,m < .

They form a finite, possibly empty, set of rational numbers, which are all
positive, since by definition of the p; their constant terms all vanish. We
write this set in the form {k; > ko > ... > ks > 0}, referring to it as
the level set of the FFS F(z). The integer £ > 0 will be referred to as the
number of levels of F(z) In case ¢ > 1, we shall call ky the highest level
of F(z) From now on, consider data pairs with £ > 1. For 1 < pu < ¢, a
number d € R will be called singular of level u, provided that polynomials
Dj, Pm exist for which

pj(2) — Pm(2) = Pjm zFn + lower powers, argPjm = —d ky. (8.6)

In other words: exp[p;(z) — pm(z)] has degree k, and mazimal growth
rate along the ray argz = d. Furthermore, we write j ~ m of level p,
if deg(p; — pm) < k,. This way, we obtain a number of equivalence rela-
tions that become finer with increasing p, in the sense that fewer numbers
m are equivalent. We now say that the data pairs (g, (z), Jm) are ordered
provided that polynomials with indices that are equivalent of level y come
consecutively, for every p = 1,...,¢. Note that we can always rearrange
the columns of the FFS F' (z) and simultanuously permute its data pairs,
so that first polynomials whose indices are equivalent of level ;x = 1 come
consecutively, then further permute pairs within each equivalence class of
level 1 to make polynomials come together whenever their indices are equiv-
alent of level 2, and so on. In other words, every system (3.1) has a FFS
with ordered data pairs.

Consider now an ordered set of data pairs. Then to each equivalence
relation of level u, there corresponds a block structure of arbitrary v x v
matrices, by grouping their rows and columns together once their indices
are equivalent of that level. This block structure will be referred to as the
wuth block structure, or the block structure of level u. In particular, for p = 1
we speak of the block structure of highest level. For convenience, we also
introduce the trivial block structure of level zero, where we do not subdivide
matrices at all. These block structures were studied in [34, 35] under the
name iterated block structure.

Using this terminology, we can now formulate the following basic result
on FFS:

Theorem 43 For an arbitrary FFS F(z) of a system (3.1) (p. 37), the
following holds:
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(a) The FFS has empty level set if and only if i@ﬁnity is an almost
regqular-singular point of (3.1), and in this case F(z) converges.

(b) If the number ¢ of its levels is positive, then its highest level is not
larger than the Poincaré rank r of (3.1). Moreover, ky = r holds if
and only if the leading term of (3.1) has several eigenvalues.

(c) Let infinity be an essentially irregular singularity of (3.1), so that
> 1. Then F(z) can be factored as

where each Fu (2) is a ky-summable g-meromorphic formal transfor-
mation, whose singular directions are among those given by (8.6). In
particular, F’(z) is of Gevrey order not larger than s = 1/k, and
F1(2) is an HLFFS of (3.1).

(d) In case of £ > 2, let G1(2) - ... - Ge(2) be another factorization of
F(z) as described in (c). Then there exist convergent meromorphic
transformations To(z), ..., Te(2) so that with T1(z) = Typ41(2) = I we
have

Er(2) Ting1 (2) = T (2) G (2), 1< m < L. (8.7)

(e) If the data pairs of F(z) are ordered, then one can find a factorization
as above, for which each factor F;(z) is diagonally blocked in the block
structure of level j — 1.

Proof: First, observe that if the theorem holds for some FFS, then it is
correct for every other FFS, owing to parts (a) and (c) of Proposition 20.
So it suffices to construct a particular FFS. To do so, follow the same
steps, and use the same notation, as in the proof of Proposition 20. If
infinity is an almost regular-singular point, one can read off from there
existence of a convergent FFS with empty level set. In the other case, an
FFS exists having the form F(z) = (2) Fy (21/9), with an HLFFS Fl(z),
while Fy(w) is the direct sum of at least two blocks. Each of these blocks
is an FFS of strictly smaller systems, and by induction hypothesis we can
assume that the theorem holds for those. In particular, we may assume
that the data pairs of the blocks are ordered and a factorization as in (e)
exists. Making the change of variable w = 2!/, and then combining the
data pairs of the diagonal blocks in their natural order, gives the data pairs
for the FFS. From the definition of, resp. the algorithm to construct, an
HLFFS, one can read off that the leading terms of these data pairs coincide
with what was introduced on p. 56 as the data pairs of the HLFFS F}(2).
This implies that the data pairs of F (z) are ordered, and their highest-
level k; coincides with the number 1/s defined there. From Theorem 42 we
then conclude that Fy (z) is ky-summable, with singular directions that are
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among those introduced above as being singular of level 1. This, together
with the induction hypothesis, completes the proof of (a)—(c), and (e). To
show (d), define T, (z) by (8.7), and note that then

Fr(2) Tonp1(2) GM(2) = -1 (2) o FTN2) Gi(2) - .. - G (2),

m—1

for 1 < m < £. Assume that we have shown T,,11(2) to converge, which
holds trivially for m = £. Then, the right-hand side of this identity is of
Gevrey order at most 1/k,,_1, while the left-hand side is k,,-summable,
so both sides converge according to Theorem 37 (p. 106). This, however,
implies convergence of T, (z). O

The above theorem shows that FFS with more than one level cannot
be k-summable for any k > 0, because of Theorem 37 (p. 106). Moreover,
if only one level occurs, the notions of FFS and HLFFS coincide. In this
situation, the summability of FFS was essentially known, but formulated
differently, before Ramis created the theory of k-summability.

Exercises: In the following exercises, consider a fixed formal system (3.3)
(p- 40) that is elementary.

1. Setting Ty = I, define T}, recursively by

n—1

-nT, = Z Apnyr—m T, n>1

m=0
Show that all T, commute with one another as well as with all A,
for m > 0. For T'(z) = Yo" T\, 2~ ", conclude formally (3.5) (p. 40)
with B(z) = Y30 A, 27"
2. Let A = A+ N, with a diagonalizable matrix A and nilpotent N

commuting with A (observe that such a decomposition always exists).
If B commutes with A, show that B commutes with both A and N.

3. Let N be a nilpotent matrix. Show that T'(z) = exp[m~!z™ NJ,
m € N, is a meromorphic transformation. In case N commutes with
all A,,, show that

B(z) =T Y(2) |A(2) T(2) — 2T'(2)| = A(z) — 2™ N.

4. Given an elementary formal system (3.3), show that there exists a
formal meromorphic transformation 7'(z) so that the transformed
system has a coefficient matrix B(z) of the form

B(z) = diag[b1(2) Is, + N1,...,b,(2) I, + N,

with distinct polynomials b,,(z) of degree at most r satisfying 0 <
Re b,,(0) < 1, 1 < m < p, and nilpotent constant matrices N,,,
whose blocks are increasing in size.
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5. For B(z) as above, compute a fundamental solution of the system
23" = B(z) .

6. Let Ny, N3 be nilpotent matrices, not necessarily of the same size. Let
1'(z) be a formal meromophic series satisfying 27'(2)" = N1 T'(z) —
T'(z) N2. Show that then T'(z) is constant.

8.5 Definition of Highest-Level Normal Solutions

After this digression into the classical subject of FF'S, we now continue with
our investigation of HLFFS. For this purpose, we consider a system (3.1)
together with a fixed HLFFS F(z), and we shall use the same notation
as on p. b5 for its data pairs (g;(2),s;), 1 < j < u, and the coefficient
matrix B(z) of the transformed system. From the data pairs we then can
explicitly compute the singular directions for F° (2) as the solutions of (8.3),
with k = r — p/q, and we shall from now on denote them by d;, labeled so
that

dj_l < dj, j S Z, d_1 <0< do. (88)

Interchanging j and m in (8.3), we conclude that d; is singular if and only
if dj £ 7/k is so, too. The data pairs are closed with respect to continu-

ation, so in particular, the set {)\%p ), 1 < n < p} is closed with respect

to multiplication by exp[2mi/q|. Hence, we also see that d; + 27 /(qr — p)
is again a singular direction, for every integer j. Together, this shows the
following:

e Let p denote the greatest common divisor of ¢ and 2; in other words,
1 = 2 whenever ¢ is even, and p = 1 for odd ¢. Then for every singular
direction d;, the directions d; &+ pm/(qr — p) are singular as well. In
other words, every half-open interval of length um/(gr — p) contains
the same number of singular directions, say, ji1. Set jo = 2(qr—p) j1/14;
hence jo = (¢r — p) j1 when ¢ is even, resp. jo = 2(gr — p) j1 for odd
q. Then jy is the number of singular directions in every half-open
interval of length 27, or equivalently d;+;, = d; =27 for every j € Z.

Let Sj ={z: |z| > p, dj_1 —7/(2k) < argz < dj + 7/(2k)}. These are
sectors near infinity whose boundary rays are usually referred to as Stokes’
directions® because of their significance in the Stokes phenomenon (see the
following chapter). We choose to denote these directions as 7; = d;+m/(2k),
jEZL.

3In the literature one sometimes finds the term anti-Stokes’ directions for what we
call the singular directions d;.
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For each d in the interval (d;_;,d;), the series F(z) is going to be k-
summable (with & = r — p/q), and according to Lemma 10 (p. 101) the
sum of F (z) is independent of d, but will in general depend on j, hence we
choose to denote this sum by Fj(z).

Theorem 44 The matriz functions F;(z) defined above are holomorphic
for |z| > p on the Riemann surface of the logarithm, and there we have

2Fj(z) = A(2) Fj(2) — Fj(2) B(z), j€Z. (8.9)
Moreover, they satisfy Fj(z) =4y, F(z) for z — oo in the sector S;.

Proof: It follows from the general theory of k-summability that Fj(z) is
holomorphic in some sectorial region G at infinity with opening d; —d;_1 +
7/k, and bisecting direction (d; + dj_1)/2. Moreover, Fj(z) =4 F(2)
there. Since F'(z) formally satisfies

2F'(2) = A(2) F(z) — F(2) B(2),

we conclude from the algebraic properties of k-summability that (8.9) holds
in G. Since (8.9) is nothing but a system of linear ODE for the entries
of Fj(z), we conclude from the general theory in Chapter 1 that Fj(z)
can be holomorphically continued along arbitrary paths within the region
{|z] > p}, hence is holomorphic on the corresponding part of the Riemann
surface of the logarithm. Every closed subsector of S; with sufficiently large
radius is contained in the sectorial region G, so the asymptotic holds in S;.

O

In what follows, we shall use the term highest-level normal solutions for
the matrices Fj(z) defined above, and we shall use the abbreviation HLNS.
We shall study these HLNS in greater detail in the following chapter.

Exercises: In the following exercises we consider two linear systems
zal, = Aj(z)x; for |z| > p, of arbitrary Poincaré ranks at infinity and
of dimension v;, with v, not necessarily equal to vs.

1. Verify that z X’ = A;(2) X — X Aa(2), |2| > p, may be rewritten as
a linear system of meromorphic ODE in dimension vy - vs.

2. Let X (z) be a solution of the linear system of ODE in the previous
exercise, say, near some point zg, |z9| > p. Show that then X (z) can
be holomorphically continued along arbitrary paths within R(oo, p).
In case v = vy, show that det X (z9) = 0 implies det X (z) = 0.

3. For the HLNS, defined above, show that det F;(z) # 0 for arbitrary
values z with |z] > p.
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Stokes’ Phenomenon

The fact that a solution of an ODE, near an irregular singularity, in dif-
ferent sectors of the complex plane in general shows different asymptotic
behavior was observed and studied by Stokes [258] and is, therefore, named
Stokes’ phenomenon. An equivalent way of describing this phenomenon in
the language of summability is as follows: Consider an HLFFS a (2), as
defined in Section 3.5, of some system (3.1) (p. 37). We have shown F'(z)
to be k-summable, for a unique k£ > 0, in all but some singular directions,
thus defining the HLNS F}(2). In corresponding sectors, all F;(z) have the
same asymptotic expansion, despite of the fact that in general they do de-
pend upon j: According to Proposition 13 (p. 105), the matrices F;(z) are
independent of j if and only if the HLFFS F(z) converges. Hence in other
words, Stokes’ phenomenon is caused by the divergence of formal solutions!

In this chapter, we shall investigate how two consecutive Fj(z) are in-
terrelated, and in this way analyze Stokes’ phenomenon of highest level.
Classically, this part of the theory was based upon the choice of a FFS;
see, e.g., [34, 35] or [143]. This has the serious disadvantage of mixing the
phenomena arising on different levels, as shall become clearer later on. So
this is why we shall work with HLFF'S instead.

In principle, Stokes’ phenomenon is described by finitely many constant
matrices, usually named Stokes’ multipliers, or lateral connection matrices.
We shall explicitly describe their structure, and discuss in which sense they
can be computed in terms of the HLFFS used in their definition. In some
cases of dimension v = 2, we shall obtain explicit values for the multipliers
in terms of the data of the system. We then present a result, first obtained
by Birkhoff [55, 57], on the freedom of the Stokes multipliers. For another
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proof of this fact using a somewhat different approach, see the monograph
of Sibuya [251].

Many authors have been concerned with the theoretical investigation
and/or numerical computation of Stokes multipliers, e.g., Turrittin [267,
272], Heading [115, 116], Okubo [205], Hsieh and Sibuya [130], Sibuya [247—
250, 252], Kohno [154, 155, 160], Smilyansky [256], Braaksma [66-69], Goll-
witzer and Sibuya [109], McHugh [189], Jurkat, Lutz, and Peyerimhoff [146—
149], Emamzadeh [97-99], Hsieh [129], Schafke [237, 240], Hinton [121],
Balser, Jurkat, and Lutz [33, 37-39, 41], Gurarij and Matsaev [111], Ramis
[228, 227], Balser [11-13, 16, 20], Slavyanov [255], Schlosser-Haupt and
Wyrwich [243], Duval and Mitschi [93], Babbitt and Varadarajan [4], Tovbis
[264, 265], Lin and Sibuya [168], Immink [135-137], Tabara [259], Kostov
[162], Naegele and Thomann [197], Sibuya and Tabara [254], and Olde Dal-
huis and Olver [211]. Also compare Section 12.5 on the so-called central
connection problem.

9.1 Highest-Level Stokes” Multipliers

Throughout what follows, we consider a fixed system (3.1) (p. 37), having
an essentially irregular singularity at infinity. Let a (z) be an HLFFS of
(3.1), together with the corresponding HLNS F}(z). Recall that each F}(z)
satisfies (8.9) (p. 138), with B(z) diagonally blocked of type (s1,...,5,).
We arbitrarily choose a fundamental solution Y (z) = diag [Y1(2),...,Y,(2)]
of zy' = B(z)y. It follows from (8.9) that X;(z) = F;(z)Y(z) is a solu-
tion of (3.1). Since det X;(z) # 0 follows from Exercise 3 on p. 138, every
X;(z) is in fact a fundamental solution of (3.1). From the exercises be-
low, we then conclude that every solution of (8.9) can be represented as
X;(2)CY~(z), for a suitable constant matriz C. So in particular, there
exist unique matrices V; such that

Fi(2) = Fi(2) = Fj() Y(2) V;Y7H(2), |2l >p, j€Z. (91

This formula is equivalent to X,;_1(z) = X,(z) (I +V;), for j € Z, and we
shall refer to the matrices V; as the Stokes multipliers of highest level of the
system (3.1). Note that V; depends upon both F(z) and Y (2). Therefore, we
here shall always consider pairs (F(z),Y (z)), and for simplicity of notation
we also use the term HLFFS to refer to such a pair. From (8.9) we conclude
that the left-hand side of (9.1) is asymptotically zero of Gevrey order 1/k
in S; N S;_1, and we shall use this to investigate the structure of the Stokes
multipliers V;:

With ¢,(z) as in the definition of the data pairs of HLFFS, we set
Gn(z) = e" ()Y, (2). From the special form of B(z), and using Exer-
cise 4 on p. 52 together with Exercise 6 on p. 7, we conclude that each
G (2z) and its inverse are of exponential growth strictly less than k. Hence,
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the behavior of Y, (z) near infinity is in principle determined by that of

gn(z). Blocking V; = [V}%] in the block structure of Y(z), the matrix
Y (2) V; Y 71(z) on the right-hand side of (9.1) is likewise blocked, and the
behavior of a block, as z — oo, depends upon whether or not we have

explgn(2) — g (2)] = exp[(AP) — AR))2* /K] 2,4 0 (9-2)

for z € S;_1 US;. For a pair (n,m), this holds if and only if —kd;_; =
arg(/\gfi) - )\%p)) mod 27. In other words, this characterizes pairs (n, m) for
which the left-hand side of (9.2) has maximal rate of descend along the ray
arg z = d;_1. The set of all such pairs will be denoted by Supp;. Note that
we always have (n,n) ¢ Supp;, and Supp, is never empty, owing to the
definition of d;_;. The next theorem says that the set of these pairs is “the
support” of Vj:

Theorem 45 For a system (3.1) with an essentially irregular singularity
at infinity, let (F(2),Y(2)) be a given HLFFS. Then for the corresponding
Stokes multipliers of highest level, (n,m) & Supp; implies Vn(Zr)L = 0. Hence,
in particular all the diagonal blocks of V; vanish.

Proof: From (9.1) we conclude Y (2) V; Y ~1(2) 2,4 0 in S;_1 U S;. Using
Exercise 7 on p. 74, this is equivalent to e (%) V) e=am(2) = exp[()\slp) -
)x,(ﬁ)) 2 Vé%% =k 0 in S;NS;j_1, for every (n,m), since G,,(2) and G;,}(2)
both are of exponential growth strictly less than k. According to the defi-
nition of Supp;, this completes the proof. o

Exercises: In the first two exercises to follow, we consider two linear
systems 2z} = A;(z) x; for |z| > p, of arbitrary Poincaré ranks at infinity
and of dimension v;, with v; not necessarily equal to vs.

1. Let X;(z) be a fundamental solution of 2z} = Aj;(z)x;. For C' €

Cv+*¥2 show that X;(2) C' X, '(2) is a solution of

2X'=A1(2) X — X Aa(2), |2| > p. (9.3)

2. Let X (z) be any solution of (9.3). Verify that X (z) can be represented
as X1(z) C X5 (2) for a unique C' € C*1*¥z,

3. For every pair (n,m), 1 <n < m < u, show: Every half-open inter-
val of length 7/k contains exactly one direction 7 where, for every
sufficiently small e > 0, (9.2) holds for argz = 7 + ¢ and fails for
argz = T — € or vice versa. The set of all these directions, for arbi-
trary (n,m), are exactly the Stokes directions, i.e., the boundary rays
of the sectors 5.
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4. Show that every half-open interval of length 7 /k contains the same
number of Stokes directions, say, ny. For Supp, ,,, = Supp;;; U...U
Supp, 4, and distinct n,m,¢ € {1,...,u}, show:

(a) (’ﬂ, TL) ¢ Suppj,nl .

(b)

(c) (n,m) € Supp,,, and (m,f) € Supp;,, = (n,f) € Supp;, ,,,-

(d) The matrices of the form I+C, with C,,,,, = 0 whenever (n,m) ¢
Supp; ,,,, form a group Gj ,, with respect to multiplication.

(e) Statements (a)—(d), except for the backward direction in (b),
also hold for Supp; instead of Supp, ,,. In the sequel, denote
the corresponding group by G;.

(f) For j +1 < ¢ < j+nq, each Gy is a subgroup of G, ,,,.

b) (n,m) € Supp;,, <= (m,n) & Supp; ,,, -

(g) For I + C € Gjp,, unique matrices I +V; € Gy exist with
I1+C = (I+Vj+n1)~...'(I+Vj+1).

9.2 The Periodicity Relation

The result we are going to prove next says that, of the infinitely many
Stokes multipliers, it suffices to compute only jo consecutive ones, for j, as
defined in Section 8.5. This will be a consequence of the following lemma
showing how the multipliers change when we choose another HLFFS — in
particular, another fundamental solution Y (z) of the transformed system.
Since we have seen that a permutation of the data pairs of an HLFFS F(z)
reflects in a permutation of its columns, we may without loss of generality
restrict to the case of two HLFFS with the same data pairs.

Lemma 12 Given a system (3.1) with an essentially irreqular singular-

ity at infinity, let (F(2;1),Y(2;1)), (F(2;2),Y(2;2)) be two HLFFS with
identical data pairs. Then there is a unique constant invertible matriz
D = diag[Ds,...,D,], diagonally blocked in the block structure determined
by the data pairs, for which Y (z;1) = T(z) Y (z;2) D, with a g-meromorphic
transformation T(z) that is likewise blocked and satisfies F(z;1)T(z) =
F(z; 2). For the corresponding Stokes multipliers Vj(l), Vj(Q) we then have

Vj(l) =D ! Vj(2) D, for every j € Z.

Proof: From the Main Theorem (p. 129) we conclude that the matrix
T(z) = F~(2;1) F(2;2) is diagonally blocked and convergent. If Fj(z;n)
denote the HLNS corresponding to F(z;n), then Fj(z;1)T(z) = Fj(z;2)
follows from the properties of k-summability, for every j € Z. Since the
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F;(z;n)Y (z;n) are fundamental solutions of (3.1), for every j and n, we
conclude F;(z;1)Y (2;1) = F;(2;2) Y (2;2) C;, for constant invertible Cj.
This implies Y (2;1) = T'(2) Y (#;2) C}; hence Cj is diagonally blocked and
independent of j. Writing D instead of C;, one may complete the proof. O

Now consider an HLFFS (F(z), Y (z)). Since its data pairs (g;(z), s;) are
closed with respect to continuation, there exists a permutation matriz R,*
for which Q(z) = diag|q1(2) I, , - .., qu(2) I5,] = RQ(ze*™") R™'. In fact,
R can be made unique by requiring that, when blocked of type (s1,...,s,),
each block of R is either the zero or the identity matriz of appropriate size.
With this block permutation matriz R we now show:

Lemma 13 Let a system (3.1) have an essentially irregular singularity at
infinity, and let (F(2),Y(2)) be an HLFFS. Then there is a unique con-
stant diagonally blocked matrix D and an equally blocked q-meromorphic
transformation T(z) for which Y (2e2™) = T(z) R-'Y(z) RD, F(ze*™") =

F(z) RT™Y(2), and Fjy;,(2e*™) = F;(2) RT~(2), for j € Z.

Proof: Observe that (F'(z exp[2mi]), Y (z exp[27i])) is again an HLFFS that
has the same data pairs as (F(z) R, R~'Y(2) R), and apply Lemma 12 plus
the properties of k-summability. O

We denote R D by exp[2niL], and refer to it, resp. to L, as the formal
monodromy factor, resp. matriz of the HLFFS (F(2),Y (2)).

Proposition 21 Let a system (3.1) have an essentially irreqular singular-
ity at infinity, and let (F'(2),Y (2)) be an HLEFFS with corresponding Stokes’
multipliers V;, HLNS F;(z) and fundamental solutions X;(z) = F;(z) Y (2)

of (3.1). Then we have for every j € Z:
Xjtjo (Zezm) =X (Z) 62‘“—[‘7 Vitjo = e_2mLVTj S (94)
Moreover, a monodromy matriz M; for X;(z) is given by the identity

XMy — 2WL(T 4 Vi (I + Vi) (9.5)

Proof: From Lemma 13 we obtain (9.4). This in turn implies (9.5), repeat-
edly using Xy _1(2) = Xo(2) (I + Vp). O

Note that (9.5) shows that the computation of a monodromy matrix of
(3.1) is essentially achieved once we have computed the Stokes multipli-
ers. In some cases both problems even are equivalent, as follows from the
exercises below.

IThis is a matrix differing from I by a permutation of its columns, or equivalently,
rows.
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Exercises: In the following exercises, make the same assumptions as in
the above proposition. In particular, let matrices always be blocked of type
(81,...,(9“).

1. Prove that if a matrix C' can be factored as C' = DC C_, with
D diagonally blocked, and Cy upper, resp. C_ lower triangularly
blocked, both factors having identity matrices along the diagonal,
then the factors are uniquely determined.

2. Enumerate the pairs (n,m), 1 < m < n < p in any order, and let
all blocks of C' on and above the diagonal vanish. Prove I + C' =
(I+C1)-...-(I+Cyu-1)/2), with unique matrices C; whose blocks
all vanish except for that one in position (n;,m;).

3. Show the following for k = 1: If exp[27iL] and any one of the matri-
ces exp[2miM;] are known, then all the Stokes multipliers V; can be
computed from the identities established above.

9.3 The Associated Functions

Only in a few cases in dimension v = 2 shall we succeed in expressing
the Stokes multipliers in terms of known higher transcendental functions
of the parameters of the system; in general their nature seems to be of the
same degree of transcendence as that of the solutions itself. Nonetheless,
it is of importance to learn as much as possible about how to, at least
theroretically, compute them in terms of the data in the system. Here,
we shall study in which sense the Stokes multipliers can be obtained via
an analysis of the singularities of certain associated functions, related to
the HLNS by Borel transform. This is a case of what Ecalle has named
resurgent analysis. While Braaksma [69] and Immink [137] have obtained
equivalent results working with the classical type of FFS, we shall here
follow a presentation in [39], which was based on HLFFS, restricted to
k = 1. For similar results in case of kK = r > 1, but a leading term with
distinct eigenvalues, see Reuter [231, 232).

Consider a fixed system (3.1) having an essentially irregular singularity at
infinity, and a likewise fixed HLFFS (F'(z),Y (2)). To simplify notation, we
shall without loss of generality make the following additional assumptions:

o Assume that k is an integer. This can be brought about by a change
of variable z = w? and has the effect that F (z) does not contain
any roots. By such a change of variable, the Stokes directions 7; are
replaced by 7;/q, but the Stokes multipliers V; remain the same. For
integer k, the block permutation matrix R introduced above equals
I; hence the formal monodromy matrix L is diagonally blocked, say,
L =diag[Ly,...,L,).



9.3 The Associated Functions 145

o Assume that the polynomials q.,(z) in the data pairs of the HLFFS

have the form qm(z) = —tm 25, —ty, = Agﬁ)/k. This can always be

made to hold by a scalar exponential shift. Under this assumption, the
transformed system in the definition of HLFFS on p. 56 has Poincaré
rank k. Moreover, the diagonal blocks of Y'(z) are of the form Y;,,(z) =
G (2) exp[—uy, 2F], with G (2) of exponential growth strictly less
than k in arbitrary sectors.

o Assume that F(z) is a formal power series with constant term equal
to I. According to Exercise 4 on p. 41, this can be made to hold
by means of a terminating meromorphic transformation 7'(z), which
does not change the Stokes multipliers, but may lower the Poincaré
rank of the system. Under this assumption we then have that k = r,
the Poincaré rank of the system (3.1), and this implies p = 0.

A system (3.1), satisfying all the above assumptions, will from now on be
called normalized, and we use the same adjective for an HLFFS of the above
form. For such a normalized HLFFS, we shall define associated functions.
These functions will have branch points at all the points u,,, 1 < m < u;
hence the corresponding Riemann surface will be somewhat difficult to
visualize. Therefore, we shall instead consider a complex u-plane together

with cuts from each w, to infinity along the rays arg(u — u,) = —rd with
arbitrarily fixed d. For simplicity, we choose d so that the cuts are all
disjoint. According to the definition of d;, and observing u, = 7)\7(219 ), this

is so if and only if d is a nonsingular direction for F(z) in the sense of
Section 6.4. The set of u not on any one of the cuts shall be denoted by
Cg4. It is worthwhile to mention that, unlike on a Riemann surface, points
u here are the same once their arguments differ by a multiple of 2.

To define the associated functions, we first introduce for every m, with
1<m< e

-
Hy, (u;s5 k) = i

/ 257 G (2) € (Wmum) 4 (9.6)
B(r)

for 7 = —d 4+ (2k + 1) 7/r with k € Z, and a path of integration ((7)
consisting of the ray argz = —7 — (¢ + 7)/(2r) from infinity to the point
zo9 with |z0| = p + &, then on the circle |z] = p + € to the ray argz =
—7 + (¢ + 7)/(2r), and back to infinity along this ray, for small € > 0.
Note that the integral is independent of e, and absolutely and compactly
convergent for s € C and |arg(u — uy,) — r7| < /2. After changes of
variable z — 1/z and u +— ", the integral (9.6) is nothing but the Borel
transform? of 2° Y, (2).

20bserve that here it is important to take the original form of the Borel operator, as
defined on p. 80.
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Because of the choice of 7, the sector of convergence of (9.6) is a subset
of C 4. Turning the path of integration by an angle of «, i.e., replacing
T by 7 — a, obviously results in continuation of H,,(u;s;k) in the oppo-
site sense by the angle —ra. In particular, the points u, for n # m do
not cause any problems as regards continuation of the function! Therefore,
each branch H,,(u;s; k) becomes a holomorphic function in C 4, and is
even holomorphic at every point u on the cuts arg(u — u,) = —rd, includ-
ing the point u, itself, for every n # m. As a convenient way of stating
this, we shall write H,,(u;s; k) = hol(u — u,,) for n #m, 1 < n,m < pu.
Moreover, the various branches H,, (u; s; k) are interrelated as follows: The
values of H,,(u;s;k) on the right-hand side of the mth cut?® equal those of
H,,(u;s;k + 1) on the left-hand side. So in other words, holomorphic con-
tinuation of H,,(u; s; k) across the cut in the positive direction produces the
branch H,,(u;s;k + 1). Moreover, from Y (ze?™) = Y (z) exp[27i L,,] we
conclude via a corresponding change of variable in (9.6) that H,,(u;s; k +
) = Hyp(u; s; k) e~ 27 ($I+Lm) This shows that r consecutive branches gen-
erate the others via explicit linear relations.

Block the formal series F'(z) = >0 Fnz7™ into column blocks Eo(z) =

>0 Fnm 2™ of s, consecutive columns of F(2). The series
(u; s; k) ZanH n; k), (9.7)

according to Exercise 2 and the Gevrey order of F(z), converges absolutely
for s € C and 0 < |u — uy| < 6, with sufficiently small § > 0, and
convergence is locally uniform in w. Following the terminology introduced
n [39], we shall name ®,,(u; s; k) the associated functions to the HLFFS
(F(2),Y(2)). In a way, the series (9.7) is the formal Borel transform of
index 7 of F,,(2) Y;n(2). As we shall show in Lemma 14, this analogy is
more than formal, since ®,,(u; s; k) will turn out to be the Borel transform
of the corresponding column blocks of the HLNS X (z).

Note that (9.7) in principle allows to compute the associated functions
@, (u; s; k) in terms of the HLFFS (F(2),Y (2)) without knowledge of the
HLNS. Thus, we take the attitude of the matrices ®,,(u;s;k) as being
known, at least near the point u,,. From the above monodromy behavior of
H,,(u; s; k) we immediately obtain that ®,,(u; s; k 4+ 1) is the holomorphic
continuation of ®,,(u; s; k) across the mth cut, in the positive sense, while

O, (u;s3k +1) = O, (us s5k) e 2™ (sT+Lim), (9.8)

To discuss holomorphic continuation of these functions into C 4, we first
establish an integral representation:

3To understand this or any statement like “a point is to the right of the mth cut,”
rotate C4 about the origin so that the cuts point “upwards,” in which case the meaning
of “left” and “right” is intuitive.
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For 7 = —d + (2k + 1) 7/r with k € Z, there is a unique j = j(k) € Z
for which d;j_1 < —7 < d;. By definition of the number n; in Exercise 4
on p. 142, we have j(k+1) = j(k) — 2n, for every k. With this value j(k),
consider the integrals

% zs_le(kLm(z) Gm(z)e” W=um) dz 1 <m < p, (9.9)
B(7)

with 8(7) asin (9.6). Note that for sufficiently small ¢ > 0, the path 3(7) fits
into the sector Sj(;y where Fjj) (%) is bounded. So the integral converges
for s € C and |arg(u — um) — r7| < /2 and is holomorphic in both
variables. By variation of 7, we can continue the function with respect to
u into the region Gy = {21 —rd;p) < arg(u —um) < —rdju-1} C Cq.
As we shall show now, this integral represents ®,, (u; s; k):

Lemma 14 Under the assumptions made above, the integral (9.9) equals
., (u; s3k), for arbitrary s € C and u € Gy, with |u — uy,| sufficiently
small. Hence O, (u;s) is holomorphic in Gy .

Proof: Fix a value for 7 and restrict to such v with arg(u — u,,) = r7.
For N € N, let ®,,(u; s; k; N) stand for the difference between the integral
and the first N terms of the right-hand side of (9.7). Observing (9.6),
express D, (u; s; k; N) as a corresponding integral. By estimates completely
analogous to those in the proof of Theorem 23 (p. 80), one can show that
D, (u; 85 k; N) tends to zero as N — oo, for sufficiently small values of
|t — U, |. The identity theorem then completes the proof. m|

To discuss the global behavior of ®,, (u; s; k) in C 4, we introduce auziliary
functions @7 (u;s; k) as follows: For every k € Z, there exists a unique
j=7j"(k) € Zwithd;j_y <d—2km/r <d;, and we have j*(k) = j(k)+n1,
with j(k) and ny as above. With this value j*(k) and any fixed point zy of
modulus larger than p and independent of k, we define

oo ()
* r s— 2" (u—u
O (u;s; k) = / z 1F7*(k)7m(z) Gn(2)e (u—tum) dz,

270 4,
integrating along the circle |z| = |zg| to the ray argz = «, and then along
this ray to infinity. For dj«y_1 —7/(2r) < a < dj«)+7/(2r), this integral
converges compactly for s € C and 7/2 < ra + arg(u — up,) < 37/2.
Varying «, the function can be continued into —7d;- () < arg(u — ) <
2m — 1 dj(1)—1. By definition of j*(k), we therefore see that @ (u;s;k) is
holomorphic in C 4, and even holomorphic at points on the nth cut, for
every n # m, including the point wu,, itself. Using the same notation as
above, we write ®} (u;s;k) = hol(u — u,), for n # m, 1 < n,m < p.
Unlike the associated functions, the auxiliary ones are not directly linked
via holomorphic continuation across the mth cut. However, from (9.4) one
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obtains that

OF (s sk + 1) = O (us sy k) e 2 ITLm) -y e €y (9.10)

The @7, (u; s; k) are linked to the auxiliary functions as follows:

Lemma 15 For every k € Z and every m with 1 < m < u, the associated
function ®,,(u; s; k) is holomorphic in C 4. Moreover, we have

D, (u; s3k) = @) (u; 83 k) — D (u; 85k + 1) + hol(u — upm,).

Proof: Let 7 and j(k) be as in (9.9). The sectors Gy, all have paral-
lel bisecting rays, so their intersection Gy, is not empty. For u € Gy, let
D (u; s;k) = [®1(u; 55 k), ..., Pu(u;s; k)], and define ®*(u; s; k) analogously.
From (9.9) we then conclude

, solar)  poola) ) i
P(us sik) = i / —/ 277 Xj (2) € " dz,
zZ0 zZ0

with ax = —7 £ (7 +¢)/(2r), and X;)(2) as in Section 9.1. While the
two paths of integration have the same form as in the definition of the
auxiliary functions, the index j(k) is not correct: There we may only use
values j, differing from j(k) by odd multiples of ny, and so that the path of
integration fits into S;. For at, this is correct for j*(k) = j(k) + nq, while
for o~ this is so with j*(k+1) = j(k)—n;. According to the definition of the
Stokes multipliers, X ;) (2) = X« (2) (I + CF) = Xjx 1) (2) (L + C),
with 7+ Gy = (I +Vigytny) - T+ Vi), T +Cp )7 = (T + Vi) -
oo (I + Vj(k)=n,+1)- Consequently we have

O(u;s3k) = ©*(us s k) (I + CF) — % (us 85k + 1) (I 4+ Cy). (9.11)

This implies holomorphy of ®(u;s;k) in C 4. From Exercise 4 on p. 142
we obtain that both matrices C’]j and C,  have vanishing diagonal blocks.
Since @7 (u; s; k) and ®F (u; s; k+ 1) both are holomorphic at u,, whenever
n # m, the proof is completed. m]

Formula (9.11) contains more than the information we have used to prove
the lemma: Let us write m < n, whenever the nth cut is located to the
right of the mth one.* Consider any (n,m) € SUPD;(k),ny » 1-€., in view of
Exercise 4 on p. 142, any (n,m) € Supp, with j(k) +1 < ¢ < j(k) + n;.
From the definition on p. 141, we conclude that this holds if and only if
arg(uy, — Upy) = —rdg—1. By definition of j(k), one finds that the point wu,,,
when pictured in C 4, is located in the sector —r d—n < arg(u—u.,) < —rd.

4As explained earlier, this is to be understood after a rotation of C 4, which makes
the cuts point upward.
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So (n,m) € Suppj) n, holds if and only if n < m. Similarly, one finds

(n,m) € SUPP;(k)—n, n, if and only if m < n. In both cases, we write C’flk,)n
for the corresponding block of C’,j , resp. O . Using this terminology, we
state the following central result for the behavior of the associated functions

at the points u,:

Theorem 46 Let a normalized system (3.1) with a normalized HLFFS
(F(2),Y(2)) be given, and let d be a nonsingular direction. For everyn # m
and every s € C for which (I — e*™ (SHL“))’1 erists, the corresponding
associated functions satisfy

r—1
O (ussik) = | Bulussik 4 0) | (T—e ™ D)=L O - hol(u—us,),
=0

whenever n < m in the above sense, while in the opposite case we have

(e=2mi (sIH+Ln) _ =1 oK) 4 ho](y — uy).

nm

D, (u; 83 k) = Z@ (u; 85k + 0)

(=1

Proof: For the proof, we shall restrict ourselves to the first case; the argu-
ments in the second are very much analogous. Recall that ® (u; s; k) is holo-
morphic everywhere except at u,,. Using this, together with the form of Cfct,

we conclude from (9.11) that @, (u;s; k) = @;(u; s; k) o)+ hol(u — Up).

From Lemma 15 and (9.10) we conclude Z[O n(u; 83 k+0) = @7 (u; 3 k)—
O (u; s;k+ 1) +hol(u—uy,) = O (u; 85 k) (I — _2’”(5”’: ")) 4 hol(u — uy,),
completing the proof. a

This theorem has the following consequence:

Corollary to Theorem 46 Under the assumptions of the above theorem,
let @y, (u; 55 k) stand for the continuation of @, (u; s; k) across the nth cut
in the positive, resp. negative, sense whenever n < m, resp. m < n. Then
in both cases

D (w5 85 k) — By (u; 83 K) = @ (us 55 k) OF). (9.12)

Proof: Observe that ®,(u; s; k + £), when continued across the nth cut in
the positive sense, becomes ®,,(u; s; k 4+ 1+ £), while terms holomorphic at
U, remain unchanged. O

The above identities theoretically may be used to compute all Stokes’
multipliers of highest level. This shall be investigated in some detail in
Section 9.5.
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Exercises: In what follows, consider a fixed normalized system (3.1) and
a likewise fixed normalized HLFFS (F'(z), Y (2)), and observe the notation

introduced above. Moreover, let B,, = diag [Bf,l), .. .,B,(f )] be the coeffi-
cients of the transformed system in the definition of HLFFS on p. 56.

1. For fixed u € Cy4, k € Z, and 1 < m < p, show that H,,(u;s;k)
satisfies the following difference equation in the variable s € C :
sHy,(us sik) +ruHp (u;s+rik) = =300 B{™ H,(u;s+r—mn;k).

2. For m, s, and k as above, and arbitrary 6 > 0, show existence of
¢, K > 0so that || H,,(u; s —n; k)| < c(K|u—uy|)""/T(1+n/r) for
every n € Ny and every u € C with |u — u,,| > 6.

9.4 An Inversion Formula

Since the associated functions have been shown to be the Borel transform
of some of the normal solutions, we may ask for a corresponding inversion
formula. However, in general this will not be a normal type of Laplace
integral, owing to the kind of singularity of ®,,(u;s; k) at u,,. So instead
of a ray, we shall use a path of integration ~,,(d), very much like the one in
Hankel’s formula: From infinity along the left border of the mth cut until
some point close to u,,, then on a small, positively oriented circle around
Uy, and back to infinity along the right border of the same cut. With this
path, consider the integral

‘/Y'm (d)

From the definition of the auxiliary functions we conclude that they are of
exponential growth at most r everywhere in C 4, including the boundaries
of the cuts. From (9.11) we obtain that the same is true for the associated
functions. This then shows that the integral converges in a sectorial region
G at infinity of opening 7 /r and bisecting direction d. There we can identify
the integral with one of the normal solutions:

r—1

Z@m(u;s; k+1)

£=0

e~ (umum) gy, (9.13)

Theorem 47 Let a system (3.1) with a normalized HLFFS (F(z),Y (z)) be
given, and let d be a nonsingular direction. Then for k € Z and 1 < m < p,
the integral (9.13) equals 27" Fj«(x)m(2) Gm(2) (I — e 2mi(sI+Lm)) on the
region G.

Proof: Recall 3,0 @, (u; s; k-+£) = ®% (u; 55 k) (I—e =27 GI+HE0)) L hol (u—
) from the proof of Theorem 46. Then, use Exercise 2 and observe that an
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integral f% ) ®(u) e=* (“=um) dy vanishes whenever ®(u) is holomorphic
along the path as well as inside the circle about w,, inside of v, (d). m]

The above inversion formula is interesting in its own right but will mainly
serve in the next section to show that the columns of ®,, (u; s, k) are linearly
independent.

Exercises: In what follows, make the same assumptions as in the above
theorem.

1. For 29 € Sji(x), rewrite the integral representation of ®;, (u;s;k) as
a Laplace integral of order 1.

2. Show 257" F]*(k),m(z) Gm(z) = f'ym(d) (pjn(ua s; k) efzr(ufum) du.

9.5 Computation of the Stokes Multipliers

At the end of the previous section we obtained several identities showing
how the behavior of the associated functions at the singularities w,, can be
described in terms of the Stokes multipliers of (3.1) (p. 37). Here, we wish
to show that this behavior in turn determines all the Stokes multipliers. To
do this, we first prove that (9.12) determines the matrices ok uniquely,
owing to linear independence of the columns of ®,,(u; s; k).

Lemma 16 Let a system (3.1) with a normalized HLFFS (F(2),Y (2)) be
given, and let d be a nonsingular direction. Then for every m = 1,..., u,
k€ Z, and s € C so that I —exp[—2mi(sl+ L.,)] is invertible, the following
is correct: If ®,,(u;s;k)c = hol(u — uy,) for some ¢ € C*, then ¢ = 0
follows. In particular, the columns of @, (u;s; k) are linearly independent
functions of u € Cq.

Proof: Recall that ®,,(u; s; k+£) are all interrelated by continuation across
the mth cut. Therefore, ®,,(u;s;k)c = hol(u — u,,) implies the same
with k + ¢ instead of k. Consequently, owing to Theorem 47, we obtain
Fje(ky,m(2) G (2) (I — e 2™+ L)) ¢ = 0. Since Fjs (), (2) has linearly
independent columns, this implies ¢ = 0. O

Examples show that invertibility of I — exp[—2mi(sI 4+ L,,)] is not nec-
essary for the linear independence of the columns of ®,,(u;s; k). Whether
or not they can ever be linearly dependent seems to be unknown, but will
not be of importance here.

The above lemma guarantees that the matrices C,(Jf%, for every k € Z and
n#m,1 <n,m < pu, are determined by (9.12), or even by the identities in
Theorem 46. Exercise 4 on p. 142 shows that from the matrices C’,f we can
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compute the Stokes multipliers Vj, for j(k) —n; +1 < ¢ < j(k)+n;. Doing
so for r consecutive values of k then gives enough multipliers to compute
all others with help of (9.4). Hence, in principle the problem of computing
the Stokes multipliers of highest level has been solved. In special situations,
however, there are more effective formulas for this computation.We shall
briefly illustrate this in the case of Poincaré rank » = 1 and the leading
term having all distinct eigenvalues. In this situation, the following holds:

e The notions of HLFFS and FFS coincide, since there is only one level
to consider.

e There are v distinct values u,,, equal to the negative of the eigenvalues
of the leading term Aj.

e Owing to r = 1 and the form of a FFS, as stated in Exercise 4 on
p- 45, the associated functions here are vectors given by convergent
power series ®,,, (u; $;k) = Y07 Frm (u—tm )"~ =5 /T (14+n—Ll,,—s),
with not necessarily distinct complex numbers ¢, and —d + 2km <
arg(u — upy,) < —d + 2(k + 1)7; for this, compare Exercise 1.

e The formal monodromy matrices here are scalar, and L,, = ¢,,. The
vector Fp ., equals the mth unit vector e,.

In this situation, Theorem 46 states that for n < m
B, (s 8 k) = By (w3 k) (I — e 27 CIHEN =L GR) 4 hol(y, — uy,).

For Re (¢, +s) > 0, a term (u — u,,)*** ®(u) tends to 0 whenever ®(u)
is holomorphic at wu,. Hence we may evaluate the scalar blocks CT(L’%)L by
finding the limit of (u — )% ®,, (u; s; k) when u — u,,. If arg(u — u,,) is
chosen according to —d + 2km < arg(u — uy,) < —d + 2(k + 1)7, this limit
equals, using (B.14) (p. 232):

(k) (k)
n Cnm nm L 4, .
€n C o c (S + ) efrz(s+ln) n-

(1 — e 2mis+\D(1 — s — £,) 2mi

Setting (u — uy, ) +® = (u, — u)nts ™+ we find

(k) T /¢
lim (uy, — u)F @, (u; 53 k) = M

€n,
U—Unp 271

with —d+ (2k —1)7 < arg(u, —u) < —d+ (2k+1)7. A similar formula may
be obtained for m < n as well. In Exercise 2 we shall use this result to find
explicit values for the Stokes multipliers of the two-dimensional confluent
hypergeometric system.
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Exercises: Consider a fixed normalized HLFFS of a system (3.1) and a
nonsingular direction d.

1. Assume G,,(z) = I, , for some m, 1 < m < u. Show ®,,(u;s; k) =
S Fom (u—y) =)/ /T (14+(n—s) /1), for u € C 4, with the branch
of (4 —1y,) /" determined according to —r d < arg(u—,,) —2k7i <
r— d+2m.

2. For A(z) as in Exercise 2 (a) on p. 58, compute the associated func-
tions in terms of hypergeometric ones, and find all Stokes multipliers.

3. Consider a confluent hypergeometric system (2.5) (p. 21), with A
having distinct eigenvalues. Show that the associated functions then
satisfy the hypergeometric system (u I+ A) ¢’ = —(sI + B) ¢.

9.6 Highest-Level Invariants

In this section, we shall briefly discuss the notion of equivalence of sys-
tems of meromorphic ODE. This concept was first introduced and studied
by Birkhoff [54] in his attempt to classify such systems with respect to
the behavior of solutions near infinity: Throughout, we consider two v-
dimensional systems

za' =Az)x, 2y =B(2)y, |z >p, (9.14)

with holomorphic coefficient matrices, each having a pole at infinity of,
possibly distinct, order ra4 resp. rp. These two systems are said to be
analytically, resp. meromorphically, equivalent to one another, if there exists
an analytic, resp. meromorphic, transformation T'(z) satisfying

2T'(2) = A(2) T(2) — T(z) B(2), |z| > p. (9.15)

Indeed, this is an equivalence relation for meromorphic systems near infin-
ity, and solutions of equivalent systems essentially behave alike at infinity —
however, note that in case of meromorphic equivalence the behavior agrees
only up to integer powers of z.

Birkhoff introduced the above notion of equivalence in connection with
the following approach toward analyzing the behavior near infinity of solu-
tions of systems (3.1). Imagine that we have succeeded in completing the
following two tasks:

e Find a collection of objects, named analytic resp. meromorphic in-
variants, which can in some sense be computed in terms of an arbi-
trarily given system (3.1). These invariants should be such that for
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each two systems that are analytically resp. meromorphically equiva-
lent all these objects agree, which explains their name. Moreover, the
collection should be complete in the sense that any two systems shar-
ing the same invariants are indeed analytically, resp. meromorphically
equivalent. In other words, the system of analytic resp. meromorphic
invariants characterizes the corresponding equivalence class of sys-

tems (3.1).

e Within each equivalence class of systems with respect to analytic
resp. meromorphic equivalence, find a unique representative that, in
some sense or another, is the simplest system in this class, and study
the behavior of its solutions near infinity.

Assuming that the above has been done, one can then completely anal-
yse the behavior of solutions of an arbitrary system by first computing
its invariants, thus, determining the equivalence class to which the sys-
tem belongs, and then identifying the corresponding representative for this
equivalence class — then, the solution of the given system behave as the
ones for the corresponding representative, and their behavior is known!

While Birkhoff himself found a complete system of invariants only un-
der some restrictive assumptions, the general case has been treated much
later by Balser, Jurkat, and Lutz [33-36, 41]. Also compare Sibuya [250],
or Lutz and Schifke [177]. Here we shall present a simple result on what
we call highest-level meromorphic invariants. To do so, assume that both
systems (9.14) have an essentially irregular singular point at infinity. Let
(Fa(2),Ya(2)) and (Fp(z),Y5(2)) be HLFFS of the corresponding sys-
tem, with corresponding Stokes’ multipliers V; 4 and Vj g and formal mon-
odromy matrices L4 and Lp.

Theorem 48 Let two meromorphic systems (9.14)be given.

(a) Assume the systems to be meromorphically equivalent. Then the data
pairs of the two HLFFS (Fa(2),Ya(z)) and (Fp(z),Yg(z)) coincide
up to a renumeration.

(b) Assume that the data pairs of (F4(2),Ya(2)) and (Fp(2),Ys(2)) co-
incide. Then the systems (9.14) are meromorphically equivalent if and
only if there exists a constant invertible matriz D, diagonally blocked
of type (s1,...,5,), so that

Via=D'V;pD, jez, A=D1’ EED, (9.16)

and in addition Y4(2) D™' Y5 (2) has moderate growth, for z — oo,
in arbitrary sectors.

Proof: In case of meromorphic equivalence, there exists a meromorphic
transformation T'(z) with (9.15). Hence (T'(z) Fp(#),Yn(2)) is an HLFFS
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of the first system in (9.14), which implies (a). In case of identical data
pairs, we conclude from Lemma 12 (p. 142) existence of diagonally blocked
matrices D, constant invertible, and Tj(z), a g-meromorphic transforma-
tion, for which Ya(2) = T,(2) Yg(2) D, Fa(2)Ty(z) = T(z) Fp(z), and
the relation for the Stokes multipliers follow. The first identity implies
moderate growth of Y4(z) D~} Ygl(z), while the second one, owing to
properties of k-summability, shows F} 4(z)T,(z) = T(z) F; (z) for the
HLNS, for every j € Z. This shows X; 4(2) = T(z) X;p(z)D for ev-
ery j € Z, implying exp[2mi M; 4] = D~ exp[2mi M; ] D. This, together
with (9.5) and the relation between the Stokes multipliers, then implies
exp[2mi La] = D~ exp[27i L] D.

Conversely, define T'(z) = X; a(z) D™} iné(z) = Fj a(2) Ty(2) ijg,(z),
with T,(2) = Ya(2) D~'Y5;'(2). The relation for the Stokes multipliers
shows that T'(z) is independent of j, and from (9.5) and exp[2mi L4] =
D~ exp[27i L] D we obtain T'(2e®™) = T(z). Moreover, moderate growth
of T,(z), together with the asymptotic of both F; 4(z) and Fj g(z), shows
that T'(z) is of moderate growth in every sector S;. Consequently, T'(z) can
only have a pole at infinity; hence is a meromorphic transformation. a

While the Stokes multipliers correspond uniquely to a selected HLFFS
of (3.1), there is a freedom in selecting this HLFFS, and this freedom
exactly reflects in a change of the Stokes multipliers as in (9.16). Thus, we
may also say as follows: Under the assumptions of the above theorem, the
systems (9.14) are meromorphically equivalent if and only if we can select
corresponding HLFFS of each system so that their Stokes’ multipliers and
formal monodromy factors agree and Ya(z) Ygl(z) is of moderate growth.

Exercises:

1. Show that the notion of analytic, resp. meromorphic, equivalence of
systems is indeed an equivalence relation.

2. For analytic equivalence, verify that the spectrum of the leading term
Ay is invariant. In case of meromorphic equivalence, show that the
same is correct, once the transformation does not change the Poincaré
rank of the system.

9.7 The Freedom of the Highest-Level Invariants

In Section 9.2 we have shown the Stokes multipliers to satisfy the rela-
tions (9.4). In this section we shall show that, aside from the restriction of
their support, nothing more can be said in general. For this purpose, we
shall prove a technical lemma which is a simplified version of a result of
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Sibuya’s [251, Section 6.5]: Consider a closed sector S(p) = {z : |z| >
p, a <argz < B}, with a < f fixed. Let X (z) be a v X v-matrix, holomor-
phic in the interior of S(p) and continuous up to its boundary, and so that
| X(2)| < cl|z|7% in S(p). Finally, define S*(5,8) = {z : |2| > p,a+6 <
argz < f+42r — 6}, with § > 0, and p > p to be determined.

Lemma 17 Under the above assumptions, for every § > 0 and sufficiently
large p > p, there is a matriz T(z), holomorphic in S*(p,6), and tending
to 0 as z — oo there, so that:

T(2e*™) —T(2) = (I +T(2)) X(2), z€ S(p)NS*(p,o).

Proof: For the proof, we proceed exactly as in [251, pp. 152-162]: For
m € Ng,set S ={2: 2| >p+06m, a+én <argz<B—6,}, S, =
{z: 2| 2 p+6bm, a+b, <argz < -6, +2m}, with §,, = (1—27™)6.
Beginning with Xo(z) = X(2), define inductively

Un(z) = 2_—771@ OOXm(u)ud_uz,
Ximt1(2) = Un(2) Xm(2) [{ + Um(zezm)}_la

where z,, = (p + 6m) expli(a + ()/2]. Suppose that X,,(z) is holomor-
phic in the interior of S,,, continuous up to its boundary, and || X,,(2)|| <
4=™ ¢|z|72, which for m = 0 is correct. Then for any path of integration
in S,,, the above integral converges compactly for z not on the path. Con-
sequently, U,,(z) is holomorphic in interior points of gfn and tends to 0 as
z — oo in S}, ;. Moreover, for z € S, we can always integrate along
the boundary of S,,, in which case |u — z| > 6,11 — 6 = 27™ 14, There-
fore, |Un(2)|] < 2™ Le[r 6], z € S}, .1, where L is an upper bound
for the integral of |u|~2d|z| along the corresponding path. By choosing p
large enough, we can ensure that 8 Lc < 67, so that ||U,,(2)] < 273
in 7, ;. Consequently, I + U,,(2) is invertible in S}, ;, and according to
Exercise 1 on p. 104, its inverse can be bounded by 2. Therefore, we obtain
|22 | Xma1(2)]] <273 2¢ <47™71cin S, 1. Altogether, this shows that
the above iterative definition works, producing sequences Uy, (z), X (2)
which are holomorphic in S7_, resp. Soo, being the intersection of S, resp.
Sm. From the definition of U,,(z), and using Cauchy’s formula, we ob-
tain U, (2€?™) — Upn(2) = Xn(2), 2 € Soo, m € Ny. Using this and
the definition of the X,,(z), one then finds [I + Uy (2)][I + X (2)] =
[+ Xpi1(2)] [I + U (2€*™)]. We now define matrices T,,(z) by

I4+Tn(z)=[I+Un(2)] ... - [T+ Us(z)], m=>0, z € See.

Owing to Exercise 4, the sequence T, (z) converges uniformly on S?_, defin-
ing a matrix function 7'(z) that is holomorphic there and vanishes for
z — 00, since all the T;,,(z) do the same. According to the above relations
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for U,,(2), we find [I + Ty, (2)] [ + X (2)] = [I + Xpni1(2)] [I + T (22™)).
Since X,,(z) — 0 for m — oo, uniformly on S, this then implies [I +
T(2)][I + X(2)] = I +T(2e**) in S,,, which completes the proof. O

In order to formulate in which sense the Stokes multipliers are free, con-
sider any system (3.1) (p. 37). This system has an HLFFS (F(z), Y (2)), and
corresponding Stokes’ multipliers V;, which are restricted by (9.4) and the
support condition stated in Theorem 45. Now, consider any set of constant
matrices V], j € Z, with V]_,_JO =e 27”LV eQML, and (n,m) ¢ Supp; =

Véﬂn = 0. Using the above lemma, it is easy to prove existence of another
system having an HLFFS with the same Y (2) and these Stokes multipliers:

Theorem 49 Under the assumptions stated above, there exists a system
2% = A(2) & having an HLFFS (I +T(z) F(2),Y (2)), with a formal ana-
lytic transformation I+T(z) of Gevrey order k, and corresponding Stokes’
multipliers f/j, JEZ.

Proof: For the proof, it suffices to consider the case of f/j =V} for all but
one index j between 0 and jo—1; applying this result repeatedly, the general
case follows immediately. For which index j we allow VJ to differ from V} is
also inessential, because a change of variable z — ze'?, for suitable d, may
be used to shift the enumeration of the Stokes multipliers by any amount.
Thus, for the proof of the above result we restrict ourselves to the case of
Vi =V;,1<j<jo—1, and we define W by I + Vo = (I +W) (I + Vp).
According to Exercise 4 on p. 142, this matrix W also satisfies the support
condition for j = 0, so that the X (z) = Xo(2) W X '(2) =/, 0 in So N
S_1, whose boundary rays are d_; &+ 7/(2k). Hence, Lemma 17 may be
applied to this matrix X (z) and any closed subsector S(p) of Sp N S_;.
By choosing S(p) large, resp. § > 0 small enough, the matrix T'(z) so
obtained is holomorphic in a corresponding sector S* with boundary rays
d_1—m/(2k)+e, resp. d_1+7(24+1/(2k))—e, where € > 0 is so small that no
singular direction lies within (d_1 —&,d_1 4+ €). Moreover, we may assume
that I + T'(z) is invertible there; otherwise, the radius of S* can be made
larger. For X (2) = [T + T(2)] Xo(z), one can verify X (2e*™) = X (2) [I +
W] exp[2mi M), with My as in (9.5). Defining A(z) = z X'(z) X~ 1(2), we
have a system for which X (z) is a fundamental solution.

Since the matrix X(z) is asymptotically zero of Gevrey order 1/k, we
conclude from Proposition 18 (p. 121) that T'(2) =" T(z) in S*. There-
fore, [I+71(z)] F'(2),Y (2)) is an HLFFS of z & = A(z) Z, and its data pairs
are the same as those of (F(z),Y(2)). According to the Main Theorem in
Section 8.3, T(z) is k-summable, with singular directions among those for
the system (3.1). Owing to the size of S*, we conclude that the k-sum of
T(z) equals T(z), for all directions d between d_; —e and d_; + 27 +&. Be-
cause of the smallness of ¢, this shows that d; is the only singular direction,
modulo 27, of T'(z). Consequently, for 0 < j < jo, the matrices F,(z) =
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[I+T(2)] Fj(z) are the HLNS corresponding to [I+7'(z)] F(2),Y (2)). From
this we obtain that the corresponding Stokes’ multipliers f/j equal Vj, for
1 < j < jo. The matrix F_(z) = [I + T(2¢*™)] F_;(z) has the correct
asymptotic in S_1, and hence is the corresponding HLNS. This implies
I+Vy=[I+W](+ V), completing the proof. |

Exercises:
1. For = > 0, show log(1 + z) < z.

2. For nonnegative real numbers z,, with Zgo Ty, < 00, show that the
sequence p,, = [[" _o(1 + 2,,) converges.

3. For arbitrary v x v-matrices A, show |[(I+A,,)-...-(I+A4)—I]| <
[T—o (1 + [[Anll) = 1.

4. Show that the sequence T,(z), defined in the proof of Lemma 17,
converges uniformly on S.
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Multisummable Power Series

In previous chapters we have shown that HLFFS are very natural to con-
sider when discussing Stokes’ phenomenon, since they are k-summable,
for some suitable k£ > 0. Unfortunately, their computation is not so easy,
because of one step requiring use of Banach’s fized point theorem. So in
applications one may prefer to work with formal fundamental solutions in
the classical sense. They can be computed relatively easily, using computer
algebra tools which will briefly be discussed in Section 13.5. In Section 8.4
we have shown these FFS to be a product of finitely many matrix power
series, each of which is k-summable with a value of k& depending on the
factor. However, this factorization is neither unique nor fully constructive,
so the problem of summation of FFS remains. In this chapter we are now
presenting a summability method that is stronger than k-summability for
every k > 0, enabling us to sum FFS as a whole. This method, named multi-
summability, was first introduced in somewhat different form by FEcalle [94],
using what he called acceleration operators. Here, we present an equivalent
definition, based on the more general integral operators introduced in Sec-
tions 5.5 and 5.6. We also show that it would be sufficient to work with
Laplace operators only, but it can be convenient in applications to have
the more general integral operators at hand: Sometimes one will meet for-
mal power series for which it will be simpler to show applicability of some
particular integral operator, but more complicated to do so for a Laplace
operator, although theoretically they are equivalent.

As we stated above, multisummability will turn out to be stronger than
k-summability, for every & > 0. On the other hand, it will be not too
much stronger, as we are going to show that every multisummable formal
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power series can be written as a sum of finitely many formal power series,
each of which is k-summable, in some direction, for an individual k > 0,
depending on the series. Thus, roughly speaking, the set of multisummable
power series is the linear hull of the union of the sets of k-summable ones.
This description, although quite suggestive, is not entirely correct, as one
also has to consider the corresponding directions, but that shall be made
clearer later on.

Several authors have presented and/or applied Ecalle’s theory of mul-
tisummability, e.g., Martinet and Ramis [186, 187], Malgrange and Ramis
[185], Loday-Richaud [169, 170], Thomann [260-262], Balser and Tovbis
[43], Malgrange [184], and Jung, Naegele, and Thomann [142].

10.1 Convolution Versus Iteration of Operators

In Sections 5.5 and 5.6 we introduced general kernel functions e(z) and cor-
responding integral operators 7. The most important examples of kernels
of order k > 0 are e(z) = kzFexp[z"]; the corresponding operators be-
ing Laplace resp. Borel operators. Other examples are Ecalle’s acceleration
operators, which shall be investigated in the following chapter.

Given two kernels eq(z), e2(z) of orders kq, ks > 0 with corresponding
operators T, T and moment functions mq(u), mso(u), we have defined
in Theorem 31 (p. 94) a new kernel e(z) of order k = (1/ky + 1/k2)~!
with corresponding moment function mq(u) ma(u). This kernel e(z) shall
be called the convolution ey xes of e; and es. It defines an integral operator
Ty = T3, for which we now investigate its relation with 77 o T5.

Lemma 18 Under the above assumptions, let f € A(IC)(S(d7 e),E), for
somed € R, e > 0, so that TyxTs f is defined. Then g = T f is holomorphic
in the sector S(d,e+m/ka), and is of exponential growth not more than k;
there; consequently, Ty g is defined, integrating along any direction dy with
2[d—di| <e+7/ke, and Ty g=T1 +Ts f.

Proof: Use the definition of e; % e5 and justify interchanging the order of
integration in the formula representing T3 * 15 f. a

The above lemma shows that T; *T5 equals T7 oT5 whenever the first one
is defined. However, examples show that 717 o T5 can be applied to a wider
set of functions. In a sense, this observation is the key to multisummability.

Exercises: In the following exercises, let kernels e;(z) of arbitrary orders
k; >0 (1 <j <gq) be given.

1. Show e; x eg = eg x €1, (e1 x €3) x e3 = €1 * (€2 * €3).

2. Let f € A®(S(d,e),E), for k=1 = 37 Ii;l. Show Ty *...*xT, f =
Tyo...0T, f and discuss the choice of directions of integration in
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the multiple integral on the right-hand side. Furthermore, show that
for f as above, T7 o ... 0T, does not depend on the enumeration of

10.2  Multisummability in Directions

In what follows, we shall consider a fixed tuple T' = (T7,...,T,) of inte-
gral operators T of respective orders x; > 0. Furthermore, we consider a
likewise fixed multidirection d = (d1, .. .,d,), which we call admissible with
respect to T', provided that

2/€j |dj — dj_1| S ™, 2 S] § q. (101)

Given T and d, we are now going to define T-summability in the multidi-
rection d. To do so, we consider the inverse of the formal operators Tj, i.e

(L7 )(2) = X a2 fmy(n), for f(z) =3 fu2" € E[[2]].

e For ¢ = 1, we say that a formal power series f € E [[z]] is T-summable
in the multidirection d, provided that § = 7, 'f € E{z}, and that
its sum g(z) is in A% (S(dy, ), E), for some & > 0.

e For g > 2, set T = (Tg,...7 W), d = (da,...,d,). Then we say that
a formal power series f € E[[#]] is T-summable in the multidirection
d, provided that ¢ = T1 1 f is T-summable in the multidirection d,
and that its T-sum g(z) is in A" (S(dy,e),E), for some & > 0.

e In both cases, note that the operator T can be applied to the function
g(z), integrating along a ray inside the sector S(dy,e). We then say
that f = T} g is the T-sum of f in the multidirection d, and write
f=8ralf.

We shall write E{z}r 4 for the set of all formal power series that are
T-summable in the multidirection d. Observe for ¢ = 1, that Theorem 38
(p. 108) implies E{z}7r 4 =E{z}., 4.

Exercises: In what follows, let T and d, as above, be given.

1. Show that the above inductive definition of T-summability in a mul-
tidirection d is equivalent to the following: Given f(z), we first divide
the coefficients f,, by mi(n)-...-mgy(n) to obtain a convergent series
~ hence f(z) has to be in E[[z]],, with s = 1/ + ...+ 1/k,, for this
to hold. Then we apply the integral operator Ty, integrating in a di-
rection close to dg, then Tj,_, integrating close to d,—_1, and so forth.
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The assumptions made are such that these operators all apply. In
particular, the inequalities (10.1) assure that the function defined by
application of the integral operator 7;_; is analytic for values of the
variable close to the origin, having argument close to d;. By assump-
tion, this function then can be holomorphically continued to infinity
and has the correct growth, so that the next operator applies.

Show that to f € E{z}r.4 there corresponds a tuple (fo(2), . .., f4(2))
of functions. The function f;(z) is the sum of the convergent se-

ries fq = T;l 0...0 Tl_ ! f . The others are successively obtained as
fi-1 =1} f;, 1 < j < g, integrating in a direction close to d;. From
Theorem 27 (p. 91), conclude

fi(2) 2, fi(z) = (T o 0T f)(2)in Gy, 0<j<q-—1,

where s; = Z]_H 1/k,, and G, is a sectorial region with bisecting
direction d;41 and opening larger than m/ Rjt1- The function fy then

is the T-sum of f, and in particular fo( )= f(z)

For fl,fg € E{z}r,q, show that f1 + f2 € E{z}r,q, and we have
Sr.a(fi+ fo) = Srafi + Sr.a fo

Let e;(z) be the kernel of Tj, and let f € E[[z]]. For a natural
number p, consider the operators T; with kernels é;(z) = pe;(2P)
of corresponding orders &; = pk;, and set j(z) = f(2?). Show that
f € E{z}rq if and only if § € E{z}4 j, with d = p~'d. If this is so,
show (Sr.q f)(z) = (Sg. §)(2'/P), wherever both sides are defined.

For f € E{z}r,4, define f; and fj as in Exercise 2. For each j,
1<j<q-—1,show: f; € E{z}r(),ag), with T(j) = (Tjy1,...,T,),
d(j) = (dj_._l, ey dq), and ST(]),d(J) f] fj.

For k = (1/k1 + ... + 1//-;(1)*1, show ]E{z}k,dq C E{z}r 4, and
ST7df: Sk.d, f for every f c E{z}xq,-

10.3 Elementary Properties

The following lemma lists properties of multisummability that are direct
consequences of the definition, and the proof can be left to the reader:
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Lemma 19

(a) Let f € E{z}raq and j, 1 < j < q, be given. Then there exists
e > 0 so that f € E{Z}T,J and Sg ;f = Sr,af hold for every
d= (dl,...,dj_l,(jj,dj+1,...,~dq) satisfying |d; — dj| < &, 2r; |d; —
di_1| <7, and 2Kj41 |dj41 — dj] < 7.

(b) Let f € E[[z]] be given, and let d = (du,...,dq) be admissible with
respect to T. Then d = (dl,...,dq) with d =dj+2m,1<j<n,
is also admissible with respect to T', and f € E{z}r.q if and only if
fe E{z}p 4 If so, then (St,q Hz) = (Sr.a £)(ze*™), for every z
where either side is defined.

Let T = (Ty,...,T,) and d = (d, . .., dg), admissible with respect to T,
be given, and assume ¢ > 2. With 1 < v < ¢, define T = (T1,.. .. ,Ty—1) in
case v = ¢, resp. = (T1,...,T,—1, T, * Ty41, T4, ..., T,) otherwise, and
d = (di,...,dy—1,dpt1,...,dq). It is easily seen that then d is admissible
with respect to T'.

Lemma 20 For ¢ >2 and T, d, resp. T, d as above, we have E{z}z74C

E{z}r.4, and for every fe E{z}7 5 we have ( Tdf)( z) = (STdf)( )
wherever both sides are defined, which holds at least fm" z with |z| sufficiently
small and |dy — arg z| < w/(2K1).

Proof: Let f ¢ E{z}+ ; be given. In case v = ¢, we find that g =
S oif’q—l o.. .on 1 f is entire and of exponential growth at most g in every
sector of infinite radius. Hence we conclude that g =T, 9 =S oT, ..o
Tf ! f , where integration in the integral operator may be along any ray.
This completes the proof in this case. In case 1 < v < ¢ —1, let g be as
above, and define § = T, y20...07T, g; in particular, let g = g for v = g—1.
Then from Lemma 18 (p. 160) we find that T, * T,41 § =T, o T, 41 g, and
this is all we need to show. a

Exercises:N For T, d, T, d as above, we define the projection m, by
m(T,d) = (T,d).

LFrl<wy<..<v,<qg(l<p<gqg-1),let (T,d) =7, o

..om, (T,d). Show E{z}; ; C E{z}r 4. Moreover, show for every

.d
fe E{z}7 4 that (S7 4 )(2) = (St.q f)(2) wherever both sides are
defined.

2. Show E{z}k,.a; C E{z}r.a, for k; defined by 1/k; Zl 1/ke,
1 < j < q. Moreover, for every fe E{z}#,,4; show (S, f)( ) =
(St.4 f)(2) wherever both sides are defined.
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3. Assume f € E{z}p 4NE [[2]]1/k,_, - Show that then fe E{z}z g, for
(T7 J) = 7Tq (Ta d)

10.4 The Main Decomposition Result

Let integral operators T' = (T7,...,T,) of respective orders k1, ..., kq, and
a multidirection d = (di,...,d,), admissible with respect to T, be given,
and define k = (ki1,...,k,) as in Exercise 2 on p. 163. It follows from
this and Exercise 3 on p. 162 that fj € E{z}x,.q;, 1 < j < g, implies
f =3 f; € E{z}r.q In this section we will show in case of x; > 1/2,
1< j <gq, that every f € E {#}1.q is obtained in this fashion. To do so, we
use the following lemma:

Lemma 21 Let real numbers k > k > 0 be given, so that k > 1/2, and
define r by 1/k=1/k—1/k. Let T be any integral operator of order k. For
h e E{z}k g for some real number d, define f = Th. Then f = fi + fa,

where fi € E[[z 2l|1/w and foe E{z}; -

Proof: By definition, h = S,;,dﬁ is holomorphic in a sectorial region G =
G(d, ), with « > 7 /k, and h(z) =, ; h(z) in G. Let § = §(d, &, p) be a
closed subsector of G with 27 > & > 7/ INc, and let v denote the positively

oriented boundary of S. Decomposing v = 71 + 72, where 7, is the circular
part of ~, let

hj(z):i/ de, ze8(d,a,p), j=1,2.
7.

2mi ), w—z
Then h = hy+hs by Cauchy’s Formula, and h; is holomorphic at the origin.
Therefore, hao(z) = h(z)—h1(2) =, 5 ha(z)in S(d, &, p), and hy(z) = h(z)—
hi(z), where hi(z) is the power series of hy(z), and hence converges. So
Jfi =T hy € E[[2]]1/,. Moreover, hy remains holomorphic in S = 8(d,a),
tending to zero as z — oo in S. So Theorem 27 (p. 91) implies fa(z) =
(T ha)(2) Z1yk falz) = (T hs)(z) in a sector of opening larger than /k
and bisecting direction d. Hence by definition f; € E {z}k g a
We are now ready to prove the main decomposition result [17, 19]:

Theorem 50 (MAIN DECOMPOSITION THEOREM) Let T = (11,...,T})
and d = (dy, . s dq), admissible with respect to T', be given, and define k;
by 1/k; = > 1/ke, 1 < j < q. If all 5 > 1/2, for 1 < j < q, then for
f e E{z}r.q we have f = > fi, with f; € E{z}y,0,, 1 < j < q, and
Sr.af =221 Sk 4, fi-



10.4 The Main Decomposition Result 165

Proof: We proceed by induction with respect to ¢: In case ¢ = 1, the
statement holds trivially, hence assume ¢ > 2. From Exercise 5 on p. 162
we conclude that h(z) = T(;_ll o...0oTy 1f € E{z}u,a, Set k = kg, k =
kg, then the number s in Lemma 21 equals k,—1. Applying the lemma
with d = dg and T = Ty ... * Ty,_q, we find f = fl +f2, with fg S
E{z}x,4, C E{z}7.4, and fi € E[[2]]1/k,_, - Since fa € E{z}r 4, we have
fi e E{z}raNE [[2]]1/k,_,, hence according to Exercise 3 on p. 164 we
find fi € E{z}z 4 with T = (T1,...,Ty_1), d = (di,...,dg—1). Applying
the induction hypothesis to fl, we see that the proof is completed. O
The last theorem has the following important consequence:

Corollary to Th?orem 50 Suppose that we have tuples T=(Th,...,Ty)
and T = (Tl, ..., Ty) of integral operators with T; and T having the same
order k; > 0, for 1 < j <gq. Then E{z}r 4 = E{Z}Tyd for every multidi-
rection d satisfying (10.1), and ST’df = S:;q’df for every f € E{z}rq =
E {z}T,d-

Proof: Use Exercise 4 on p. 162 to see that we may assume k; > 1/2, in
which case the assertion follows directly from Theorem 50, Exercise 2 on
p- 163 and Exercise 3 on p. 162. a

In view of the above corollary, we shall from now on use the following
terminology:

o A tuple k = (k1,...,ky) will be called a type of multisummability, or
simply, admissible, provided that ky > k3 > ... > kg > 0. Given such
a k, we always define k1,...,Kq by k1 = k1, 1/k; = 1/k; — 1/kj_1,
2 < j < g, so that in turn k; are as in Theorem 50.

e Given a type k of multisummability, we shall say that f (2) is k-
summable in an admissible multidirection d, if there exists a tuple
T = (Ty,...,T,) of integral operators of respective orders k1, ..., Kq
so that f(z) is T-summable in the multidirection d. From the corol-
lary to Theorem 50, we then conclude that the choice of the operators
T} is completely arbitrary, provided that they have the required or-
ders. In particular, the sum St 4 f only depends on the multisumma-
bility type k£ and the multidirection d; hence from now on we shall
always write Sk,df and E {2z} 4 instead of ST,df and E {2} 4.

Instead of the k;, we could also use the orders x; of the integral operators
to define the type of multisummability, but in the literature the use of k;
is more common, because for formal solutions of systems (3.1) (p. 37) they
agree with the set of levels defined in Section 8.4.

The above results show that in the theory of multisummability one
can arbitrarily choose the operators T17,...,T; having the given orders.
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For practical purposes, one therefore may always take Laplace operators
Ly ..., Ly, This case has been studied in [18] under the name of sum-
mation by iterated Laplace integrals. For more theoretical purposes, the
original definition of Ecalle in terms of acceleration operators sometimes is
more appropriate, since it has very natural properties as far as convolution
of power series is concerned.

Exercises: In view of Exercise 4 on p. 162, we will extend the definition
of multisummability to power series in a root 24P p > 2 as follows: A
power series f in 2P is called k-summable in the multidirection d if and
only if f(2P) is pk-summable in the multidirection d/p.

1. Given admissible k and d, and f € E {#} k.4, show for sufficiently large
natural p (depending only on k) that f = Z‘;—:l ;. with formal power
series fj in z'/? which are kj-summable in direction dj, for 1 < j < gq.

2. For k1 > ko > 0 with 1//43 = 1/l€2 — 1//(31 > 2, let |d2 — d1| < 7T/(2K,),
so that d = (di,dz) is admissible with respect to k = (k1, ko). For
fi € E{2}x,;.q,» = 1,2, conclude f = fi + fo € E{z}x 4. Show that
then § = Bklf is K-summable in direction dg, hence g = S, 4, § is
holomorphic in a sector S = S(da,«,r) of opening larger than 2.
Moreover, show that 1(z) = g(2) — g(ze*™*) can be holomorphically
continued into a sector of infinite radius and bisecting direction do—.

3. For ki, ks as in Ex. 3, show the existence of f € E {z} k., k = (k1, k2),
d = (dy,ds), which cannot be written as f = fi + fo, f; € E{z}4;.q;,
ji=12.

4. Under the assumptions of Theorem 50 (p. 164), show that the de-
composition of f into a sum Z] 1 fJ, in case ¢ > 2, is never unique.

10.5 Some Rules for Multisummable Power Series

The following is the analogue to some theorems in Section 6.3. To generalize
the remaining ones will be easier using a result that we shall derive in
Section 10.7.

Theorem 51 For every admissible k and d, we have the following:
(a) If f, 01,92 € E{z}p.a, then we have:
g1+ 92 € E{2}ka,  Skal(dr+9 ) = Sk,d 91 + Sk,a 92,

FeB{ztha,  Skalf)= Skdf)
/OZ fw)dw € E{z}ra, Sk ( ) = /OZ(SM H(w) dw
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(b) If f € E{z}ra and p is a natural number, then 9(z) = f(zP) €
E{Z}pk,p—1d¢ and (Spk:,p_ld f])(z) = (Sk?,d f)(zp)

() If f e E{z}x.a and p is a natural number for which §(z) = f(zY/P) is
again a power series, then §(z) € E{z}p-1k pa, and (Sp-1jpa §)(2) =

(Sk,a f) (/7).

Proof: Statements (b) and (c) follow directly from the definition and
Exercise 2 on p. 88. For (a), we may assume that the numbers «; all are
larger than 1/2, because if not we may use (b), (¢) with sufficiently large p.
In this case, (a) follows from Theorem 50 (p. 164) and the corresponding
results in Section 6.3. |

While some of the rules for k-summability have been generalized to mul-
tisummability, we did not yet do so for those concerning products of series.
This shall be done later with help of a result that characterizes those func-
tions arising as sums of multisummable series.

Exercises: Let admissible k& and d be given.
1. Show that the exercises in Section 6.3 generalize to multisummability.

2. Let f(z) = Zn__p fn 2" be a formal Laurent series, with p € N and
fn € E. There are two ways of defining multisummability of f:

(a) We say that f is k-summable in the multidirection d if j(z) =
S o fn2" € E{2}kq, and we then define Sy f = Spag +

R L

(b) We say that f is k-summable in the multidirection d if §(z) =
2P f(z) € E{z}k,q4, and we then define Sy q f = 277Sk 4 §.

Show that both definitions are equivalent, and in case f_, = ... =
f—1 = 0 coincide with the original definition for power series.

10.6  Singular Multidirections

Let a multisummability type k& = (k1,...,k;) and a formal power series
f(2) € E[[2]] be given. A multidirection d, admissible with respect to k,
will be called singular for f, if and only if f ¢ E{z}q; otherwise, we
say that d is nonsingular. It is possible that all d are singular, e.g., when
feRE [[2]]1/k,, or when g =S (qu f) cannot be holomorphically continued
across the boundary of some bounded region containing the origin. The
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set of all singular multidirections will be called the singular set of f (with
respect to k).

Inspecting the definition of E {z} 4, one sees that the reason for fe
E{z}k,q4, i-e., d singular, will be connected to the “level” j, since it may be
so that the functions fj, ..., fy, defined in Exercise 2 on p. 162, all exist, but
f; cannot be holomorphically continued into any sector of infinite radius
and bisecting direction d;, or in every such sector has exponential growth
larger than &, so that application of the next operator fails. If this occurs,
we shall say that d is singular of level j.

Letd = (d1,...,dq) be smgular of level j for f Then the above discussion
implies that all multldlrectlons d=(dy,...,d,) withd, =d, for j <v <gq
are automatically singular of level j for f , and we shall identify all these
singular multidirections. Moreover, in view of Lemma 19 (p. 163) we may
also identify admissible multidirections d and d with d; — Jj = 2um, for
some p € Z. After doing so, the singular set of f may or may not contain
finitely many elements. If it does, we shall say that f s k-summable. As
for ¢ = 1 we shall write E {z}, for the set of all k-summable formal power
series with coefficients in .

For ¢ = 1 we have seen that absence of singular directions implies con-
vergence of the series f . This generalizes to arbitrary ¢ as follows:

Proposition 22 Let k = (k1,...,kq), ¢ > 2, be admissible, and assume
that f € E{z}x has no singular multidirections of level j, for some fized j,
1<j<q. Then f € E{z};, withk = mj(k) = (k1,..., kj_1,kjzr1, .-, kq).
Moreover, for every nonsingular multidirection d = (dy, . ..,d,) correspond-
ing to k, the multidirection d = (dl, cooydiz1,djta, ..., dy) s nonsingular
with respect to k: and Sk 4 f S

Proof: Without loss of generality, we assume that the operators T} used
are all Laplace operators of orders ;. Absence of singular multidirections
of level j = ¢ implies that f, = S(Tq_l 0...0 Tfl f) is entire and of
exponential growth k, in arbitrary sectors of infinite radius. This shows
that f,—1 = T, fy is holomorphic at the origin, completing the proof in
this case. For j < g — 1, consider any nonsingular multidirection d and the
corresponding functions fo, ..., f; defined in Exercise 2 on p. 162. Absence
of singular multidirections of this level shows existence of a sector S of
infinite radius, bisecting direction d;y; and opening more than 7/k;ji1
in which f; is holomorphic and of exponential growth at most ;. For
fi+1 = Tj;ll f;, we obtain from Exercise 2 on p. 82! that fj1(z) is of
exponential growth not larger than k, with 1/k = 1/k;+1/k;11, in a small
sector with bisecting direction d;;. Consequently, the operator T} T}
can be applied to connect f;y1 with f;_;. This is equivalent to saying that

1By choice of the operators, T]:_ll is the Borel operator of order x;1.
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f is k-summable in the multidirection d = (di,...,dj—1,dj41,...,dq), and
fo=Spaf ]
This result has the following converse:

Proposition 23 Let k = (ki,...,kq), ¢ > 2, be admissible, and set k=
(k) = (k1,...,kj—1,kjq1,...,kq) for some fized j, 1 < j < q. Then
every f € E{z}; is also in E{z}y, and therefore f has no singular mul-
tidirections of level j. In other words, a multidirection d = (d1,...,dy)
is monsingular for f, regarded as an element of E{z}y, if and only if

d=(dy,...,dj_1,dj41,...,dq) is nonsingular for fin E{z};.

Proof: The proof is obvious for j = ¢, so assume otherwise. For operators
Ti,...,T, of respective orders k1,. .., kg, the collection

T, T, T+ T, Thga, - T

can serve as operators for I;—summability. Using Lemma 18 (p. 160), one can
then replace T} * T by the iteration T} o T, choosing any admissible
direction to integrate along. This then completes the proof. O

Exercises: In the following exercises, consider some admissible k =
(k1,-..,qq) with ¢ > 2.

1. Let f € E{z}; NE[[2]]1/,, for & > k,. Show f € E{z};, k = 7y (k).

2. Let f € E {z}; have no singular multidirections of whatever level.
Show that then f converges.

10.7 Applications of Cauchy-Heine Transforms

The following two propositions characterize functions f that are the sum of
multisummable power series. To do so, we define for every admissible k =
(k1,...,kq) and d = (d1, ..., dy) closed intervals I, . .., I, corresponding to
dby I; =[d; —7/(2k;), d;j +7/(2k;)], 1 <j < q. Admissibility of d with
respect to k then is equivalent to the inclusions I; C Iz C ... C I;. We also
set kg = oo and recall that f(z) = f(z) in S implies that f will converge
and be the power series expansion of f about the origin. In particular, if
f =0, then f vanishes identically.

Proposition 24 Let k = (k1,...,kq) and d = (d1,...,dy) be admissible,
let pe N withpky > 1/2, and let fe E{z}k.qa. Then we can finde,p >0

such that to every ¢ € R there exists a function f(z;¢), holomorphic in
Sy = S(¢,€,p), such that the following holds:
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(a) f(z;0) =k, f(z) in Sg, for every ¢ € R.

(b) For every ¢1, ¢ with |¢1 — ¢2| < €, t.e., Sy, N Se, # 0, and every
J =1,...,q we have the following: If ¢1,¢2 € I;, then f(z; 1) —
f(z;09) 21/1%;1 0 in Sg, N Sg,.

(¢) f(z;9) = f(2e*P™; ¢+ 2pm) in Sy, for every ¢ € R.

Proof: Using Theorem 51, we see that we may, without loss of generality,
restrict ourselves to cases with k; > 1/2, so that we may take p = 1.

In this situation, Theorem 50 implies f = Z‘;—:l fj, with fj € E{z}x,q;-
Hence f(z) = (Sp.af)(2) = 11 fi(2), with f; = S, a, f; holomorphic
and asymptotic to fj of Gevrey order k; in S'j = S(dj,aj5,p), p > 0,
a; > mw/k;. Taking € > 0 so small that ¢ € I; implies Sy C Sj, we define
fz30) = 3751 fi(z0), with f;(2;¢) = f;(2) if ¢ € I;, while for ¢ & I;
we take any f;(2;¢) =i, fj (2) in Sy. Since ¢ and ¢ + 27 cannot both
be in I;, we can in particular arrange f;(z;¢) = f;(2€2™; ¢ + 27). Using
ki1 >...>kqgand I} C Iy C ... C I, one can check that (a)—(c) hold. O

The next result is, in a sense, the converse of the above one:

Proposition 25 Let k = (k1,...,kq) and d = (d1,...,dy) be admissible,
with kg > 1/2, and let Iy = [dq—m,dg+7]. Fore,p> 0 and ¢ € Iy, assume
ezistence of f(z; ¢), holomorphic in Sy = S(¢, €, p), such that the following
holds:

(a) f(z;0), in the variable z, is bounded at the origin, for every ¢ € Iy.

(b) For every ¢1,¢2 € Iy with [¢p1 — ¢2| < € we have the following: If
¢1,02 € I for some j, 1 < j < q, then f(2;¢1) — f(2;02) =1k, , 0
in Sg, N Sg,. If d1 or ¢z is not in Iy, then f(z;¢1) — f(2;¢2) =1k, 0
m S¢1 N S¢2.

(¢) f(z;dq —m) = f(ze*™;d, + ) in Se,-

Then there exists a unique f € E{z}gq with f(z;d1) = (Sk.a f)(2) in Sa,.

Proof: Take any partitioning ¢g = dy — 7 < ¢1 < ... < 1 < Oy =
¢o + 27 of the interval Iy with ¢; — ¢;_1 < ¢, 1 < j < m, and such
that all the boundary points of all intervals I,, occur in the set of ¢;. For
a; = pexpli(¢; + ¢j-1)/2], with 0 < p < p, define

95 = CHa; (f(05) = f(505-1)), 1<j<m.

Then g;(z) = 0 whenever ¢;,¢;_1 € I;. Otherwise, let v be taken maxi-
mally so that ¢; or ¢;_1 is not in I, i.e., ¢; < d, —7/(2k,) or ¢pj_1 >
d, + m/(2k,). Then Proposition 17 (p. 116) implies g;(z) =/, G;(2) in
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S(dj, &y,p), with dj = 7+ (¢ + ¢;-1)/2, & = 27 + & — (&5 — ¢j-1),
gj = CHa; (f(:5¢5) — f(5505-1)). For ¢; < d, — 7w/ (2k,), S(d;,ay,p) con-
tains a sector with bisecting direction d,, and opening more than 7/k,, so
Gj € E{2}, 4., and (Sk,.a, §;)(2) = g;(2). In case ¢;_1 > d, + 7/(2k,), a
sector of the same opening, but with bisecting direction d, —2, is contained
in S(d;,&;, p); hence again g; € E{z}y, q4,, but this time (Sg, 4, §;)(2) =

g;(ze?™). Consequently, § = > i1 95 € E{z}ya. Define
7 m
Fi(2) = gu2)+ Y gu(ze®™), 0<j<m, z€8, NS,
p=1 p=j+1

Then (Skq §)(z) = f;(z), for every j with ¢; € I;. Moreover, h(z) =
f(#z;65) — fj(2) can be seen to be independent of j, holomorphic and
single-valued for 0 < |z| < j, and bounded at the origin. So h = J(h)
is convergent; hence f =h+§ € E {%}k;a, and Sk,df = f(-;¢;), for every j
with ¢j el. O

With help of the above two propositions, it is now easy to deal with
products of multisummable series:

Theorem 52 Let E,F both be Banach spaces, and let f € E{z}k.4; T e
E(E,]F){Z}k’d, a e C{Z}k’d, Then

TfeF{zbua,  SwaTf)=(ShaTl)(Skalf),
af€F{ztna,  Ska(df) = (Skad) (Skalf).

Proof: Without loss in generality, let k, > 1/2. Let T'(z; ¢), resp. a(z; ¢),

resp. f(z;¢) be the functions corresponding to T(z), resp. &(z), resp. f(z)
by means of Proposition 24. The products T'(z; @) f(z; ¢) and a(z; @) f(z; &)
then can be checked to have the same properties, and therefore Proposi-
tion 25 can be used to complete the proof. O

As for the case of ¢ = 1, this shows that E {2} 4 is an algebra, in the case
of E being a Banach algebra, and we can also characterize the invertible
elements:

Theorem 53 Let f, 41,40 € E{z}rq be given. If E is a Banach algebra,
then

91 G2 € E{2}q, Sk,a (61 92) = (Sk,a G1) (Sk,a §2)-

Moreover, if E has a unit element andf has invertible constant term, then

f_l cE {Z}k,d, Sk,d (f_l) = (Sk,d f)_l»

wherever the right-hand side is defined.
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Proof: The first statement follows from Theorem 52, since every element of
E can be regarded as a linear operator on [E. For the second one, let kg >
1/2; otherwise, make a change of variable z = w? with sufficiently large
p € N. Then, let f(z;¢) be as in Proposition 24. Making p and e smaller if
needed, we may arrange that g(z;¢) = f(z;¢) ™! exists for every 2z € S. It
then follows by means of Proposition 25 that g(z;d1) = (Sk,a §)(2) in Sq,,
for some §. Since g(z; ¢) f(z;¢) = 1, this shows § = L o

As we have shown above and in Section 10.5, multisummability in a
direction satisfies the same rules as k-summability. It is obvious that The-
orems 51 and 53 also hold with E {z}; instead of E{z} 4. However, note
that the Main Decomposition Theorem on p. 164 does not generalize to
E {z}k, as is shown in one of the exercises below. Whether it admits gener-
alization when we consider decompositions into sums of products of series
in E {2}, seems to be unknown — such decompositions hold, however, for
formal solutions of systems (3.1) (p. 37), as was shown in Theorem 43
(p. 134).

Note that the properties of multisummability shown in this chapter, to-
gether with Theorem 43 (p. 134), enable us to conclude that every formal
fundamental solution of every system (3.1) (p. 37) is multisummable. The
same is true even for formal solutions of nonlinear systems, but we shall
not prove this here.

Exercises:
1. For ¢(2) = (1 — 2)~'exp[—2""], show that f(z) = 35 f, 2", with

1/2
fa=T1+n/2) (w)w ™" duw,
0

isin E{z}x, k = (2,1), and determine all singular multidirections.

2. Let f = fi + fo. fj € E{z}s,, 5 = 1,2, with ki > ko > 0, and let
g =38 (B, 0By, f). Let d = (dy,ds) be singular of level 2, and define
h+ by application of L., to g, with integration along argz = das ¢,
with small € > 0. Show that ¢ = hy —h_ is holomorphic in the sector
S = S(¢,m/ka).

3. Show that f € E{z}, k = (2,1), exists, which is not the sum of f; €
E{z}> and f; € E{z}:. Why does this not contradict Theorem 507

4. Show that Exercise 5 on p. 104 generalizes to multisummability.
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10.8 Optimal Summability Types

It is common to say that a formal power series f is multisummable, if we
can find an admissible k so that f € E{z},. The following theorem shows
that there always exists an optimal choice for k.

Theorem 54 Let k = (ki,...,kq) and k= (121, ..., kg) both be admissible,
and assume f € E{z}x N E{z};. Then the following holds:

(a) If {k1,...,kg} N {k1,... .k} =0, then f converges.

(b) In case {k1,..., kogy0{k1,... kgt = {ki,..., kq} # 0, assume without
loss of generality ki > ko > ... > l%q (> 0), so that k= (l;:l, cee lAch)
is a type of multisummability. Then f € E{z};.

Proof: Let k = (ky, ..., kg) be the type of multisummability corresponding
to the union {ky,...,k,} U{k1,..., ks}. From Proposition 23 we learn that
f € E{z};, and there, f has no singular directions of level j whenever
ki & {k1,...,kqg} N{k1,...,ks}. Hence Proposition 22 resp. Exercise 2 on
p- 169 complete the proof. O

Under the assumptions of Theorem 54, let d = (d1,...,dq), resp. d =
(th . ,Jq), be admissible and nonsingular with respect to k, resp. k. In
case (a), we then have (Sg.qf)(z) = (S Jf)(z) = (S f)(2), for every z
where the first two expressions are both defined. In case (b), assume in
addition that k; = k, implies d; = ciy, forall jrwithl1 <j<gq,1<v<q.
Define d so that l%j =k, (= ky) implies cfj = d, (= dy). Then Exercise 1
on p. 163 implies (Sg.q f)(2) = (S,;Jf)(z) = (Si.d F)(2), for every z where
all three expressions are defined. This shows the following: While different
choices of multidirections in general produce different functions (S;, 4 (z),
it is not possible by choosing a different summability type k to produce even
more functions as corresponding sums.

Exercises:

1. For f(z) =3 a2 and € = e?™/P with integer p > 2, define
9(2) = f(ze) = 320° ) fae"2™. Show that f multisummable implies g
multisummable, and the corresponding optimal types concide.

2. For f and p as above, define f](z) =3 o faptriz™ i =0,...,p—1.

Show that f is multisummable if and only if fj is multisummable for
every j = 0,...,p— 1. What about the corresponding optimal types?

3. Given k1 > ... > kg > 0, and defining &; accordingly, we say that
a subset of R? contains almost all multidirections d = (d,...dy),
provided that d, can be any value in the half-open interval [0, 27)
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but finitely many exceptional ones, while given dj, ..., dy, the value
d;_1 can be any number with 2k; |d; — d;_1| < 7 but finitely many,
for 2 < j < q. Using this terminology, show the following analogue to
the Main Decomposition Theorem:

Theorem: Let f be multisummable. Then there exist ki > ... >
kq > 0, so that for almost all multidirections d = (d1, . .. ,dq) we have
f=Fh+.. 4 fy, with f; € E{z}y, 4,

Discuss in which cases we can take k = (k1, ..., ky) to be the optimal
type of f
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Ecalle’s Acceleration Operators

Although Ecalle’s acceleration operators are in no way special in our pre-
sentation of multisummability theory, they are nonetheless important in
many applications, owing to their close relation with Laplace transform
and convolution of functions. Therefore we now will introduce them and
show their main properties.
For real a > 1 and complex z, let
Culz) = L / u/ Y explu — zu/] du,

2mi /.,
with a path of integration « as in Hankel’s integral for the inverse Gamma
function: from oo along argu = —m to some ug < 0, then on the circle
|u| = |ug| to argu = 7, and back to co along this ray. Because of a > 1,
this integral represents an entire function of z. By termwise integration of
exp[—zu'/%] = 3°0°(—2)"u™/*/n! and use of Hankel’s formula (p. 228), we
find the power series expansion

Cals) = T;) nIT(1—(n+1)/a)

Using (B.14) (p. 232) and Theorem 69 (p. 233), one can show that C,
is of exponential order § = «a/(a — 1) and finite type. For « = 2, one
can express C in terms of a confluent hypergeometric function, while for
a — 00, Cy(2) — e %. By a change of variable zu'/® = w~!, and then
substituting z = t~!, we see that t=1 C,(¢t71) is the Borel transform of
index a of z='e~1/%. From Theorem 32 (p. 95) we see that e(t) = t C,(t)
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therefore is a kernel function of order 8 = a/(a — 1), corresponding to the
moment function m(u) =T'(1 4+ u)/T'(1 + u/a).

11.1  Definition of the Acceleration Operators

For real numbers d and k > k > 0, set @ = k/k. Then the function
e x(t) = kt* Cy(t*) is a kernel function of order x = k = (1/k —1/k)™"
The corresponding integral operator, denoted by A,;, &> shall be named the

acceleration operator with indices k and k, bearing in mind that k> Fkis
always implicitly assumed. One verifies easily that

oo(d)
(A f)() = 2~ / £(t) Ca ((t/2)%) dt*,

for f € AW (S,E). Note that our definition of acceleration operators differs
slightly from the one used by other authors; this is so to make them match
with our definition of Borel and Laplace transforms.

It follows right from the definition that the moment function correspond-
ing to A, is T'(1 4+ u/k)/T'(1 + u/k). This motivates to define the formal

acceleration operator of a formal power series f(z) =30 faz" by

b A= S DO /)
(Ag /I )—; fa D0k (11.1)

The following theorem is a result of our general discussion of integral
operators, especially of Theorem 27 (p. 91):

Theorem 55 For k > k > 0 and 1/ = 1/k — 1/k, let f € AW(SE)
for a sector S = S(d,a), and let g = A,;kf, defined in a corresponding
sectorial region G = G(d, o +7r/k) For 51 >0, assume f(2) =, f(2) in
S, take so = 1/k + s1, and let § = ]; kf Then

9(2) =, §(2) in G.

Considering the corresponding moment functions, we obtain from Theo-

rem 31 (p. 94) that £y, = L * Ay ;.. Therefore, Lemma 18 (p. 160) shows
that L = L 0 Az, on A®(S,E):
Theorem 56 In addition to the assumptions of Theorem 55 (p. 176), let f
be of exponential growth not more than k. Then g = .A,;_’kf s holomorphic
and of exponential growth not more than k in S = S(d,o + 7/k), and
Lig=Lrf.

The inverse of the acceleration operators are briefly discussed in the
following exercises.
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Exercises: In the following exercises, fix k>Fk> 0, and set a = l;/k,
1/k = 1/k — 1/k. Moreover, let Do(z) = > 2 2"T(1 + n/a)/n! , for
ze€C.

1. Show that D,, defined above, is an entire function of exponential
order f = a/(a — 1) and finite type. Moreover, prove the integral

1/«

representatlon D, = fo co(d )exp[zx — z]dx, for every z, and

€ (—m/2,7/2).
2. Prove!

1/2 _1az n an+1)r( (n+1))

n!
in S(0,7(1+1/a)).

3. For a sectorial region G = G(d, ¢) of opening more than 7/k, and
[ € H(G,E) continuous at the origin, define the deceleration operator
Dy, , with indices k and k by

(Dg e f)(u) = i/ 2* f(2)Da((u)2)*)dz7F,
Vi (T)

211

with v,(7) as in Section 5.2. Show that Dj , and A; , are inverse to
one another in the sense of Section 5.7.

11.2  Ecalle’s Definition of Multisummability

Let any summability type k = (ki1,...,k;) be given. By definition, the
corresponding k; satisfy k1 = k1, 1/k; = 1/k;—1/k;_1, 2 < j < ¢. Since for
k-summability we may choose any integral operators T} having the required
orders rj, we may take Ty = Ly, , Tj = Ak, , r,;, 2 < j < q. These operators
were used by FEcalle in his original definition of multisummability. It is a
very natural choice for the following reason: By looking at the corresponding
moment functions, we find

[:kl * Akl,kg ook A =L

q—1,k q°

Therefore, we may say that the iterated operator Ly, 0 A, r,0...0Ak, | k, 15
a natural extension of the operator Ly, to a wider class of functions. Hence,

IHere we use a more general definition of Gevrey asymptotics: For a,k > 0, we
say that f(z) = ZZO:O fn 2®™ in S(d, 3,r) if and only if f(zl/a) >y Zio:() fn 2™ in
S(ad,aB,r®). Compare this to Exercise 2 on p. 72 to see that this is correct in case of
« being a natural number.
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k-summability differs from kg-summability in using this extended Laplace
operator instead of the usual one. Another good reason for prefering this
choice of operators over others lies in their strong relation with convolution
of functions. This will be discussed next.

Exercises: Let a fixed summability type k = (ki1,...,k,) be given, and
let the corresponding operators be chosen as above.

1. Show that for f € E[[z]], the series f; defined in Exercise 2 on p. 162
are equal to > fn 2" /T'(1 +n/k;).

2. Let f € E{z}4.q, for a multidirection d = (dy,...,d,) with d; =

. =dy. For s > 1/k,, define f(z;s) as the sum of the convergent

series B; /s f . Interpret k-summability of f in this multidirection as a
continuation of f(z;s) with respect to s to the interval s > 1/k;.

11.3 Convolutions

The main advantage of acceleration operators over general ones of the same
order lies in the fact that they behave well with respect to convolution of
functions, which we shall introduce and discuss now. To do so, we shall for
simplicity of notation assume that E is a Banach algebra, although similar
results hold in all cases where the products of the functions resp. power
series occuring are defined, e.g., in the situation of Theorem 14 (p. 67).

For arbitrary k > 0, let s = 1/k. Given any f,§ € E[[z]], consider
h =By [(Lef) (ﬁkg)] The coefficients h,, of this series are given by

Using the Beta Integral (p. 229) and integrating termwise, this identity can
be written as h(z*) = (d/dz)[[; f((z — t) ) §(t)dt]. The series h will be

called formal convolution of index k of f and §, and we write h = f *k §.
Now, let G be a sectorial region and consider two functions f,g € H(G,E)
which are continuous at the origin. We define a function h(z), holomorphic
in G, by

= jz[/ozf((z —1)%)g(t*)dt|, z°€q, (11.2)

and call h the convolution of f and g (with index k). In shorthand we shall
write f x5 g for this function h.

The convolution operator is well behaved with respect to Gevrey asymp-
totics, as is shown in the following lemma:
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Lemma 22 For k, f, g, and G as above, assume f(z) =, f(z), 9(z) =,
§(2) in G, for some s; > 0. Then we have (f %, 9)(2) =, (f %1 §)(2) in G.
In case G is a sector of infinite radius and f, g are of exponential growth
not more than k, with some k > 0, then so is f % g.

Proof: By assumption, for every closed subsector S of G there exist ¢, K >
0 so that |rp(z, N)|,|ry(2, N)| < ¢ KNT(1 + 51 N) for every N > 0 and
z € S Using the Beta Integral, one can show for z° € S and h = f %} g,
h = fig:

S S d ? S S S
2N = 1[G 0
Z2Jo
N—-1
+ D gm (2= )N (1N —m) | dt.
m=0

Using the above estimates, we find
‘ / F(z =)tV rg(tS,N)dt‘ < EENT(1 4 N s1)|2|"*N /(1 + 51 N),
0

whereas, using Exercise 1 on p. 41,

. N—1

‘/ Zg 5z — )N e (2 = 1)*, N —m) dt
0

KN |y|1+sN N1
= % F(1+m81)1“(1+(N—m)31).

m=0

This shows altogether for sufficiently large ¢, K >0, independent of N, z
as above, and N > 0

‘/ (w®, N) dw’ < KN Z'*T*ND(1 + Nsy).

Using Cauchy’s formula for the first derivative, one can see that this implies
h(z) =5, h(z) in G. An elementary estimate can be used to show that h is
of the desired exponential growth, in case f and g are. O

As we indicated above, the acceleration operators are well behaved with
respect to convolutions. To prove this, we first show that the Laplace op-
erator of order k£ maps convolutions of the same index onto products:

Theorem 57 Assume that E is a Banach algebra. Let S be a sector of
infinite radius, and let k > 0 be arbitrarily given. Moreover, let f,g be
E -valued functions, holomorphic in S, continuous at the origin, and of
exponential growth not more than k. Then

Li(f *x 9) = (Lrf)(Lrg)-
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Proof: Setting h = f %L 0, h = Lih, s = 1/k, and choosing d appro-

priately, we have h(z = I oo(d )exp[ w/z] h(w?®) dw. Inserting for h(w?®),
integrating by parts, and then interchanging the order of integration shows
h = (Lif)(Lrg)- O

We now deal with the acceleration operators:

Theorem 58 Assume that E is a Banach algebra. Let S be a sector of
infinite radius, let k > k > 0 be arbitrarily given, and take 1/k = 1/k—1/k.
Moreover, let f,g be E -valued functions, holomorphic in S, continuous at
the origin, and of exponential growth not more than k. Then

Apw(f e g) = (Apuf) *1 (Afr9)-

Proof: With h = (A1 f) 5 (A r9), @ = k/k, § = 1/k, and suitable d,
we find

oo (d) oo(d)
h(z®) :/0 f(u)/0 g(w)k(zY*, w,u) dw® duF,

k(zl/”‘,w,u) _ ;lz/;(z_t)ua Ca<(z_u:)1/a> e o, ( 1/a)dt

For fixed w and u, k(z,w, u) is the convolution of index « of the functions
271 Cy(u*/2) and 27! C,(w*/2), which in turn are the Borel transform
of order a of z~te=%"/* and z~le=""/. From the previous theorem we
therefore find that k(z,w, u) is the Borel transform of the same order of the
product z—2e~ (W +w")/z = —(8/8uk)2_1 —(@*+w")/2 This in turn shows
k(z,w,u) = —(0/0u*)z=1 Co((uF + w*)/z). So we obtain, replacing z by
2% hence z° by z® with s = 1/k, and making corresponding changes of
variables in the integrals:

z

B o oo (kd) oo (kd)
R(z) = L / [/ f<u5>£Ca<<u+w>/z>du]g(wsmw.

Setting u = t — w, hence (0/0u) = (0/0t), and interchanging the order of
integration, followed by integration by parts then gives

B oo (kd) t
h(z%) = 1/0 Ca(t/Z)%/o f(t —w)®)g(w?) dwdt.

z
This, however, is equivalent to h = A 1 (f *1 ). ]
Exercises: As above, assume that E is a Banach algebra. Let S be a

sectorial region, and let f, g be E-valued, holomorphic in G, and continuous
at the origin.
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1. Show that limg_o (f *x 9)(2) = f(2) 9(2), z € G.

2. Let E have unit element e, and set f, 1 (2) = 2%¢/T'(1+a/k), a € Ry.
Show that fy i *, g = g, while

ok hya/k—1

(foz,k *f g)(Z) :/OZ(F(a/k‘)g(t)dtk’ a > 0.

11.4 Convolution Equations

We briefly mention the following application of the previous results: Let E
be a Banach algebra with unit element e, let a,, € E be so that a(z) =
e—>1" a, 2" converges for |z| < p, with p > 0. Moreover, let f € E{2}r.a,
for some admissible k = (k1,...,kq) and d = (di,...,dy). For a given
natural number r, the inhomogeneous differential equation

7 da(z)x = f(2) (11.3)

then has a unique formal solution &(z) = Yy, 2". Its coefficients are
given by the recursion z,, = f, — (n — ) Tp—r + Z:;;lo Ap—m Tm, 1 > 0,
with x_, = ... = z_1 = 0. We wish to show that this solution again
is multisummable. For simplicity of notation, let us assume that for some,
necessarily unique, j we have k; = r; if this were not so, we had to introduce
a summability type k corresponding to the set {r ki,...,kq}. To deal
with the above question, it is convenient to make the canonical choice
of operators Ly, , Ak, kys- -+ Aky_y,k,> 50 that fj = l’;’k]f For notational
convenience, we here set kg = co and Ay, k, = Lk, -

Corresponding to f , there exist functions fy,..., f; and formal power
series fo, ceey fq as in Exercise 2 on p. 162. Each f; is holomorphic in a
sectorial region G(d;41, o), with o;; > 7/k; 41 (in case j < ¢—1), resp. ina
disc about the origin (in case j = ¢). Moreover, for j > 1, the function f;(2)
admits holomorphic continuation into a sector S(d;, €) and is of exponential
growth at most ; there. Any two consecutive functions f;, f;41 are related
via the operator Ag; ;. ,. Our goal is to prove the existence of functions z;,
corresponding to #, and having the same features. To do so, we investigate
the identities

(6 = 1) (fro; *x; ) (2) + (a5 =1, 25)(2) = f3(2), 1<j<gq,  (11.4)

where a; denotes the Borel transform of order k; of a, 6 stands for the
operator z (d/dz), and f, ), is as in Exercise 2 on p. 181. These equations
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formally hold when we replace a; by its power series, f; by fj, and x; by
l%kji‘. Without going into detail, we state the following:

For j with k; < r, this identity is nothing but a Volterra-type integral
equation for the function x;. The usual iteration technique shows that every
such equation has a unique solution that has the same features as f;: It is
holomorphic in the region G(dji1, ;) (in case j < ¢ — 1), resp. in a disc
about the origin (in case j = q). Moreover, for j > 1, the function x; ad-
mits holomorphic continuation into the sector S(d;,e) and is of exponential
growth at most k; there. It then follows from uniqueness of the solutions
that, for every such j, we have x; = Ay, k, , Tj41, in case j < q.

For j with k; > r, identity (11.4) is of a different nature: It can be inter-
preted as a singular integral equation for x;, hence the standard iteration
method fails. However, once a solution x; is known, say, for z in a sector of
finite radius, then (11.4), for j > 1, can still serve to show continuation of
x; into S(dj,€), and get a growth estimate allowing application of Ay, _, ;-
This operator then defines the next function x;_1, and in this fashion all
Zg,-..,%q are obtained.

While in the general theory of multisummability the choice of operators
was of no real importance, here it is essential to choose the acceleration
operators: For others, there is no notion comparing to the convolution of
functions, making it impossible to study the equations that correspond to
(11.3) by formal application of the inverse operators Tj_l.

Exercises: Use the notation introduced above.

1. For k > k > 0, show 6(Lyf) = Li(6f), 6(Ag o f) = Az 1. (0f), when-
ever f is holomorphic and of appropriate growth in a sector of infinite
radius.

2. Formally, show (a; *x, ;)(2) = &;(2) — [5 bj(z,t) &;(t) dt, with

t) = ian (2P — k=t D (n fky).

3. Show (6 —7) (frpr#r2)(u) = 7 [u” &(u) — [, &(t) dt"], and write (11.4),
for k; = r, as a Volterra integral equation.
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Other Related Questions

In this chapter, we mention some additional results related to the theory
of either multisummability or ODE in the complex plane:

In the first section we shall give necessary and sufficient conditions for so-
called matriz summability methods to be stronger than multisummability.
These conditions are very much analogous to the classical characterization
of regular summability methods. They may also be viewed as analogues
of conditions characterizing what is called power series reqularity, meaning
that a summation method sums convergent power series, inside their disc of
convergence, to the correct sum. So far, only one matrix method is known
to be stronger than multisummability. On the other hand, for the subclass
of power series methods it has been shown in [32] that none of them can
have this property.

In the second section, we show in which sense a system of ODE of
Poincaré rank r > 2 is equivalent to one of rank 1, but higher dimen-
sion. This sometimes can be useful in generalizing results for systems of
rank 7 = 1 to the general case.

Sections 12.3 and 12.4 deal with two different but, as far as the methods
used are concerned, intimately related problems that both can roughly be
characterized as follows: Given a certain class of systems of ODE, together
with a number of parameters that, at least theoretically, can be computed
from every such system, then are these parameters free in the sense that
they can independently take on every value? For the Riemann-Hilbert prob-
lem, the class of systems under consideration are the Fuchsian systems, and
the parameters are their monodromy data. For the problem of Birkhoff re-
duction the systems are those with polynomial coefficient matrix, and the
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parameters are the so-called invariants associated to the singular point at
infinity which is assumed to have Poincaré rank r > 1. Both problems have
been believed to be entirely solved for quite some time, but we shall explain
that the answer to the first one is, in fact negative, while the second one is
still partially open.

The final section then deals with the central connection problem: Think
of a function given by a convergent power series; then what can be said
about its behavior on the boundary of the disc of convergence? If the func-
tion satisfies a system of ODE, then its behavior is essentially determined
— except for some unknown constants, called the central connection coef-
ficients. The computation of these coefficients is what this problem is all
about, and we shall show in which sense this can be done.

12.1 Matrix Methods and Multisummability

We recall from Chapter 6 the following notion: Given an infinite matrix
A = (amn), with @, € C for m,n € Ny, we call a formal power series
f(2) = fn 2" € E[[2] A-summable in a direction d € R, if there exists a
sectorial region G = G(d, ) of opening o > 0, such that the following two
conditions hold:

1) The series fm(2) = > re o Gmnfn 2" converge in discs that all contain
G, for every m € Ny.

2) The limit f(z) = limy,— oo fin(2) exists uniformly on every closed
subsector of G.

The so defined function f, which is holomorphic on G, will be called the
A-sum of f on G. The set of all formal power series that are A-summable in
direction d will be denoted by E {2z} 4,4, and we write S4 4 f for the A-sum
of f .

In this context, it is natural to call a matrix A weakly p-regular (with p
being short for power series), if every convergent series is A-summable in
every direction d to the correct sum. A necessary and sufficient condition
for this to hold is given in the exercises. Observe, however, that weak p-
regularity is not the same as power series regularity: Let f (z) converge,
say, for |z| < r. Then for a weakly p-regular matrix we have that to every d
there exists G(d, a) so that the f,, converge to f =S f on G(d, @), and the
union of these regions may be a proper subset of the disc of convergence;
see the exercises below that this can occur. The definition of power series
regular matrices, however, requires this union to be the full disc.

The following problem has been solved by Beck [29, 50] for the case of
E = C, but the proofs carry over to a general Banach space: Characterize
those matrices A for which the following comparison condition (C') holds:
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(C) For every Banach space E, every k > 1/2 and every d € R, we
have E{z}xq C E{z}aq, and (Sk,a f)(2) = (Sa.q4f)(z) for every
f € E{z}kq and all z where both sides are defined.

Because of E{z} C E{z} 4, we sce that weak p-regularity is a necessary
condition for (C), while power series regularity is not. For that reason, we
shall from now on only consider matrices A that are weakly p-regular. Also,
note that (Skq f) (z) always is holomorphic on a region of opening larger
than 7/k and bisecting direction d, while (Sa.q f)(z) is, in general, only
defined close to the bisecting ray.

To give necessary and sufficient conditions for (C), we introduce the
following terminology: For m > 0, we define ky,(z) = Y " ) @mn 2. Then
we say that A = (an,y) satisfies the regularity condition (R), if the following
holds:

(R) The functions k,,(z), m € Ny, are all entire, and converge compactly
to (1 — 2)~1, for m — oo and every z in the sector S(m,27).

Moreover, we say that A = (am,y,) satisfies the order condition (O), if the
km(z) are all entire functions of exponential order < 1/2. Finally, we say
that A = (amn) satisfies the growth condition (G), if the following holds:

(G) The functions are all entire, and for every k > 1/2 and every ¢ with

1/k < o < 2 there exist ¢, K > 0 such that |k, (2)] < ceK 1" for
every z € S(m, (2 — o)) and every m € Np.

Observe that the growth condition becomes meaningless for & < 1/2, since
then the interval for o is empty. This is why we here restrict ourselves to
k > 1/2. Also note that the constants ¢, K in the estimate are independent
of m.

Let a weakly p-regular matrix A be given and assume that (C) holds.
For every k > 1/2 and d with 0 < d < 2m, the formal series fi(z) =
Yoo T(1+n/k) 2" is in C{z}k, 4, and hence must be A-summable in every
such direction d. This implies that the power series Y o° anmI'(1 +n/k) 2™
must have a positive radius of convergence, for every such k£ and every
m > 0. From this we conclude the existence of ¢, K > 0, depending on m
and k but independent of n, so that |am,| < ¢K™/I'(1 + n/k) for every
n > 0. Thus, the order condition (O) follows. Moreover, by definition of
A-summability we have the existence of ¢, > 0, depending on d and k, so
that the functions f,, x(2) = > o anm'(1 4+ n/k) 2", for m — oo, converge
uniformly on S(d, ¢), for every d as above. A compactness argument then
shows uniform convergence, hence boundedness, of the f,, ; on arbitrary
closed subsectors S of S(, 2n). Since k,, = By; fm,k, We can use an estimate
as in the proof of Theorem 24 (p. 82) to show (G). Finally, interchanging
Borel transform and limit, we can conclude that the kernel functions k., (z)
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converge to (1—z)~1, and convergence is locally uniform, in S(r, (2—1/k)~).
Hence, using that k can be taken arbitrarily large we see that (R) holds.
So in shorthand notation, we have shown that (C) implies (O), (R), and
(G). The converse also holds, as we now show:

Theorem 59 Let a weakly p-regular infinite matriz A be given. Then (C)
holds if and only if (R), (O), and (G) are satisfied.

Proof: One direction of the proof has already been given, so we now
assume that (R), (O), and (G) are satisfied. For d € R and k > 1/2,
consider a series f € E{z}1.4. As shown in the proof of Theorem 41 (p. 120),
we can decompose f into a convergent series plus finitely many others
which are moment series; so without loss of generality we can restrict f
to have coefficients of the form (7.1) (p. 116), with ¢ € A,/ ,(G,E), and
d+7/(2k) <arga < d+ (2 —1/(2k))m; compare Remark 9 (p. 117) to see
that then f € E{z}1.4. In this case, we have

z):ngoamnfnz 27TZ/ /(/) Z/'LL) )

the interchange of summation and integration being justified because of
(O). For argu sufficiently close to d, we can then use (G) to justify inter-
changing integration and limit as m — oo to obtain with help of (R):

1 [ 9 ,

7r}£noo fm(z) - 27TZ 0o U—=2 U7
and the right-hand side is equal to Sy 4 f O
Let now any multisummability type k = (k1, ..., kq) be given, assuming

k1 > ... > kg > 1/2. Then the parameters «;, given by k1 = ki, 1/k; =
1/k; —1/k;j_1, 2 < j < g, automatically are larger than 1/2, so that the
Main Decomposition Theorem (p. 164) applies. This shows that the above
theorem immediately generalizes to multisummable series — however, we
have to restrict to multidirections d = (d1,...,dy) with di = ... = dg,
because otherwise there may be no common sector on which the A-sum of
a multisummable series can be defined.

Not very many matrix methods seem to satisfy the conditions (O), (R),
(G): Jurkat [144] studied the matrices Jo = (Jmn(a)) with jmn(a) =
exp[—8m, A(an)], where 6, may be any positive sequence tending to 0 as
m — 00, « is a positive real parameter, and

Au) = u log(u + 3) loglog(u + 3).

This method had already been introduced by Hardy [113] for summation
of special power series with rapidly growing coefficients. It is a variant
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of what is called Lindelof’s methods, useful for computing holomorphic
continuation. Jurkat showed that his method satisfies all three conditions,
so that (C) follows. So far, this is the only method known to have this
property. On the other hand, Braun in [32] showed that no power series
method can have property (C).

Exercises: In the following exercises, consider a fixed matrix A = ()
that may not be weakly p-regular, and define k,,(z) as above, assuming
convergence for |z| < r, with r > 0 independent of m.

1. For fmn(2) = >0 @mnfn 2™, assume convergence for |z| < p, with
0 < p, independent of m. Derive the integral representation f,,(z) =
(1/27) ﬁu‘:ﬁ f(u) kp(2/u) (du/u), for p < p and |z| < pr.

2. Show that A is weakly p-regular if and only if some r with 0 < r <1
exists, for which k,,(z) converge locally uniformly to (1 — z)~! on
D(0,r). Conclude that power series regularity is equivalent to the
same with r = 1.

3. For a € C with |a|] = 1, let @y = e~ *™ Z;‘;n(am)j/j!, m,n > 0.
Use the previous exercise to conclude that this A is weakly p-regular
if and only if @ has positive real part, and power series regular if and
only if a = 1.

12.2 The Method of Reduction of Rank

In this section we show that in some sense a system (3.1) (p. 37) of
Poincaré rank r > 2 is equivalent to one of rank r = 1, which will be
called the rank-reduced system. The process of rank-reduction has been
used by Poincaré [222] and Birkhoff [53] in representing certain solutions
of systems of higher rank as Laplace integrals. Also see Turrittin [270],
Lutz [174], Balser, Jurkat, and Lutz [38], and Schdfke and Volkmer [242].
Let a system (3.1), with » > 2, be given, let &, = exp[2mi/r]. With 0,,
resp. I, denoting the zero, resp. identity, matrix of dimension v, define the

rv x rv matrices D = r~tdiag[0,,1,,21,,...,(r — 1) ], and
0, 0, 0, I,
I, 0, 0, 0,
U= . )
Ol/ 01/ IV OV

For an arbitrary fundamental solution X (z) of (3.1), set

Y (2) = 2 PU  diag [X (2V/7), X (e, 21/7), ..., X (77 2Y/M)U 2P.
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With some patience, one can then verify that Y'(z) is a fundamental solution
of a system zy' = B(z)y, B(z) = >~ Bnz", with coefficients of the
following form:

Arn Arn+1 e Arn+r72 ArnJrrfl
A'r‘nfl Arn oo Arn+r73 Arn+7‘72
Bn — . . . . ; n 2 07
Arn—r+1 Arn—r+2 v Arn—l Arn
where A_,11 = ... = A_; =0, and the others are as in (3.1). In particular,

the new system has Poincaré rank one. It is named the rank-reduced system
corresponding to (3.1). Note that the expansion of B(z) converges for |z| >
p'/", with p > 0 as in (3.1). For many more formulas relating (3.1) and its
rank-reduced system, see [38].

12.3 The Riemann-Hilbert Problem

Let n distinct complex numbers a; be given, which for notational conve-
nience are assumed to be nonzero. Consider linear systems of ODE of the
form o’ = A(z)z, for z € G = C \ {a1,...,a,}, and A(z) = Z}l:l(z -
aj)~LA;, for given matrices A; € C**¥. Obviously, this is a system with
singular points at aq,...,a, and infinity, which all are singularities of first
kind; compare the discussion at the end of Section 1.6 on how to deter-
mine the type of singularity at infinity. Every system satisfying the above
requirements will be named a Fuchsian system.

Let such a Fuchsian system be given. Consider paths 7; in G, originating
from the origin and going to points “near” a; in one way or another, then
encircling a; in the positive sense along a circle of small radius, and re-
tracing themselves back to the origin. According to results from Chapter 1,
there is a unique fundamental solution X (z) of our Fuchsian system sat-
isfying X (0) = I, holomorphic in some disc about the origin. We perform
its holomorphic continuation along the path +y;, ending with a fundamental
solution X (z), which will in general be different from X (z). In any case,
there exists an invertible constant matrix C,; so that X, (2) = X(z) C,,.
We refer to C.,; as the jth monodromy factor. Note that we do not consider
a monodromy factor corresponding to a path encircling infinity, since such
a matrix can be expressed as a product, in a suitable order, of the other
ones. These matrices generate a group, called the monodromy group of the
system, but this is of no importance here.

Obviously, a Fuchsian system is given in terms of nv? free parameters,
namely, the matrices A;. The monodromy matrices carry the same number
of parameters, and therefore it makes sense to ask the following question:



12.4 Birkhoff’s Reduction Problem 189

e Given the points a;, the paths v;, and invertible matrices C,,, are
there matrices A;, so that the corresponding Fuchsian system has the
C,, as its monodromy factors?

The above problem is usually referred to as the Riemann-Hilbert problem,
or Hilbert’s 21st problem. It was believed to have been positively solved by
Plemelj [221], but Bolibruch [58, 59, 63] in 1989 showed that the answer is
in fact negative by giving an explicit counterexample. For a discussion of
the history of the problem, and a presentation of related results, see the
book of Anosov and Bolibruch [2]. Very recently, new results have been
obtained for the same problem, but lower triangular monodromy matrices,
by Vandamme [273], based on earlier work of Bolibruch [60].

12.4 Birkhoff’s Reduction Problem

Let a system of ordinary differential equations of the form (3.1) (p. 37) be
given. One classical question concerning such systems is that of the behavior
of its solutions as z — oo. Since analytic transformations essentially leave
this behavior unchanged, Birkhoff [53, 56] in 1913 suggested the following
approach:

e Within an equivalence class of such systems, with respect to analytic
transformations, determine the system(s) that in some sense are the
simplest, and then study their solutions near the point infinity. This
approach is very much analogous to the question of normal forms
of constant matrices with respect to similarity, leading to Jordan
canonical form.

Birkhoff conjectured that for every system (3.1) one can always find an
analytic transformation x = T(z)y, such that the transformed system zy' =
B(2)y, B(z) = T7Y2) [A(2) T(2) — 2T'(2)], has a polynomial B(z) as its
coefficient matriz. In his honor, we shall call every system with polynomial
coeflicient matrix a system in Birkhoff standard form.

Birkhoff himself showed in [54] that the answer to his question is positive
under the additional assumption that some monodromy matrix, around
the point infinity, of (3.1) is diagonalizable, but seemed to believe that
the same would hold in general. However, in 1959 Gantmacher [105] and
Masani [188] independently presented examples of systems (3.1), in the
smallest nontrivial dimension of v = 2, for which no such transformation
exists. These counterexamples had triangular coefficient matrices, hence
the following harder problem arose:

e Calling (3.1) reducible if an analytic transformation exists for which
the transformed system is lower triangularly blocked, with square
diagonal blocks of arbitrary dimensions, is it so that every irreducible
system can be analytically transformed to Birkhoff standard form?
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This question was answered positively, first for dimension v = 2 by Jurkat,
Lutz, and Peyerimhoff [147], then for v = 3 in [15], and finally for any
dimension by Bolibruch [61, 62, 64].

While the problem stated above concerns linear systems of ODE, all the
attempts on proving it for various special cases are based on a general
result on factorization of holomorphic matrices which was independently
obtained by Hilbert [119] and Plemelj [220], as well as Birkhoff [56]:

Suppose that we are given a v X v matriz function S(z), holo-
morphic for |z| > p, for some p > 0, whose determinant does
not vanish there. Then

S(z) = T(2) E(z) 2%, (12.1)

with an analytic transformation T'(z), an entire matriz function
E(z) whose determinant does not vanish for any z € C, and a
diagonal matriz of integers K = diag [k1, ..., k,].

For v = 1 one can easily show this through an additive decomposition
of log S(z); however, the proof for v > 2 is much more involved and shall
not be given here. For a very readable presentation of the basic ideas of
Birkhoff’s proof, see Sibuya [251].

The above factorization result applies to systems of ODE as follows: Let
X(z) be a fundamental solution of (3.1) with monodromy matrix M, so
that S(z) = X(z) 2=M is single-valued for |z| > p. Then det S(z) cannot
vanish for these z, because of Proposition 1 (p. 6). With T'(z) as in (12.1),
the transformation x = T'(2) T takes (3.1) into a system 2z’ = B(z) &, of
the same Poincaré rank r, and having the fundamental solution X (z) =
E(z) 2K 2M. So

B(z) = 2X'(2) X"1(2) = [2E'(2) + E(2) {K + 25X M ==K} E71(2),

showing that B(z) is holomorphic and single-valued in C, except for the
origin. Moreover, we see from the form of X that the origin is a regular-
singular point of the new system, and will be of first kind if 25X M 275 s
a polynomial. This certainly holds whenever M is diagonal. Hence we have
proven the following result:

Theorem 60 Every system (3.1) is analytically equivalent to one being
singular only at infinity and at the origin, with the origin being regular-
singular. In case (3.1) has a fundamental solution with diagonal monodromy
matriz, then there exists an analytically equivalent system in Birkhoff stan-
dard form.

In order to obtain Bolibruch’s result on irreducible systems, we show a
somewhat different factorization result:
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Lemma 23 Suppose that we are given a v X v matriz function S(z), holo-
morphic for |z| > p, for some p > 0, whose determinant does not vanish
there. Then

S(z) = T(2) 25 BE(2),

with an analytic transformation T'(z), an entire matriz function E(z) whose
determinant does not vanish for any z € C, and a diagonal matriz of
integers K = diag [ky,...,k,] satisfying k1 > ke > ... > k,.

Proof: For the proof, we factor S(z) as in (12.1), and let F(2) = E(z) 2.
Then det F(2) = e(2) 2*, k = k1 +... +k,, e(z) = det E(2), hence e(z) # 0
for every z € C. The rows of F(z) can be written as f; = €;(z) 2™, with
k; € 7, &;(z) holomorphic at the origin, and é;(0) # 0. Without loss of
generality, we may assume that l;j are weakly decreasing with respect to
Jj, since otherwise, we may permute the rows of F'(z) and columns of T'(z)
accordingly. Note F(z) = 2% E(z), with E(z) having rows &;(z). Hence,
det F(z) = 2" é(z), and k <k, é(z) # 0 for every z except possibly z = 0.
Moreover, we have k = k if and only if é(0) # 0, in which case the proof
is completed. Suppose k < k. This occurs if and only if the rows of E(0)
are linearly dependent; however, note that no row vanishes, owing to the
choice of l~cj. In this situation, we choose j > 2 minimally, so that the jth
row of £/(0) is linearly dependent on the earlier ones. We now add multiples
of the ¢th row of F(z) to the jth one, for 1 < ¢ < j — 1, the factor used
being a constant times z¥i ~%¢. This operation is nothing but multiplication
from the left with a special analytic transformation. Choosing the constants
properly, we can achieve that the new matrix, which for simplicity is again
denoted by F(z), has the form 2% E(z), where now the jth row of E(0)
vanishes. Consequently, we factor F(z) as 2 E(z), with K, F(z) as above,
but ky + ...+ k, > k. Repeating this finitely many times, the proof can be
completed. O

‘We now show Bolibruch'’s result:

Theorem 61 Fuvery irreducible system (3.1) is analytically equaivalent to
one in Birkhoff standard form.

Proof: Choose a fundamental solution of (3.1) of the form X (z) = S(z) 2”7,
with a monodromy matrix J in lower triangular Jordan form, and S(z)
single-valued and holomorphic for |z| > p. Let D = diag[ds,...,d,] have
integer diagonal elements with d; — d;+1 > r (v — 1), and apply the above
lemma to S(z) 27" to obtain X(z) = T(2)zK E(2)zP 27. For B(z) =
T=Y(2)[A(2) T (2) — 2T"(2)], the system 2y’ = B(z)y then has the funda-
mental solution Y (z) = 2% E(z) 2P 27. This implies

2 KB(2)K =K+ [2E'(2) + E(z) (D + 2P J2"P) E7(2).
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Because of J lower triangular and d; decreasing, we find the right-hand
side to be holomorphic at the origin. If there was a j with k; — kj11 > r,
then the fact that zy' = B(z)y has Poincaré rank r would imply B(z)
triangularly blocked. This, however, would contradict the irreducibility of
(3.1). Hence, k; — kjy1 < rfor 1 <j <w—1 follows. Using Exercise 2, we
conclude Y (2) = T(2) Y (2), with Y (2) = E(2) 250 27, where E*(z) are
entire, and K is equal to K but for a permutation of its dlagonal elements.
Owing to our choice of D, we find that the diagonal elements of K + D
are decreasing, so that zY”(z) Y ~(z) is holomorphic at the origin, i.e., in
fact, is a polynomial. a

As we pointed out above, the problem of Birkhoff standard form arose
in the study of behavior of solutions of (3.1) for z — oco. This behavior
is not too drastically altered even when using meromorphic transforma-
tions instead of analytic ones. So it is natural to ask whether transfor-
mation to Birkhoff standard form is always possible using meromorphic
transformations. The answer to this question is positive, once we allow the
transformation to increase the Poincaré rank of the system. However, it is
more natural to restrict to meromorphic transformations leaving the rank
the same. For dimensions v = 2, resp. v = 3, Jurkat, Lutz, and Peyer-
imhoff [147], resp. Balser [14], have shown the answer to this question to
be positive. For general dimensions, but under the additional assumption
of the leading matrix Ay of (3.1) having distinct eigenvalues, Turrittin [271]
also obtained a positive answer, but in general this problem is still open.
For numerous sufficient conditions under which a positive answer is known,
see Balser and Bolibruch [30].

Exercises: Let E(z) be an entire v x v matrix function with det E£(0) # 0,
and let k; € Z, ky > ... > k, be given.

1. Show E(z) = P(z) E(z) R, with:
e P(z) = [pj¢] is a lower triangular matrix with p;;(z) = 1, and
pje(z) polynomials of degree at most k¢ — k;, for 1 < ¢ < j < v;

o E(z) = [¢je(2)] is entire, with &¢(z) vanishing at the origin at
least of order ky — k; +1for 1 </ < j <

e R is a permutation matrix.

2. With K = diag[k1, ..., k], show zX E(z) = T(z) E(z) 2", with an
analytic transformation T'(z), E(z) entire, det £(z) # 0 everywhere,
and K a diagonal matrix of integers, differing from K only by per-
mutation of its diagonal elements.
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12.5 Central Connection Problems

Generally speaking, a connection problem is concerned with two fundamen-
tal solutions X1 (z), X2(z) of the same system of ODE, say, of the form (1.1)
(p- 2). The solutions may be given in terms of power series, or integrals, con-
verging in regions G1, G2 C G, and usually have certain natural properties
there. According to Theorem 1 (p. 4), both solutions X(z) can be holomor-
phically continued into all of G, and then are related as X;(z) = Xs(z) €,
with a unique invertible constant matrix 2. This matrix then is the cor-
responding connection matriz, and its computation is referred to as the
connection problem. For example, the system may be of the form (3.1)
(p. 37), and the fundamental solutions can be two consecutive highest-level
normal solutions X;(z) and X;_1(z), which were introduced in Section 9.1
and are characterized through their Gevrey asymptotic in the correspond-
ing sectors S;, Sj_1. In this setting, the connection problem is the same
as the computation of the corresponding Stokes multiplier of highest level
and has been discussed in Chapter 9. While such problems sometimes are
called lateral connection problems, we shall here be concerned with another
type: Consider a system that is singular at two points z1, zo. Assume 27 to
be of first kind, or at least regular-singular; then a fundamental solution
X1 (z) can be obtained as X1(2) = Y 0" S, (2 —21)™TTM |z — 21| < p, with
a monodromy matrix M and matrix coeflicients .S,, that at least theoret-
ically can be computed from the system. Then the problem arises of how
this fundamental solution behaves as we approach the other singularity zo.
To study this behavior is what we call the central connection problem.

Such problems, with zo also being regular-singular, have been treated,
e.g., by Schifke [238], resp. Schifke and Schmidt [241, 253]. Here, we shall
instead assume that the point z is irregular-singular. This situation, under
various additional assumptions, has been investigated by, among others,
Newell [202], Kazarinoff and Kelvey [150], Knobloch [152], Wasow [280],
Kohno [156-159], Wyrwich [285, 286], Okubo [206], Naundorf [198-200],
Bakken [6, 7], Jurkat [143], Schéfke [237, 239, 240], Paris and Wood [216—
218], Paris [215], Lutz [175], Kovalevski [163, 164], Balser, Jurkat, and
Lutz [37, 41], Yokoyama [287-289], Balser [13], Lutz and Schdafke [178],
Okubo, Takano, and Yoshida [208], Sibuya [251], and Reuter [231, 232].
For numerical investigations and applications to problems in physics, see a
recent article by Lay and Slavyanov [166] and the literature quoted there.

Here, we shall study the central connection problem in the following
general setting: We shall consider a system (3.1) (p. 37), where A(z) is a
rational matrix function with poles only at the origin and infinity. Moreover,
we shall make the following additional assumptions upon the nature of the
singularities at the origin resp. infinity:

1. The origin is supposed to be a reqular-singular point of the system,
but may not be a singularity of first kind. Moreover, assume that a
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fundamental solution of the form X (z) = S(z) 2™, S(z) = 3" Sn 2™,
has been computed. Note that, owing to the absence of other finite
singular points, the power series automatically has an infinite radius
of convergence; hence S(z) is an entire function, and det S(z) # 0 for
every z # 0.

2. Infinity is supposed to be an essentially irreqular singularity with an
HLFFS (F(z),Y(z)), satisying the assumptions in Section 9.3. Note
that these restrictions are without loss of generality, since some easy
normalizing transformations can be used to make them hold. Also,
recall from Section 9.3 the definition of the associated functions and
their behavior in the cut plane C 4, for every nonsingular direction d.

Under these assumptions, let X (z) = F}(z) Y (z) be the normal solutions
of highest level. Then there exist unique invertible matrices §2;, so that
X(2) = X;(2)Qj, j € Z. What we are going to show is how the central
connection matrices §); can be computed via an analysis of some functions
U (u; s; k), corresopnding to the HLNS via Laplace transform.

Let k € Z, and recall the definition of j*(k) from p. 147. For a with
dj+(gy—1 — 7/ (2r) < a < dj«() + 7/(2r), consider the integral

U(u: s k) = r o) s—lX z”‘ud
(u; 83 k) = 57 / z (2)e 2.
The assumptions made above imply that X (z) is of moderate growth at the
origin, and of exponential growth at most r in arbitrary sectors at infinity.
Therefore, the integral converges absolutely and locally uniformly for Re s
sufficiently large and w in a sectorial region (near infinity) of opening 7
and bisecting direction m — r a. We have X (z) = S(z) z™, with an entire
function S(z) of exponential growth at most r, so that it is justified to
termwise integrate the power series expansion of S(z). Making a change of
variable 2" u = €™ x in the above integral, we obtain for s and u as above

\j I M LT [(n+s) I+M]/r 12.2
(u; 57 k) = szs [(n+s) I+ M]/r) (e /u) , (12.2)

where the matriz Gamma function T'(A) here is defined by the integral

I'(A) = / e e % da.
0

Observe that this integral converges absolutely for every matrix A whose
eigenvalues all have positive real parts. Integrating by parts, we can show
AT(A) =T (I+A). Using this, it is possible to extend the definition of I'(A)
to matrices having no eigenvalue equal to a nonpositive integer. Therefore,
the expansion (12.2) can serve as holomorphic continuation of W(u; s; k),
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with respect to s, to become a meromorphic function of s with poles at the
points

s+ H = _j7 J S NO-
This will, however, not be needed here.

For the auxiliary functions, defined on p. 147, we may choose zy = 0,
whenever Re s is large enough. Doing so, we find

U (u; s; k) Z@*usk@k,

where €2,,,(k) denotes the mth row of blocks of €2}y, when this matrix is
blocked of type (si,...,s,). This shows that ¥(u;s; k) is holomorphic in
C 4. For its singular behavior at the points wu,, recall that ®* (u;s;k) =
hol(u — uy,) for m # n, while we have shown in the proof of Theorem 46
(p- 149) that S3)_0 @, (u; s; k+£) = ®% (u; 85 k) (I —e 27 THLn)) L hol (u —
Uy ). This shows:

Theorem 62 Under the assumptions made above, we have for every s with

Re s large and so that (I — e>™ (STHLn))=1 egists,
r—1 ]

U, (u; s5k) = Z B, (u; 53k + 0)| (I —e 2 IHLY =1 Q) 4 hol(u—uy,),
=0

for everymn=1,..., u.

This identity shows that the central connenction problem can theoreti-
cally be solved as follows: Compute the matriz W (u;s; k), either by its in-
tegral representation or the convergent power series (12.2), for v and Re s
sufficiently large. Then, continue the function with respect to u to the sin-
gularities u,,, and there use the above identity to compute Q%k). Doing this
for every n allows to compute the matriz Q- (1), linking the fundamental
solution X (z) to the corresponding normal solution of highest level.

Without going into detail, we mention that given two matrices 2;- () and
Qj«(k+1), one can compute the Stokes multipliers Vj, for j*(k +1) +1 <
J < j*(k), by factoring ;- (41) Q; *1(]9) as in the exercises in Section 9.2.
Consequently, if we have computed Qe (kypy, for £=0,...,7 — 1, then all
Stokes” multipliers of highest level can be found explicitly. However, the
knowledge of the Stokes multipliers is not sufficient to find the central con-
nection matrices: Assume that we had chosen X (z) so that exp[27i M| were
in Jordan normal form. Moreover, assume all Stokes” multipliers of highest
level are known. Then the monodromy factor exp[2mi M;] for X, (z) is given
by (9.5). So by continuation of the relation X (z) = X,(z); about infin-
ity we obtain Q; exp[2mi M| = exp[2mi M;] ;. This then shows that €;
is some matrix which transforms exp[27i M;] into Jordan form. However,
such a matriz is not uniquely determined. In the generic situation where
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exp[2mi M;] is diagonalizable, €; is determined up to a right-hand diagonal
matrix factor, and this is exactly the degree of freedom we have in choosing
a fundamental solution X (z) consisting of Floquet solutions. Therefore, the
knowledge of the Stokes multipliers alone does not determine §2;.



13

Applications in Other Areas, and
Computer Algebra

In this chapter we shall briefly describe applications of the theory of multi-
summability to formal power series solutions of equations other than linear
ODE. The efforts to explore such applications are far from being complete
and shall provide an excellent chance for future research. In a final section
we then mention recent results on finding formal solutions for linear ODE
with help of computer algebra.

Suppose that we are given some class of functional equations having
solutions that are analytic functions in one or several variables. Roughly
speaking, we shall then address the following two questions:

e Does such a functional equation admit formal solutions that, aside
from elementary functions such as exponentials, logarithms, general
powers, etc., involve formal power series in one or several variables?
Can one, perhaps, even find a family of formal solutions that is com-
plete in some sense?

e Given such a formal solution, are the formal power series occurring,
if not already convergent, summable in some sense or another, and
if so, are the functions obtained by replacing the formal series with
their sums then solutions of the same functional equation?

Two general comments should be made beforehand: First, it is not at all
clear whether one should in all cases consider formal solutions involving
formal power series — e.g., one could instead consider formal factorial se-
ries. One one hand, each formal power series can be formally rewritten
as a formal factorial series and vice versa, so both approaches may seem
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equivalent. On the other hand, however, it may be easier to find the coeffi-
cients for a factorial series solution directly from the underlying functional
equation, and the question of summation for a factorial series may have an
easier answer than for the corresponding power series. Since we have only
discussed summation of formal power series, we shall here restrict to that
case, but mention a paper by Barkatou and Duval [48], concerning sum-
mation of formal factorial series. The second comment we wish to make
concerns the question of summation of formal power series in several vari-
ables: In the situations we are going to discuss we shall always treat all
but one variable as (temporarily fixed) parameters, thus leaving us with a
series in the remaining variable, with coefficients in some Banach space. It
is for this reason that we have developed the theory of multisummability in
such a relatively general setting. While this approach is successful in some
situations, there are other cases indicating that one should better look for
a summation method that treats all variables simultaneously, but so far
nobody has found such a method!

13.1 Nonlinear Systems of ODE

Throughout this section, we shall be concerned with nonlinear systems of
the following form:
2 = g(z,2), (13.1)

where r, the Poincaré rank, is a nonnegative integer, z = (x1,...,2,)7,
v >1,and g(z,7) = (g1(2,2),...,9.(2,7))T is a vector of power series
inxy,...,7,. Let p = (p1,...,p,)T be a multi-index, i.e., all p;j are non-
negative integers, and define z? = zf* - - zPv. Then such a power se-
ries can be written as g;(z,z) = g;(z,z1,...,2,) = Z;ozo gjp(z) zP. The
coefficients g ,(2) are assumed to be given by power series in 27!, say,
Gip(2) = S0 Gipm 2~ ™. Throughout, it will be assumed that all these
series converge for |z| > p, with some p > 0 independent of p, while the
series for gj(z,x), for every such z, converges in the ball ||z| < p.

As is common for multi-indices, we write |p| = p1 + ... + p,. If it so
happens that g, ,(z) = 0 whenever |p| > 2, for every j, then (13.1) obviously
becomes an inhomogeneous linear system of ODE, whose corresponding
homogeneous system is as in (3.1) (p. 37). If g;0(2) = 0 for every j, then
(13.1) obviously has the solution z(z) = 0, and we then say that (13.1) is
a homogeneous nonlinear system.

It is shown in [24] that homogeneous nonlinear systems have a formal
solution #(z), sharing many of the properties of FFS in the linear case:

1. The formal solution Z(z) is a formal power series Z(z) = &(z,¢) =
2 ipi>0 Tp(2) P in parameters cy, ..., c,. Its coefficients &, (z) are fi-

nite sums of expressions of the form f(z) 2> log® z exp[p(z)], with a
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formal power series f in 27!, a complex constant A, a nonnegative
integer k, and a polynomial p in some root of z. In case of a linear
system, the coefficients 2, (z) are zero for |p| > 2, so that then Z(z, c)
is a linear function of ¢y, ..., ¢, and corresponds to a FFS.

2. The proof of existence of Z(z) follows very much the same steps as
in the linear case: One introduces nonlinear analytic, resp. meromor-
phic, transformations and shows that by means of finitely many such
transformations one can, step by step, simplify the system in some
clear sense so that in the end one can “solve” it explicitly. For details,
see [22, 24].

3. The formal power series occurring in the coefficients Z,(z) all are
multisummable, as is shown in [26].

Despite all the analogies to the linear situation, there are two new diffi-
culties for nonlinear systems: For one, it is not clear whether the formal
solution Z(z,c) is complete in the sense that every other formal expression
solving (13.1) can be obtained from #(z, ¢) by a suitable choice of the pa-
rameter vector c. Moreover, suppose that all the formal power series in
Z(z, c) are replaced by their multisums, so that we obtain a formal power
series in the parameter vector ¢, with coefficients which are holomorphic
functions in some sectorial region G at infinity. It is a well-known fact,
called the small denominator phenomenon, that in general this series di-
verges. Sufficient conditions for convergence are known; see, e.g., the papers
of Twano [139, 140] and the literature quoted there. For an analysis of the
nonlinear Stokes phenomenon under a nonresonance condition, compare
Costin [83]. In general, however, it is still open how this series is to be
interpreted.

A related but simpler problem for nonlinear systems is as follows: Sup-
pose that (13.1) has a solution in the form of a power series in 27!, then is
this series multisummable? By now, there are three proofs for the answer
being positive, using quite different methods: Braaksma [70] investigated
the nonlinear integral equations of the various levels which correspond to
(13.1) via Borel transform. Ramis and Sibuya [230] used cohomological
methods, while in [21] a more direct approach is taken, very much like the
proof of Picard-Lindeldf’s existence and uniqueness theorem.

13.2 Difference Equations

While multisummability is a very appropriate tool for linear and non-
linear ODE, things are more complicated for difference equations, as we
now shall briefly explain. For a more complete presentation of the theory
of holomorphic difference equations, see the recent book of van der Put
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and Singer [224]. In his Ph.D. thesis, Faber [102] considers extensions to
differential-difference equations and more general functional equations that
we do not wish to include here. For simplicity we restrict to linear systems
of difference equations, although much of what we say is known to extend
to the nonlinear situation: Let us consider a system of difference equations
of the form

x(z+1) = A(2) z(2),

where the coefficient matrix is exactly as in (3.1), i.e., is holomorphic for
|z| > p and has at worst a pole at infinity. The first, trivial although
important, observation is that the order of the pole of A(z) does not play
the same crucial role as for systems of ODE: If we set z(z) = I'(2) Z(z), then
the functional equation of the Gamma function implies that Z(z) satisfies
a difference equation exactly like before, but with 271 A(z) as its coefficient
matrix. Thus we learn by repeated application of this argument that we
might restrict ourselves to systems where A(z) is holomorphic at infinity,
and A(o0) # 0, but for what we shall have to say, this will be not essential.
However, to avoid degeneracies, we shall assume that det A(z) # 0, so
that z(z + 1) = A(2) z(z) can be solved for z(z), obtaining an equivalent
difference equation in the “backward direction.”

Under the assumptions made above, the formal theory of such a difference
equation is well established [80, 81, 92, 133, 134, 223, 269]: Every such
system has a formal fundamental solution of the form

X(z) = F(z) 22 Q) L
with:

a formal g-meromorphic transformation F (z), for some ¢ € N,

a diagonal matrix A of rational numbers with denominators equal to
the same number g,

a diagonal matrix Q(z) of polynomials in 21/ without constant term
and of degree strictly less than ¢, and

a constant matrix L in Jordan canonical form, commuting with Q(z)
and A.

Hence, the main difference between formal solutions of difference and dif-
ferential equations is the occurrence of the term z%. Indeed, if A vanishes
or is a multiple of the identity matrix, then Braaksma and Faber [71] have
shown that F'(z) is (ki,...,k,)-summable in all but countably many direc-
tions, with levels 1 = ky > ... > k, > 0 that are determined by Q(z)
in exactly the same fashion as for ODE. If A contains several distinct en-
tries on the diagonal, however, things get considerably more complicated
because of the occurrence of a new level, commonly denoted as level 17.
A simple but very instructive example showing this phenomenon may be
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found in Faber’s thesis [102]. Roughly speaking, this example shows that in
presence of level 1T one can no longer restrict to using Laplace transform
integrating along straight lines, but has to allow other paths of integration.
For a general presentation, see Chapter 3 of the said thesis, containing joint
work of Braaksma, Faber, and Immink.

13.3 Singular Perturbations

Let us consider a system of ODE of the form
e’z =g(z,xz,¢),

where g(z, z, ¢) is as in Section 13.1, but additionally depends on a parame-
ter €, and o is a natural number. Analysis of the dependence of solutions on
€ is referred to as a singular perturbation problem. Under suitable assump-
tions on the right-hand side, such a system will have a formal solution
&(z,e) = D07 s xn(2)e™, with coefficients z,(z) given by differential re-
cursion relations. In general, the series is divergent, and classically one has
tried to show existence of solutions of the above system that are asymptotic
to &(z,e) when € — 0 in some sectorial region. Very recently, one has begun
to investigate Gevrey properties of Z, or discuss its (multi-)summability.
Of the recent articles containing results in this direction, we mention Wal-
let [278, 279], Canalis-Durant [76], and Canalis-Durant, Ramis, Schifke,
and Sibuya [77].

Since here we meet power series whose coefficients are functions of an-
other variable, the situation is very much analogous to that of formal so-
lutions of partial differential equations, which we are investigating in the
following section. Here, we shall briefly look at a very simple example,
already discussed by Ecalle:

The inhomogeneous equation ez’ = x — f(z) has the formal solution
#(z,e) = Y0 €™ f(M(2), for arbitrary f(z) which we assume holomorphic
near the origin, say, for |z| < p. According to Cauchy’s formula, the coeffi-
cients f(™(z) grow roughly like n!, so it is natural to study 1-summability
of this series. The formal Borel transformation of order k£ = 1 of this series
equals the power series expansion of f(z + €) about the point z. Conse-
quently, holomorphic continuation of 5,2 is equivalent to that of f. Hence,
the series & is 1-summable in a direction d if and only if the function f
admits holomorphic continuation into a sector S(d,0), for some § > 0, and
is of exponential growth at most 1 there. More generally, one can prove a
result on the multisummability of & that is completely analogous to Theo-
rem 63 (below) for the heat equation. In any case, multisummability of &
is always linked to explicit conditions on the function f(z). This indicates
that for power series of several variables, the notion of multisummability
that has been developed in this book is not general enough. This is due
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to the fact that here we can only treat one variable at a time, while the
remaining ones are treated as parameters.

13.4 Partial Differential Equations

There is a classical theory discussing convergence of power series solutions
for Cauchy problems for certain classes of partial differential equations
(PDE). Recently, efforts have been made to show that formal power series
arising as solutions of such problems have a certain Gevrey order; for such
results, see [108, 190-194, 213] and the literature cited there. There are
also results, e.g., by Ouchy [214], showing that such formal solutions are
asymptotic representations of proper solutions of the underlying equation.
Not much is known so far about summability of formal solutions of such
problems: Lutz, Miyake, and Schafke [176] obtained a first result for the
complex heat equation, which has been generalized in [27]. Very recent work
by Balser and Miyake [42] treats an even more general case, showing that
the results obtained are not so much dependent on having a formal solution
of a partial differential equation, but carry over to series whose coefficients
are given by certain differential recursions.

Here, we briefly investigate the following situation: Given a function ¢(z),
analytic in some G containing the origin, try to find another function u(t, z)
of two complex variables, in some subset of C2? near the origin, such that

0 02

Su=oou u(02) = p(2), (13.2)

Obviously, (13.2) has the formal solution (¢, z) = >_00 ;" (2™ (2)/n! In
an arbitrary compact subset K C G, one can show, using Cauchy’s formula
for derivatives, that ||| x = sup,cx [ (2)| < *T(1+2n), for suffi-
ciently large c. Hence 4 can be regarded as a formal power series in ¢ with
coeflicients in the Banach space E g of functions that are bounded on K
and analytic in its interior. The above estimate implies 4 € E g[[t]];. Thus,
it is natural to ask for 1-summability of 4. If ¢ happens to be entire, how-
ever, the above estimate upon its derivatives may be improved, and then @
may be summable of another type. Indeed, one can show that for arbitrary
k1 > ... > kg > 1/2, under certain explicit conditions, best expressed in
the coeflicients of the power series expansion ¢(z) = > ¢, 2™, one even has
(k1,. .., kq)-summability of . In detail, the following holds [27]:

Theorem 63 Let p(z) = > " ¢, 2" for |z| < p, and define @ as above,
resp. for 0 < j < 2:

0y1) = S oy IR g ) = 3, T(1 4 m/2) ()"
0 ’ 0
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Given any type of multisummability k = (k1,...,k,) with k, > 1, and
any multidirection d = (dy,...,d,), admissible with respect to k, let 2k =
(2k1,...,2ky), d/2 = (d1/2,...,d,/2). Then the following statements are
equivalent:

(a) For every K C D(0,p), 4 € E g {t}k,a-
(b) For0<j <1, ¥; € C{thra
(c) PE € C{t}or,ay2-

Proof: Assume (a). For K; C D(0,p), let Ky C D(0,p) be so that K;
is contained in the interior of Ks. Then Cauchy’s formula for the deriva-
tive implies that D = d/dz is a bounded linear operator from E g, into
E k,. From Theorem 52 (p. 171) we conclude that @ € E g,{t}x,q im-
plies 4, (t,z) = Y0 0" (2)/n! € E g, {t}rq. Taking 2 = 0 and us-
ing Exercise 4 on p. 172, this implies (b). From Theorem 51 (p. 166)
we obtain that (b) is equivalent to 1/3j(t2) being in C {t}sp,q/2. Apply-
ing Theorem 50 (p. 164) and Exercise 4 on p. 109, one can then show
equivalence with > 0°T'(1 4+ n) @a, t*™ and > " I'(3/2 + n) pant1 t*™ be-
ing in C {t}24,4/2. This in turn is equivalent to (c). This leaves to con-
clude (a) from either (b) or (c): To do so, first observe that, as a con-
sequence of Theorem 50 (p. 164), it suffices to consider the case v = 1.
In this situation, verify that a(t,z) = > °_; 2™ U (1), with 1o (t), U1 (2)
as in (b), and P, () = ﬁ;“)(t)/m!, for m =2u+5,0 < j <1 So
Um € C{t}ha, and () = (Sk.athm)(t) = 1/}5-“) (t)/m! in some sectorial
region G = G(d, «), a > 7/k, independent of m. From Proposition 9 (p. 70)
we obtain for every closed subsector S C G existence of constants C, ¢ > 0
with [, ()] < CemT(1+ms)/ml, t € S, m >0, for s = (1 + 1/k)/2.
Owing to k > 1, the series u(t,z) = > - 2™ 1 (t) converges uniformly
(in two variables) for |z| < p, p > 0 sufficiently small and ¢t € S'. So
u(t,z) € H(G,E k), for every K as in (a). Differentiating with respect to
t, one can show

(p+n)

S A0 [0
Of ult,z) = |20 2 = ¢ (2),
> | LR

as t — 0. Hence we find that u(¢, z) has 4(t, z) as its asymptotic expansion.
To show that this expansion is of Gevrey order k, we use Proposition 9
(p. 70) again to obtain

07 ult,2)l < O (elz)" T+ s(m +n))/m!

m=0

Mn fact, if k > 1, i.e., ¢(z) entire, convergence takes place for every z.
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= C’/ " exp[—z + c|z| 2°] dx.

The integral can be bounded by I'(1+sn) times some constant to the power
n, completing the proof. O

It is worthwhile observing that for ¢ # 0 the series u(t, z) in fact converges
for every z, and hence represents an entire function in z that may be seen
to be of exponential size at most 2. This coincides with the classical result
on the convergence of 4(t,z) (see below). The formal series 1[)](2) resp.

@i(z) are explicitly related to ¢(z), and using acceleration and Laplace
operators, one can explicitly reformulate (a), (b) in terms of transforms
of the function ¢(z). However, it is in general difficult to check (a) or (b)
directly through investigation of ¢(z), except for the special case of v = 1,
k = k1 = 1. In this situation, the above theorem essentially coincides with
the result obtained by Lutz, Miyake, and Schafke [176]: Conditions (a) or
(b) then are equivalent to ¢(z) admitting holomorphic continuation into
small sectors bisected by rays argz = d and argz = d + m, and being of
exponential size not more than 2 there.

As follows from the proof of the above theorem, in case of k, > 1 we have
summability of @(¢, z) for every z. For k, = 1, however, summability takes
place only in a disc whose radius in general is smaller than the radius of
convergence of ¢(z). Since k-summability in all directions is equivalent to
convergence, we obtain as a corollary of the above theorem that convergence
of 4(t,z) is equivalent to the initial condition being an entire function of
exponential size at most two. This, however, is a well-known classical result.

13.5 Computer Algebra Methods

While in principle the computation of a formal fundamental solution of a
system (3.1) presents no problem, it can in practice become very tiresome,
even for relatively small dimensions. Thus it may be good to know that
there are computer algebra packages available that perform these com-
putations. Others are being developed right now, aiming at even better
performance and/or giving more detailed information on the structure of
the formal fundamental solution. One should note, however, that one cer-
tainly cannot hope for expressing all the terms in such a FFS in closed
form. However, it is possible to compute explicitly the exponential poly-
nomials and the formal monodromy matrix, and even set up the recursion
equations from which one then may obtain any finite number of power
series coefficients. In the same sense, formal fundamental solutions of dif-
ference equations may be obtained with help of a computer, but we shall
not discuss this here.

As we have seen previously, scalar equations of arbitrary order can be
rewritten as systems. Vice versa, systems can, with help of a cyclic vector,
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be transformed into scalar equations (in Exercise 1.8 on p. 5 we have briefly
discussed cyclic vectors near a regular point of an ODE, but one can also
show existence of cyclic vectors in a neighborhood of a singular point [84]).
So in principle, a computer algebra package written for systems may also
be used for scalar equations, or vice versa, but there may be differences in
performance.

Algorithms for the scalar case are usually based on the Newton polygon
construction and Newton’s algorithm [44, 123, 263]. Available programs in
MAPLE are the package DIFFOP (see van Hoeij [122-124]), which can be
down-loaded at

http://klein.math.fsu.edu/ hoeij/maple.html,

the ELISE package of Dietrich [88] at

www.math2.rwth-aachen.de/~dietrich/elise.html

and versions of the package DESIR developed at Grenoble in MAPLE
and REDUCE.

Much work has been done at the last institute for the system case with
the emphasis on the algorithmical efficient resolution [45-47, 49, 79, 117,
118]. The package ISOLDE recently developed by Barkatou and Pfligel in
MAPLE contains several functions computing formal solutions and other
applications for systems. It is, together with DESIR, available at

http://www-1lmc.imag.fr/CF/logiciel.html.
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Some Historical Remarks

Since the middle of the last century, mathematicians and physicists alike
have observed that simple ODE may have solutions in terms of power
series whose coefficients grow at such a rate that the series has a radius of
convergence equal to zero. In fact, it became clear later that every linear
meromorphic system, in the vicinity of a so-called irregular singularity,
has a formal fundamental solution of a certain form. This “solution” can
be relatively easily computed, in particular nowadays, where one can use
computer algebra packages, but it will, in general, involve power series
diverging everywhere. It was quite an achievement when it became clear
that formal, i.e., everywhere divergent, power series solving even nonlinear
meromorphic systems of ODE can be interpreted as asymptotic expansions
of certain solutions of the same system. This by now classical theory has
been presented in many books on differential equations in the complex
plane or related topics. The presentations I am most familiar with are the
monographs of Wasow [281] and Sibuya [251]. The most important result
in this context is, in Wasow’s terminology, the Main Asymptotic Existence
Theorem: It states that to every formal solution of a system of meromorphic
differential equations, and every sector in the complex plane of sufficiently
small opening, one can find a solution of the system having the formal
one as its asymptotic expansion. This solution, in general, is not uniquely
determined, and the proofs given for this theorem, in various degrees of
generality, do not provide a truly efficient way to compute such a solution,
say, in terms of the formal solution. In view of these deficiencies of the
Main Asymptotic Existence Theorem, the following two questions have
been investigated in recent years:
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1. Among all solutions of the linear system of ODE that are asymptotic
to a given formal solution in some sector, can we characterize one
uniquely by requiring certain additional properties?

2. If so, can we find a representation for this unique solution, in terms of
the formal one, using an integral operator, or applying a summability
method to the formal power series?

Parallel to these developments in the theory of ODE, scientists also founded
a general theory of asymptotic expansions. Here, the analogue to the Main
Asymptotic Existence Theorem is usually called Ritt’s theorem, and is much
easier to prove: Given any formal power series and any sector of arbitrary,
but finite, opening, there exists a function that is holomorphic in this sec-
tor and has the formal power series as its asymptotic expansion. This
function is never uniquely determined — not even when the power series
converges, because it may not converge toward this function! To overcome
this nonuniqueness, Watson [282, 283] and Nevanlinna [201] introduced a
special kind of asymptotic expansions, now commonly called of Gevrey or-
der s > 0. These have the property that the analogue to Ritt’s theorem
holds for sectors of opening up to s, in which cases the function again
is not uniquely determined. If the opening is larger than smw, however, a
function that has a given formal power series as expansion of Gevrey or-
der s > 0 may not exist, but if it does, then it is uniquely determined. In
case of existence, the function can be represented as Laplace transform of
another function that is holomorphic at the origin, and whose power series
expansion is explicitly given in terms of the formal power series.

This achievement in the general theory of asymptotic expansions obvi-
ously escaped the attention of specialists for differential equations in the
complex domain for quite some time: In a series of papers, Horn [125-128]
showed the following result for linear systems of ODE: Let the leading
term of the coefficient matrix, at a singularity of second kind, have all
distinct eigenvalues. Then for sectors with sufficiently large opening one
has uniqueness in the Main Asymptotic Existence Theorem, and the so-
lution can be represented as a Laplace integral, or equivalently, in terms
of (inverse) factorial series. However, he did not relate his observations to
the general results of Watson and Nevanlinna. Later, Trjitzinsky [266] and
Turrittin [268] treated somewhat more general situations, and they also
pointed out the limitation of this approach to special cases.

In 1978/80, Ramis [225, 226] introduced his notion of k-summability of
formal power series, which may best be interpreted as a formalization of the
ideas of Watson and Nevanlinna. In this terminology, we may interpret the
results of Horn, Trjitzinsky, and Turrittin as saying that, under additional
assumptions, formal solutions of linear meromorphic systems of ODE are
k-summable, for a suitable value of k > 0. In the general case, Ramis proved
that every formal fundamental solution of every such system can be factored
into a finite product of matrix power series (times some explicit functions),
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so that each factor is k-summable, but with the number k& depending upon
the factor. In my treatment of first-level formal solutions [8-10, 12, 40]
I had, more or less by accident, independently obtained the same result.
However, this factorization of formal solutions is not truly effective, and
the factors are not uniquely determined, so that this result does not really
allow us to compute the resulting matrix function from the formal series.

More recently, Fcalle [94-96] presented a way to achieve this computa-
tion, introducing his definition of multisummability. In a sense, his method
differs from Ramis’s definition of k-summability by cleverly enlarging the
class of functions to which the Laplace operator, in some generalized form,
can be applied. Another way of interpreting his method is by realizing that
Ramis’s k-summability in essence is a special case of what is called a Mo-
ment Summability Method. The rapidly growing coefficients of the formal
power series are divided by a moment sequence to produce a convergent
power series; then, the resulting holomorphic function is inserted into an
integral operator, and the function so obtained is regarded as the sum of
the original power series. Multisummability may be seen as the concept of
iterating certain Moment Summability Methods. Given a power series with
a radius of convergence equal to zero, we divide by a moment sequence
as in the case of k-summability. The resulting series, however, will in gen-
eral not be convergent, but instead is summable by some other Moment
Method, which then produces a function to which the integral operator can
be applied.

The idea of iteration of summability methods was already familiar to
Hardy [112] and Good [110], but it was Ecalle who realized its potential
with respect to formal solutions of ODE. He stated without proofs a large
number of results concerning properties and applications of multisumma-
bility, e.g., to formal solutions of nonlinear systems of ODE. Based upon
the described factorization of formal solutions in the linear case, it was
more or less evident that multisummability applied to all formal solutions
of linear systems. However, for nonlinear ones, the first complete proof for
this fact was given by Braaksma [70]. Independent proofs, using different
techniques, are due to Ramis and Sibuya [230] and myself [21].

Before Ecalle founded the theory of multisummability, researchers at-
tacked the first one of the two questions raised above following different
approaches: The main reason for wanting to have a unique solution that,
say, near the point infinity, is asymptotic to the formal fundamental so-
lution in some (small) sector lies in the fact that one wanted to have a
clear description of what is called Stokes’ phenomenon. This term refers
to the fact that in different sectors one finds different solutions with the
same asymptotic behavior as the variable tends to infinity. One way out
of the dilemma was to just select a solution for each sector, study their
interrelations, i.e., their dependence upon the sector, and then investigate
how these relations change when one picks a different set of solutions. This
line of approach leads to a description of Stokes’ phenomenon in terms
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of equivalence classes of matrices; see Sibuya’s monograph [251] and the
literature quoted there.

A somewhat more explicit approach was investigated by Jurkat, Lutz,
and myself in [33, 34, 36, 143]: We proved the existence and uniqueness of a
family of normal solutions that in certain sectors are asymptotic to a formal
fundamental solution and that have a Stokes’ phenomenon of an especially
simple form. Meanwhile, a different characterization of normal solutions as
solutions of certain integral equations has also been obtained [23].

Both of the approaches mentioned above did not lead to a direct represen-
tation formula for the corresponding solutions. The theory of multisumma-
bility, however, provides such a representation for the normal solutions [31].
In addition, it also allows a detailed analysis of the Stokes phenomenon,
if not to say the computation of the Stokes matrices, through what Ecalle
has called analysis of resurgent functions. This general theory is very use-
ful for many problems other than the computation of Stokes’ matrices.
Aside from Ecalle’s work, an introduction to this area, along with some of
its applications, can be found in a book by Candelbergher, Nosmas, and
Pham [78].

For further presentations of the recent history of linear systems in the
complex plane, partially taking a more geometrical or algebraical point
of view, see Bertrand [51], Majima [181], Babbitt and Varadarajan [5], or
Varadarajan [274]. Some historical remarks on asymptotic power series and
summability can be found in Ramis’s booklet [229].



Appendix A

Matrices and Vector Spaces

We assume the reader to be familiar with the basic theory of matrices and
vectors with complex entries, but we shall outline some notation and state
some additional results on matrix algebra resp. systems of linear equations
used in the book.

Matrices, resp. vectors, will normally be denoted by upper case, resp.
lower case, letters, while their entries will be corresponding lower case let-
ters bearing two indices, resp. one. We expect the reader to know about
the concepts of characteristic polynomials, eigenvalues and eigenvectors
of square matrices, triangular resp. diagonal matrices, and we shall write
diag [A1, ... A, ] for the diagonal matrix with diagonal entries A,,. We denote
by I, or I,, the unit matriz of type v x v, and write e, for its kth column,
i.e., the kth unit vector. The symbol A7 shall indicate the transpose of a
matrix A. The spectrum of A will be the set of all eigenvalues of A.

As usual, we say that two square matrices A and B are similar provided
that an invertible matrix T exists for which AT = T B. A well-known
important result from matrix theory states that every square matrix A is
similar to one in Jordan canonical form, or to a Jordan matriz. Here, Jor-
dan matrices are assumed to be lower triangular matrices. Their diagonal
entries are equal to the eigenvalues, with equal ones appearing consecu-
tively. Nonzero entries off the diagonal are always equal to one and occur
only in such places in the first subdiagonal where the two corresponding
eigenvalues coincide. In other words, a Jordan matrix is the direct sum, in
the sense of Section A.2, of so-called Jordan blocks; such a block has the
form J = Al + N, A € C, where N is the nilpotent matrix with ones in
all places of the first subdiagonal, and zeros elsewhere. However, observe
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that the letters J and N are not only used for such Jordan blocks, but for
general Jordan resp. nilpotent matrices as welll We emphasize that every
Jordan matrix J can be written as J = A + N, with a diagonal matrix
A and a nilpotent N, so that both commute. For nilpotent matrices N,
the smallest natural number m with N = 0 will be called the order of
nilpotency of N. This order equals the size of the largest Jordan block of
N.

In estimates we use a fixed, but arbitrary, norm for matrices and vectors,
which for both will be denoted by the same symbol || - ||, and which is
assumed to obey the following additional rules:

=1, [ABI <[[A[BI, Azl < [A[l ],

whenever the products give sense. One can take || Al = supy, 3 |ax;], [|z]| =
supy, |xx|, but nowhere in the book will we use any concrete choice.

A.1 Matrix Equations

In dealing with systems of ODE in the complex domain, one frequently is
required to solve matrix equations of the following form:

e Suppose that A € CF** B € C/*J and C € C**J, for k,j € N, are
given. Find some, or the set of all, X € C**J such that

AX-XB=C. (A1)

Note that (A.1) is nothing but a system of linear equations for the entries
of X, since one can form a vector x € C7*, containing the entries of X in
any order and rewrite (A.1) in the form Az = ¢ with a quadratic matrix A
built from A and B, and the vector ¢ containing the entries of C. We shall,
however, not do this here, but instead work with (A.1) directly. The theory
of such equations is well understood, and we here require two well-known
lemmas ([281] et al.):

Lemma 24 Suppose that A € C*** and B € C7*J, for k,j € N, have
disjoint spectra, i.e., do not have an eigenvalue in common. Then for every
C € C**J the matriz equation (A.1) has a unique solution X € Ck*J,

Proof: Let T be such that J = T~' BT is in (lower triangular) Jordan
form. Then (A.1) holds if and only if AX — X J =C with X = X T, C =
C'T. Hence we may restrict to the case of B = J = diag[A1,...,A;] + N,
with the elements of the nilpotent matrix N equal to zero except for some
ones directly below the diagonal. Denoting the columns of X resp. C' by
x,, resp. ¢,, we see that (A.1) is equivalent to

(A_)‘MI)J"P«ZCM—"_(SP«J)HJrlv 1§/”’§]7
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with 0, either zero or one, and in particular §; = 0. According to our
assumption A — A, 1 always is invertible; hence these equations allow us to
compute the columns z, in reverse order. O

The situation where A and B have eigenvalues in common is slightly
more complicated: There may be no solution, and if there is one, it will not
be unique. Here, we only need the following special case:

Lemma 25 Let J, € C*** and Jy, € C7*7 be two Jordan blocks having
the same eigenvalue, and assume k > j (resp. k < j). Then for every
C € C**J there exists a unique matric B € C**J having nonzero entries
in the first row (resp. last column) only, such that the matrix equation

WX—-XJ=C-B (A.2)

has a solution X € CF*7, which is unique within the set of matrices X
having zero entries in the last row (resp. first column).

Proof: First, observe that we may restrict ourselves to the case where
both matrices J; are nilpotent. In the first case of £ > j, denoting the
entries in the first row of B by f1,...,3;, and the columns of X resp. C
by &, resp. ¢, equation (A.2) is equivalent to

Jizj=c;—Bjer, J1%Tm =Tmt1 +Cm —Bmer, 1<m<j—1,

with e; being the first unit vector. Computing J; x;, one finds that the
first equation is solvable if and only if §; equals the first entry in c;. If so,
the entries in z; can be uniquely computed except for the last one which
remains undetermined. Inserting into the next equation with m = j — 1,
assuming j > 2, we again conclude that this equation is solvable if and
only if 3;_1 is chosen such that the first entry in the right hand side vector
equals zero. Also note that k& > j implies that the undetermined entry in
x; does not interfere with the determination of 3;_;. Solving for z;_; then
gives a vector whose components are uniquely determined except for the
last two, since the undetermined entry in z; enters into the second last
component of x;_;. Repeating these arguments for the remaining columns
then completes the proof of the first case. In the second case of k < j one
proceeds analogously, working with rows instead of columns. O

Note that both lemmas remain correct for j = 1 and/or k = 1; in par-
ticular the second one holds trivially for j = k=1 with B=C, X = 0.

Exercises:

1. Solve (A.1) for
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2. Spell out Lemma 25 for the cases of j =1 and k > 2, resp. j > 2 and
k=1,resp. j=k=1.

3. Suppose that (A.1) had been rewritten as Az = ¢, z,c € CIF,
Determine the eigenvalues of A in terms of those of A and B.

A.2 Blocked Matrices

Let a matrix A € C**¥, v € N, be given.! We shall frequently have reason
to block A into submatrices

Ay A ... Alu

Agr Aos ... AQ#
A=A = : C : ’

Ap Ap o Ay,

where Ajy, is of size v; x v, with 11 4+ ...+ v, = v. So, in particular, all
diagonal blocks A;; are square matrices. If the block sizes are not obvi-
ous from the context, we shall say that A is blocked of type (v1,...,v,).
If several matrices are blocked at a time, then it shall go without say-
ing that all are blocked of the same type. If A = [A;;], B = [B,j] are
blocked, then C' = AB = [Cj] is also blocked, with Cj, = >"'_| A;, B,y.
So matrix multiplication respects the block structure, and the same holds
trivially for addition. We shall say that a matrix is upper- resp. lower-
triangularly blocked with respect to a given type, if all blocks below resp.
above the block-diagonal vanish, and accordingly we speak of diagonally
blocked matrices. We use the symbol diag[A1,...,A,] for the diagonally
blocked matrix A with diagonal blocks Aj. This is the same as saying that
A is the direct sum of the matrices Ay. For a triangularly blocked matrix
A, the spectrum of A is the union of the spectra of the diagonal blocks A,
1 < j < u, and the inverse of A, in case it exists, is likewise triangularly
blocked.

Exercises:

1. For

A11 0
A =
[ Az Aso } ’

show that A is invertible if and only if both diagonal blocks are in-
vertible, and then

A—l — |: ‘/41_11 0 :| .
—Ay An Ay Ay

1Note that we assume the set of natural numbers N not to include zero.
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2. For

A A
A =
{ Ag As } ’

with A1 invertible, show

A:[AH 0 HI AnlAu]
Ay Agy — Agy AT Ao 0 1 ’

3. For A as above, conclude det A = det A1; det(Aas —AglAfllAlg) and
compute A71, in case it exists.

A.3 Some Functional Analysis

In several chapters of the book we study functions with values in a Ba-
nach space. In this context, we shall make use of some standard results of
Functional Analysis, in particular, of Hahn-Banach’s theorem and the ba-
sic theory of continuous linear operators. While for the elementary theory
of Banach spaces we refer to standard texts, we shall briefly outline some
notation which we shall use:

e Given a vector space E over the field of complex numbers, assume
that an operation - : E x E —— E is defined. We say that E is
an algebra over C , if for elements a,b,c € E and a € C the two
associative laws

a-(b-¢c)=(a-b)-¢, ala-b)=(aa)- b
and the two distributive laws
a-(b+c)=a-b+a-¢, (a+b)-c=a-c+b-c
always hold. If the commutative law a - b = b - a also holds, then we
say that E is a commutative algebra.
The operation - will be referred to as the multiplication in E and for

convenience we shall write a b instead of a - b.

e Let E be an algebra over C. If an element e € E exists so that for
every a € E we have ea = ae = a, then e is called unit element in
E. Observe that E can contain at most one such e, since if € also is
a unit element, then we have ¢ = ee¢ =¢ce =e.

e Let E be an algebra over C with unit element e. An element a € E
is called invertible, if some b € E exists with ab = ba = e, and b then
is called inverse of a. Again, it follows that only one such b can exist:



216 Appendix A. Matrices and Vector Spaces

If b also is an inverse of a, then b=be=bab=eb=10 follows, using
the associative law. It is common to write a~! for the inverse of a, in
case it exists.

e Let E be an algebra over C. A linear mapping d: E XE —— E is
called a derivation provided that for any a,b € E the product rule

d(ab) = d(a) b+ ad(b)

holds. If such a derivation is defined, then E is called a differential
algebra.

e Let E be a vector space over C. A mapping ||| : E —— R is called
a norm on E if for any a,b € E and a € C we have

(a) |lal| >0, |la]|=0 < a=0.
(b) [laall = |al [la]|.
(¢) lla+0| <lal + o]

Given such a norm, one can define convergent sequences, resp. Cauchy
sequences in E, as for sequences of real or complex numbers, by re-
placing the absolute value sign by the notion of norm. Doing so, we
say that E is a Banach space, if every Cauchy sequence converges.

e Let E be an algebra on which a norm || - || is defined. If additionally
to (a), (b), (¢) we have

[labll < llall{|®]],

then E is called a normed algebra. If E even is a Banach space, we
speak of a Banach algebra. Note that, in case E has a unit element e,
le|l > 1 follows, but equality not necessarily holds. However, one can
always replace the given norm on E by another one, differing from
the former one by a constant factor, so that then we do have |le|| = 1,
and we shall always assume this to be the case.

Let V be a Banach space. An arbitrary mapping F', defined on a subset
D C X, is said to have a fized point if for some v € D we have F(v) = v.
Several theorems show existence of such a fixed point; here we are going to
use the most elementary one:

Theorem 64 (BANACH’S FIXED POINT THEOREM)
Let D be a closed subset of a Banach space V, and let F': D — D be a
contraction; i.e., for some o € (0,1) let

[1F(01) = F(va)|| < aflor = vall,

for any two vy,vo € D. Then F has a unique fized point in D.
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For a proof of this theorem we refer to Maddox [179], or other books on
(functional) analysis. We also mention that the theorem holds true when-
ever D is a complete metric space. In Chapter 3 we shall use Banach’s fixed
point theorem in the space of functions holomorphic in a disc and contin-
uous up to the boundary; this is a Banach space with the norm being the
supremum of the modulus of the function. Here, we apply the theorem to
systems of Volterra integral equations of a very special form, which play a
role in Section 8.2:

Let S be a fixed sector of possibly infinite radius,? let » € N be fixed,
and define E(z) = > 2 2" "/I'(n/r).®> For ¢ > 0, consider the set V. of
functions z, holomorphic in S and so that ||z||. = supg |z(u)|/E(c|u|) < cc.
It is easy to verify that V, is, in fact, a Banach space. Similarly, the sets V**,
resp. V#*# of p-vectors, resp. pu X p-matrices, of such functions are again
a Banach space, provided we define their norm as above, but with modulus
of z(u) replaced by the corresponding vector resp. matrix norm. It is easy
to check that all three Banach spaces become larger once we increase c.

For p € N and k > 0, fix some K € V" and f(u) € V. More-
over, let A(u) be a v x v matrix holomorphic in S, invertible and so that
a = supg ||[A7(u)|| < oo. Under these assumptions, consider the integral
equation

A(w) () = F(u) + /0 " K (" — )7 () i (A3)

Then the following holds:

Proposition 26 Under the above assumptions, the above integral equation
has a unique solution x € V', with k > k + a ||K||x k' ~".

Proof: By termwise integration, and using the Beta Integral (p. 229), one
can see

(k1 — )" Bsfule!) de = u—TWMn_l K)!
| B = 2)7) Blsfula? ") do = (k)™ 32 G0 S

n=2

which is at most k'~" |u|~" (k — k)~! E(k|u|). By assumption we have
K@)l < Kk E(ku]) for every u € S. With [lz(u)]| < |z|« E(k|ul),
one can use the above inequality to show

L s B (] u])

<
=T kT (k)

z€S.

/Ou K((u" — ")) o(t) dt"

2See p. 60 for this notion.

30bserve that the function E is slightly different from, but intimately related to,
Mittag-Leffler’s function Ei,,, defined on p. 233. For the definition of the Gamma
function I'(z), see p. 227.
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From this we can see that the mapping
zr+— Tz, (Tz)(u)=A"(u) [f(u) —|—/ K((u" — )Yy x(t)dt”
0

is contractive on V. Thus, Banach’s fixed point theorem completes the
proof. o

Besides the linear integral equation studied above, we will investigate
some nonlinear systems in the proofs of Theorem 11 (p. 52) and Lemma 11
(p. 124). The estimates needed in the proof of the lemma are more subtle,
however; so we cannot directly apply the arguments used here.

Exercises:

1. Let f(z) be holomorphic in a region G C C, and for zy € G assume
f(z0) =0, f'(20) # 0. For sufficiently small 6 > 0, show that ¢(z) =
z— f(2)/f'(2) maps the disc about 2 of radius ¢ into itself and is a
contraction there.

2. Investigate ¢ (as above) for the case of f(zg) = ... = f* D (z) =0,
) (20) #0, n>2.

3. Under the assumptions of Proposition 26, show that if the vector f
remains bounded at the origin (in S), or even is continuous there,
then so is the solution vector z.



Appendix B

Functions with Values in Banach
Spaces

Here, we shall briefly provide some results from the theory of holomorphic
functions with values in a Banach space which are used in Chapters 4-7,
10, and 11. Those who are not interested in such a general setting may
concentrate on functions with values in C.

Throughout the book, we shall consider fixed, but arbitrary, Banach
spaces E and I over the complex number field. We write L(E,F) for the
space of all linear continuous operators from E into F, which again is a
Banach space, and even a Banach algebra in case E = F. Instead of L(E, C)
we write E *. If nothing else is said, we shall denote by G some fixed region
in the complex domain, i.e., some nonempty open and connected subset of
C, and by f some mapping f: G — E (or f: G — L(E,F)). We then
call f holomorphic in G if for every zy € G the limit

i £2) = S (z0)

zZ—20 zZ— 20

= f'(20)

exists.! We call f weakly holomorphic in G if for every continuous linear
functional ¢ € E* the (C -valued) function ¢ o f is holomorphic in G.
Clearly, holomorphy implies weak holomorphy, and we shall see that the
converse holds true as well. This makes it not too much of a surprise that
many results from the theory of functions of a complex variable immediately
carry over to the Banach space situation.

1To be exact, the above quotient of differences should be interpreted as multiplication
of the vector f(z) — f(z0) from the left by (2 — 20)~!; we prefer the quotient notation
in order to point out the close analogy to the scalar situation.
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For an arbitrary function f, one can define the integral over f along a
path, i.e., a rectifiable curve, v in G to be the “limit” of the Riemann sums,
in case it exists. As for the scalar case, one can prove its existence for every
continuous f. Since holomorphy implies continuity, we can form integrals
of holomorphic functions over closed paths in G and raise the question
whether they always vanish. This we shall do in the next section.

B.1 Cauchy’s Theorem and its Consequences

In what follows we will assume Cauchy’s theorem for holomorphic functions
with values in C as known, and from it derive the same for E-valued
functions. Moreover, we shall derive other results for E-valued functions as
well, which the reader may or may not know for C-valued ones.

The following theorem is the key to all the results we shall obtain later:

Theorem 65 (CAUCHY’S INTEGRAL THEOREM AND FORMULA)
Assume that G is simply connected and f : G — E is continuous. Then
the following statements are equivalent:

(a) The function f is weakly holomorphic in G.

(b) The function f is holomorphic in G.

¢) The integral of f over any closed path in G vanishes.
(d)

d) For every positively oriented Jordan path v and every z in the interior

region of v we have

f(z) = ! %f(w) dw. (B.1)

211 w—z

Proof: Suppose (a) holds. For every path v in G and every ¢ € E*, one can
conclude from the definition of the integral via Riemann sums and linearity
of ¢ that

/ o(f(2) dz = $(z), @ = / f(2) d. (B.2)

The integral on the left vanishes for a closed path -. Hence we conclude
that = = fv f(2)dz satisfies ¢(x) = 0 for every ¢ € E*. This implies
x = 0, according to Hahn-Banach’s theorem. Thus we see that (c) follows.
Conversely, it follows from (B.2) that (c) implies (a). Denoting the right-
hand side of (B.1) by g(z), we conclude similarly that weak holomorphy
implies ¢(f(z) — g(z)) = 0 for every z in the interior region and every
¢ € E*, implying (B.1). This formula then can be seen to imply holomorphy
of f, because differentiation under the integral sign is justified. Thus, the
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proof is completed, because we observed earlier that holomorphy implies
weak holomorphy. O

By H(G,E) we shall denote the set of all E-valued functions that are
holomorphic in G. It is obvious from the definition that H (G, E ) again is a
vector space over C. Moreover, if f € H(G,E) and T € H(G,L(E,F)) (so
that z — T'(z) f(z) is a mapping from G into the Banach space F), then
one can show easily that T'f € H(G,F) and

[T(2) f(2)) =T'(2)f(2) + T(2) f'(2), 2€G.

Similarly, for f € H(G,E) and a« € H(G,C), we conclude af € H(G,E)
and

[a(=) F) = o/ (2)f(2) +a(2) F'(), 2 €G.

Using Cauchy’s integral formula (B.1) we now prove

Theorem 66 Every f € H(G,E) is infinitely often differentiable, and

) = 2 f RS (B.3)

C2mi ) (w— )t T -

for v and z as in (B.1).

Proof: Observe that differentiation under the integral in (B.1) can be jus-
tified, giving the desired result. O

Exercises: In the following exercises, let E, F be Banach spaces and G
some region in C.

1. For f € H(G,E) and ¢ € E*, show
Lo =9 (=), 2€C.

2. For fe HG,E), T € HG,L(E,F)) and a € H(G,C), prove the
above statements on T'f resp. af.

B.2 Power Series

As in the scalar case, one can represent holomorphic functions by infinite
power series, as we show now:

For f, € E, n > 0, consider the power series >~ o f, (z — 20)" (note
that again we slightly abuse notation and place the scalar factor (z — z)"
to the right of the vectors f,). Define

1/p = limsup | £ /", (B4)
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following the usual convention of 1/0 = oo, and vice versa. For every K >
1/p we then have | f,|| < K", for every n > ng. For every k < 1/p,
however, we have || f,| > k™ infinitely often. This shows that, as in the
scalar case, the vector valued power series converges absolutely in D(zg, p)
and uniformly in every strictly smaller disc, while it diverges for |z| > p.
Expanding (w—z)"! = Y07 /(2 — z0)™(w — 29) ", inserting into (B.1)
and interchanging summation and integration, which is justified because
of uniform convergence (provided that zq is in the interior region of ~ and

|z — 20| < inf,eqy |w — 20]), we obtain as for the scalar situation:

Proposition 27 For zy € G, let p > 0 be so that D(zg,p) C G. Then for
every f € H(G,E) we have

(o)
f(2) =Y fulz—=2)", z€D(z0,p), (B.5)
n=0
with coefficients given by
(n) 1
fn:fi(zo)zi Ldz, nZO,
n! 270 J)o g |=p—e (2 — 20)" T

for every sufficiently small € > 0.

Convergent power series with common center point zg may be added
termwise, but in general the product of two power series is undefined. How-
ever, the following holds true:

Proposition 28 For f € H({G,E), a € H(G,C) and T € H(G, L(E,F))
assume f(2) = Y0 fu (2 — 20)", a(2) = X7 @ (2 — 20)" and T(2) =
Yoo  Tn (2 — 2z0)™, for |z — z| < p. Then T f € H(G,F), af € H(G,E),
and we have
T(z)f(z) =) (Z Tn_mfm> (z—20)" |2 — 20l < p,
0 m=0
a2) f(x) = (Z an_mfm> (2= 20)", |2zl <p.
0 m=0
The simple proof is left to the reader. Note that if E is a Banach algebra,
i.e., a product between elements of H(G,E) is defined, then every f €
H(G,E) can be identified with an element of H(G,L(E,E)). Hence it
follows from the above propositions that H(G,E) is a differential algebra.
In particular, this holds for E = C.

Let f be given by (B.5) and choose z; € D(zg, p). Then the power series
representation of f about the point z; can be seen to be given by

=3 (i (” ;m) Jovtm (21— >) (2 = =)™,

m=0 \n=0
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and the series converges at least for |z — 21| < p — |21 — 20| but may
converge in a larger disc. This is important in our discussion of holomorphic
continuation in the next section.

We close this section with a brief discussion of holomorphic functions
defined by integrals. While the reader should be familiar with the concept
of locally uniform convergence of series and the fact that a function repre-
sented by such a series is holomorphic once each term is so, it may be not
entirely clear what we mean by locally uniform convergence of an integral:
For a < b, where a = —oo and/or b = 400 may occur, let f(¢,z) be an
E -valued function of a real variable t € (a,b) and a complex variable z € G,
and define

b
o(2) = / f(t.2) dt. (B.6)

We then say that the above integral converges absolutely and locally uni-
formly in G, if for every zg € G we can find an € > 0 and a function b(¢),
depending upon zy and ¢, but independent of z, such that || f(¢, 2)|| < b(?)
for |z — 29| < ¢ and every t € (a,b), and so that fab b(t) dt exists. Then we
have the following result on holomorphy of g¢:

Lemma 26 Suppose that f(t, z) is continuous int € (a,b), for fixred z € G,
and holomorphic in z € G, for fired t € (a,b), and the integral (B.6)
converges absolutely and locally uniformly in G. Then g(z) is holomorphic
for z in G.

Proof: Observe that || f(t, z)|| < b(¢) for |z—2p| < e implies (using Cauchy’s
formula) f(t,2) = >0 ful(t) (z — 20)", with || f,(¢)]] < e ™b(t). Hence
termwise integration of the series is justified for |z — 29| < &, and doing
so gives the power series representation of g(z) about the point zg, thus
proving its holomorphy. O

Exercises:

1. Let a power series Yo" fn (2—20)"™, with coefficients f,, € E, converge
for |z—zp| < p, p > 0, defining an analytic function f in D = D(zo, p).
Assume f(z) = 0 for values z, # 2o in D with limg_, 2 = 20. Show
that then f,, =0, n > 0, hence f(z) =0.

2. Let fe HRE), R={z: p1 <|z— 20| < p2}.

(a) For p1 < p < po, define

f=(2) L}[ f(w) dw, =+|z— 29| > *p.
[w—z0|=p

211 w—z

Show that f*(2) is independent of p (provided that +|z — 2| >
+p remains valid). Conclude that fT, resp. f~, is analytic for
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|z — 20| > p1, resp. for |z — zg| < p2, and show
fR)=f"(2) = f"(2), z€R

(b) Show that f can be expanded into a Laurent series

f(z) = Z fa(z—20)", z€R,

n=—oo
with coefficients f,, € E given by

fn= ! fw) (w—20) """ dw.

270 Jjw—z0|=p

(¢) In case of p;1 = 0, define the notions of essential singularity,
resp. pole, resp. removable singularity as saying that, with f,, as
defined above, we have f,, # 0 for infinitely many negative n,
resp. fn, # 0 for some negative ny and f, = 0 for n < ng, resp.
fn = 0 for every negative n. Show that f(z) being bounded for
0 < |z — 20| < p < po implies that 2 is a removable singularity
of f.

3. Let G be a simply connected region, and let f be E-valued and holo-

morphic in G, except for singularities at points z, € G, n > 0, which
do not accumulate in G. Define the residue of f at a point z, as
the coefficient f_; in the Laurent expansion of f about z,. Show the
Residue Theorem:

The integral of f over any positively oriented Jordan curve in G which
avoids the points z,, n > 0, equals 2wi times the sum of the residues
of [ at those points z, which are in the interior region of the curve.

If G = G1 UGy, for arbitrary regions Gy, and if fi, € H(Gy,E) satisfy
f1(z) = fa(z) for every z € G1 NGq, then show that there is precisely
one f € H(G,E) with f(2) = fx(z) for z € Gy.

For f € H(C,E), i.e., an entire E-valued function, show that if f is
bounded, then f is necessarily constant.

B.3 Holomorphic Continuation

Let f € H(G,E) and an arbitrary path v with parameterization z(t), 0 <
t <1, beginning at some point zp € G but terminating at a point z; ¢ G,
be given. Then we say that f can be holomorphically continued along -y,
provided that we can find a partitioning 0 =ty < t; < ... < t,, = 1 and
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some € > 0, such that |z(t) —z(tx)| < e for tg—1 <t <tx, 1 <k <m,andso
that f, by successive re-expansion of its power series about the points z(ty),
can be defined in the discs D(z(t;),e). Then, f obviously is holomorphic
in every one of these discs, but perhaps not in their union, since when the
path v intersects with itself, f can in general not be unambiguously defined
at intersection points.

Continuity of z(t) implies existence of a number 6, 0 < 6§ < &, so that
|2(t) — z(tx)] < 6 for tp—1 < t < tg, 1 < k < m. This may be used
to show that f can also be analytically continued along every curve &
with parameterization 2(¢), 0 < ¢ < 1, having the same endpoints as 7,
provided that |z(t) —Z(t)| < (e—6)/2 for every t. In particular, continuation
along both curves leads to the same holomorphic function near z;. This is
important in the proof of the following theorem:

Theorem 67 (MONODROMY THEOREM) Let G be an arbitrary region, let
D = D(z,p) C G, and let f € H(D,E). Moreover, assume that f can be
holomorphically continued along every path v, beginning at zo and staying
inside G. Then the following holds true:

(a) If v0, 71 are any two homotopic paths in G, both beginning at zy and
ending, say, at z1, then holomorphic continuation of f along either
path produces the same value f(z1).

(b) If G is simply connected, then f € H(G,E).

Proof: Clearly, (b) follows from (a), since in a simply connected region any
two paths with common endpoints are homotopic; hence by holomorphic
continuation we may define f(z) unambiguously at every point z € G, and
then f is holomorphic in G. To show (a), choose any two paths g, 71 in
G, beginning at zy and ending at a common point z;. If the two paths
are homotopic, then by definition there exists a continuous map z(s,t) of
the unit square R = [0,1] x [0,1] into G such that z(0,-), resp. z(1,-),
is a parameterization of ~g, resp. 1, while for arbitrary s € [0,1] the
function z(s,-) parameterizes some other path 75 in G, connecting zo and
z1. By assumption f can be holomorphically continued along every one of
these paths, and we denote by fs(z1) the value of f at z1, obtained by
holomorphic continuation along ~s. For every fixed s, we conclude from the
definition of holomorphic continuation existence of 5 > 0 such that

1. the path ~, is covered by finitely many discs of radius &g,

2. each disc contains the center of the following one (when moving along
the path),

3. f is holomorphic in each one of these discs.

Continuity of the function z(s,t) on R implies existence of §; > 0 so that
for § € [0,1] with |§ —s| < 65 the path -y; remains within the union of these
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discs, which implies fz(z1) = fs(z1) for these values 3, but this clearly
implies that fs(z1) has to be constant. O

While we have seen that functions can be holomorphically continued by
successive re-expansion (provided that they are analytic at the points of
some path), this method has little practical value. We shall, however, see in
the following two subsections that other, more effective ways of holomorphic
continuation are available in special cases. Moreover, both examples show
that continuation along paths that are not homotopic may, or may not,
produce the same value for the function at the common endpoint of the
paths.

e The Natural Logarithm

The (natural) logarithm of a nonzero complex number z is best defined by
the integral

“d
logz = / % = log|z| + iarg z. (B.7)
1

According to the Monodromy Theorem, this definition is unambiguous in
any simply connected region containing 1 but not the origin, since then
it is irrelevant along which path integration is performed. However, since
¢ w™dw = 27i when integrating along positively oriented circles about the
origin, we see that it is not possible to give an unambiguous definition of
log z in the full punctured complex plane (i.e., the complex plane with the
origin deleted). Instead, one can think of the logarithm as defined in the
cut plane, i.e., the complex plane with the negative real numbers including
zero deleted, interpreting arg z to be in the open interval (—m, 7), or what
is much better for our purposes, imagine log z as defined on what is called
the Riemann surface of the logarithm: Think of a “spiraling staircase” with
infinitely many levels in both directions, “centered” at the origin. Points on
this staircase are uniquely characterized by their distance r» > 0 from the
origin and the angle ¢, measured against some arbitrarily chosen direction.
To every point on the staircase, or simply every pair (r, ), there corre-
sponds the complex number z = rexp[2i], called the projection. Instead
of a point, we can also consider the projection of subsets of the Riemann
surface. Consider a curve in the punctured complex plane, i.e., the plane
with the origin deleted, parameterized by z(t), 0 <t < 1. It can be “lifted”
to the Riemann surface by choosing a value for arg z(0) and requiring that
arg z(t) change continuously with respect to ¢. This implies that double
points on the curve in the plane may correspond to distinct points on the
surface. We shall use the same symbol z both for points in the punctured
plane and on the Riemann surface, but we emphasize that on the Riemann
surface the argument of a point is uniquely defined. For example, the points
z and z exp[27i], when considered on the Riemann surface, will not be the
same; instead, the second one sits directly above the first one when using
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the visualization as a staircase. Taking this into account, the function log 2z
can then be unambiguously defined by (B.7). It will be very convenient
to view other functions /z, or 2%, having branch points at the origin, as
being defined on this Riemann surface, in order to avoid discussing which
one of their, in general infinitely many, branches one should take in a par-
ticular situation. For arbitrary functions f, defined on some domain G
considered on the Riemann surface, we shall say that f is single-valued if
f(2) = f(z exp[27i]) whenever both sides are defined (which may very well
never happen). This is nothing else but saying that we may consider the
function, instead of the domain G on the Riemann surface, as defined on
the corresponding projection in the plane. For example, the function z¢ is
single-valued whenever a € Z.

e The Gamma Function

The following C-valued function plays a prominent role in this book as well
as in many other branches of mathematics:

THE GAMMA FUNCTION
For z in the right half-plane, the function

I'(z) = /OOC t*~le tdt (B.8)

(integrating along the positive real axis and defining the, in gen-
eral multi-valued, function t*~! according to the specification
of argt = 0) is named the Gamma function.

It is easily seen that the integral in (B.8) converges absolutely and locally
uniformly for z in the right half-plane; hence the function is holomorphic
there, because the integrand is a holomorphic function of z. If, instead of
starting from zero, we integrate from one to infinity, the corresponding
function is entire, i.e., analytic in C. In the remaining integral, we expand
e~t into its power series and integrate termwise to obtain

F(Z)—Z% + /loot“etdt.

n=0

Clearly, the series in this representation formula remains convergent for z
in the closed left half-plane except for the points 0, —1,... where one of
the terms becomes infinite; thus, this formula provides the holomorphic
continuation of I'(z) into the complex plane except for first-order poles at
the nonpositive integers. In particular, holomorphic continuation along ar-
bitrary paths avoiding these points is always possible and the value of the
function at the endpoint is independent of the path, because the function
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does not have any branch points. For completeness, and because these for-
mulas will play a role in the book, we mention the following two different
ways of obtaining the holomorphic continuation of I'(z):

e For z in the right half-plane, integrating (B.8) by parts implies
I'(1+42) = 2I(2). (B.9)

Solving for I'(z), we see that we obtain holomorphic continuation, first
to values z = x +iy with x > —1, except for a pole a the origin, then
to those with x > —2, except for a pole at —1, etc. It is worthwhile
to note that (B.9), together with I'(1) = 1, implies I'(1 + n) = nl,
n € N.

e One can show (compare the exercises below) the following integral
representation for the reciprocal Gamma function, usually referred
to as Hankel’s formula:

1 1
= = [ wrevd B.10
T(2) 27ri/7w e o (B-10)

where « is the path of integration from infinity along the ray argw =
—7 to the unit circle, then around the circle and back to infinity
along the ray argw = 7 (note that both rays are the negative real
axis when pictured in the complex plane, but we better view them on
the Riemann surface of the logarithm and define the branch of the,
in general multivalued, function w™* according to the specifications
of argw). This integral can be shown to converge for every z € C,
so the reciprocal Gamma function is holomorphic in the full plane.
This again proves that I'(z) can be analytically continued into the
left half-plane and has poles at all zeros of the reciprocal function —
however, we do not directly learn the location of these poles, resp.
zeros!

In this book, we shall frequently use the so-called Beta Integral: Define
1
B(a,p) = / (1—t)>"*¢"~*dt, Rea >0, Ref > 0.
0

To evaluate this integral, observe that by a simple change of variable we
obtain

u
u“P=1 B(a, B) :/ (u—t)* 191 at, ue C.
0

On the other hand, the identity

[ oo [[w-ort et du=r@yres)
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follows by interchanging the order of integration and using the definition of
the Gamma function. This, together with the integral for I'(aw+ ), implies
[(@)T'(B)
B(a,f) = =———, Rea >0, Reps>0. B.11
(@.6) = Tl 5 5 (B.11)
Finally, we show the following result upon the asymptotic behavior of the
Gamma function for z — oo:

Theorem 68 (STIRLING’S FORMULA) For |z| — oo in sectors |arg z| <
7w —¢, for every € > 0, we have

z
re) oY g, (B.12)
V2 z2*
More precisely, there is a formal power series f(z) = Yoo fu 2™, with
constant term fo =1, so that

I'(z) \j;?\/i 1 f(z), |arg z| < m,

Il

in the sense of Section 4.5.

Proof: We give a proof especially suited to the theory developed in previous
chapters; the reader may wish to verify that here we only use the definition
of 1-summability and some results on integral equations, and in particular
do not rely on anything for which we have used (B.12).

As was shown above, the Gamma function is a solution of the difference
equation x(z + 1) = zx(2), and putting y(z) = e*/z2"%x(2), we find
y(z+1) = a(2) y(2), with

exp[l — zlog(1 + 1/2)]
Vi+1/z
Formally setting y(z) = §(2) = Y. yn 2~ "; hence

y(z+1) = 22_” En: (n__mm> Ym,

m=0

= l+azz ?4azz+..., |z|>1

a(z) =

it is not difficult to see that, for arbitrary yo, the power series formally
satisfies the difference equation if and only if the remaining coefficients are
given by the recursion

n—1
-m
= - > .
N Yn § |:<n 11— ) an+1m:| Ym, n>1

m=0

Set t(u) = Y0 u" yns1/nl, k(u) = 377 u anq1/n!, with a, being the
coefficients in the power series expansion of a(z); in particular, observe
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= 0. Then it is readily seen that formally #(u) satisfies the integral
equation

(e™* =1)t(u) =yo k / kE(u —w)t(w) dw.

Since k(u) vanishes at the origin, we can divide this integral equation by
u to eliminate the first-order zero of the factor e™ — 1 at the origin, and
then arguments very similar to the ones used in the proof of Proposition 26
(p. 217) show the existence and uniqueness of a solution ¢(u) of this integral
equation that is analytic in the complex plane with cuts from 427 along
the positive resp. negative imaginary axes, because of the other zeros of
e~ * — 1, and the function ¢(u) satisfies an estimate of the form

t(u)| < K el largu| < 7/2 —¢,

for every ¢ > 0 and sufficiently large ¢, K > 0 depending upon e. The
power series expansion of ¢(u) then can be seen to be of the form as above;
hence, by definition the formal series §(z) is 1-summable in all directions
d with |d| < 7/2, and its sum y(z) satisfies the above difference equation,
for every choice of yy. Thus we are left to show that for yy = v/27 we have
y(z) = €* \/zz7*T'(z), but this follows from Exercise 4. O

Exercises: In the following exercises, let G’ be a simply connected region.

1. Show that if f € H(G,E) has a power series expansion about some
zo € G in which all coefficients vanish, then f is identically zero.

2. Show that if f € H(G,E) satisfies ™ (29) = 0 for some 2z € G and
every n > 0, then f vanishes identically. So in other words, if f(zg) =
0 but f(z) # 0, then for some n > 1 we must have £ (z) # 0; the
number zy then is called a root of f, and the minimal n with this
property is called the order of the root of f.

3. Show the Identity Theorem: If f € H(G,E) has infinitely many roots,
accumulating at some zp € G, then f is identically zero.

4. In this exercise, let x be a positive real number.

(a) Show I'(z) = a® [~ e~@(t-logt)dt,

(b) For t > O7 check that u =t — 1 — logt is strictly increasing and
make a corresponding change of variable to show

/OO e—x(t—logt)ﬂ = e 7 /Oo e fl (u) du
L t 0

with a positive continuous function f;(u) satisfying v/u fi(u) —
1/ V2 as u — 0+.
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(¢) For 0 <t < 1, check that u =t — 1 — logt is strictly decreasing
and make a corresponding change of variable to show

1
dt
/ e—z(t=logt) 4t _ e*x/ e " fa(u) du,
0 t 0

with a positive continuous function fa(u) satisfying /u f2(u) —
1/ V2 as u — 0+.

(d) Use the identities derived above to show

xT
I'(z) Ve — V2,
xfl’
for (positive real) x — oo, and from this complete the proof of
Stirling’s formula.

. For arbitrary a € C, use (B.12) to show for |z|] — oo in sectors
|arg z| < m — e, for every € > 0,

[(z)z*

Tty ~ 1. (B.13)

. Show
n?n!

(z+1)-...-(2+n)

— I(1+2), n— oo

. In this and the following exercises we aim at proving (B.10). For this
purpose, let the integral on the right of (B.10) be denoted by M(z).
Show that M (z) is an entire function, having real values for z € R.

. For A € C and arbitrary real 7, show

-1 d
eu/zz)\i

— = M)
211 ~¥(7) z ()U7

with a path of integration v(7) as follows: From the origin along
argz =7+ (¢ + m)/2 to some z; of modulus r, then along the circle
|z| = r to the ray argz = 7 — (¢ + ) /2, and back to the origin along
this ray, with arbitrary » > 0 and 0 < ¢ < 7/2.

. For Re A > 0 and arbitrary real 7, show
oo(7)
z_l/ we W du = T(1+\) 2",
0

with integration along the ray argu = 7.
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10. For Re A > 0 and arbitrary real 7, show that

oo(r) | _
2_1/ 71/ eu/zzz\% e—u/u)du:,w>\7
0 2710 Sy z

and use this and the previous two exercises to conclude (B.10). Com-
pare this to Section 5.5, where an analogous formula is obtained for
a more general situation.

11. For Re z < —1, show that the path of integration + in (B.10) can
be replaced with a path from infinity to the origin along the ray
argw = —, and back to infinity along the ray arg w = 7, interpreting
w™? = e #1986 W accordingly. Use this to show

™

F(z)T(1—2) = z & 7. (B.14)

sinz’
In particular, conclude that I'(1/2) = /7.

12. Use (B.14) and Exercise 6 to show Wallis’s product formula:

sin(mz —FZH 22/k%), zeC.

B.4 Order and Type of Holomorphic Functions

Let S = {z : |2] > po, @ < argz < B} and assume f holomorphic in
the interior of S and continuous up to the boundary. Define M (p, f) =
sup{||f(2)| : a <argz < f3,|z| = p}, for p > po, and call

k=k(f) = limSupM

B.15
p—00 log p (B.15)

the exponential order (or for short: the order) of f (in S). By definition we
have 0 < k < oco. It is easily seen that one can also define k as the infimum
of all kK > 0 for which a constant K exists such that

If(2)]| < Kexplz]"], z€S, (B.16)

following the convention that the infimum of the empty set is co. If & is
neither zero nor infinite, we refer to

log M (p, f)

7 =7(f) = limsup i (B.17)

p—00
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as the type of f and say that f is of finite type if 7 < co. As for the order,
one can also define 7 as the infimum of all ¢ > 0 for which K exists such
that

1£(2)| < K exple|z|*], z€S. (B.18)

IfS={z: |z > py, @« < argz < B} and f € H(S,E), we define its
order as the supremum of all orders of f in closed subsectors of S, and
analogously for the type. In particular, f is either of order smaller than k,
or of order k and finite type, if an estimate (B.18) holds in every closed
subsector of S, with constants ¢, K that may go off to infinity when we
approach the boundary of S.

As is standard for C -valued functions, we say that a function f €
H(C,E) is an entire function. For such an entire f we take M(p, f) as
the maximum modulus of f(z) on the circle of radius p (about the origin)
and define order and type as above. As an example, we consider

MITTAG-LEFFLER’S FUNCTION
The (C-valued) function

E.(z) = Z 2"/ T(1+an), a>0,
n=0

is called Mittag-Leffler’s function of index .

Using (B.10), one can show

a—1
Ba(2) = f/ew W g, (B.19)
v

first for |z| < 1 and then, using Cauchy’s theorem to change the path
of integration, one can show a corresponding representation for arbitrary
values of z. It is shown in the exercises below that E,, is an entire function
of exponential order k = 1/a and type 7 = 1.

As for the classical case of E = C, order and type of entire functions can
be expressed in terms of their power series coeflicients:

Theorem 69 Let f € H(C,E) have the power series expansion f(z) =
S fnz"™, z € C. Then the order k and, in case of 0 < k < oo, the type T
of f are given by

nlogn

k=limsup ———, B.20
P g 1/l (B20)
1

T= liﬁsotip || full¥/7. (B.21)

Proof: Assume ||f(z)]] < C explc|z|?], for some C, ¢,k > 0. Then we con-
clude from Proposition 27 (p. 222), with zy = 0 and arbitrary p > 0, that
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Ifnll < C p~™ explcp®], n > 1. The right-hand side, as a function of p, be-
comes minimal for cp® = n/k; hence || f,|| < C (cx/n)™* exp[n/k], n > 1
follows. Conversely, such an estimate for f,, implies, using Stirling’s formula,
that || f,|| < C(Kc/%)"/T(1+n/k), n > 1, for every K > 1 and C suffi-
ciently large. Hence, according to the above discussion of Mittag-Leffler’s
function, we obtain || f(2)] < C’El/R(Kcl/""|z|) < Ce*" | for every & > c.
Using this, one can easily complete the proof. O

Exercises: In the following exercises, let o > 0 and consider Mittag-
Leffler’s function E,(z).

1. Assume a < 2, and let S = {z : |argz| < an/2. Use (B.19) and
Cauchy’s integral theorem to show for s € S and |z| > 1 that

a 1
E.(z) = a~le?" v

y (o
21 5w z

and the integral tends to zero as z — oo.

2. Let a and S be as in the previous exercise. Use (B.19) and Cauchy’s
integral theorem to show that E,(z) remains bounded in arbitrary
closed subsectors that do not intersect with S. Use this and the pre-
vious exercise to show that E,(z) is of order k = 1/« and type 7 = 1.

3. Compute order and type of E,(z), for arbitrary a > 0.

B.5 The Phragmén-Lindelof Principle

In the literature one finds a number of theorems, all bearing the name
Phragmén-Lindeldf and being variants, resp. consequences, of the well-
known Mazimum Modulus Principle, which easily generalizes to Banach
space valued functions:

Proposition 29 (MaxiMuM MoDULUS PRINCIPLE) Let G be any region
in C, and assume that some zo and p > 0 with D(zy,p) C G exist for
which we have

[F ) < If(z0)ll, 2 € D(z20,p)-
Then f(z) is constant.

Proof: Without loss of generality, let zg = 0. Expanding f(z) = Yo" fn 2",
|z| < p, we wish to show f,, = 0 for n > 1. Suppose we did so for
1 < n < m—1, which is an empty assumption for m = 1. Accord-
ing to Hahn-Banach’s theorem, there exists ¢ € E* with ||¢| = 1 and
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o(fo) = lfoll, |&(fim)| = || fim]]- By continuity of ¢ we conclude ¢(f(z)) =
&(fo) + >one, ¢(fn) 2", |z| < p. The assumptions on f and ¢ imply
[(f() < [f)I < £l = é(fo). Taking 2 so that 2™ ¢(f,,) and
¢(fo) have the same argument, and |z| so small that | Y 7 | ¢(fn)2"| <
|2™ &(fm)|/2, we obtain

[6(f(2)] = [8(fo) + 2" d(fm)| = |27 ¢(fm)]/2 = [6(fo)| + 2™ &(fm)|/2,
implying ¢(f,,) = 0, hence f,, = 0. |

Another way of expressing the above result is by saying that for arbitrary
f € H(G,E) with f'(z) # 0 the function F(z) = ||f(2)| cannot have a
local maximum in G. Using this, we now prove the following important
result:

Theorem 70 (PHRAGMEN-LINDELOF PRINCIPLE) For k > 0, let S =
{z:|z| > po, a <argz < B}, withpy >0, 0< —a < w/k. For some
f € H(S,E), assume || f(2)| < cexp[K|z|F] in S, for sufficiently large
¢, K > 0. Moreover, assume that f is continuous up to the boundary of S
and is bounded by a constant C' there. Then

If)I<C, zeS8.

Proof: Without loss of generality, let the positive real axis bisect the sector
S. Then for k larger than, but sufficiently close to, k and arbitrary € > 0,
the function e~**" decreases throughout S, and therefore F(z) = e=°*" f(z)
tends to zero as z — oo in S. For every sufficiently large p > 0 we conclude
that ||F'(z)|| is bounded by C, for z on the boundary of the region S N
D(0, p). The Maximum Modulus Principle then implies the same estimate
inside the region. Letting ¢ — 0 and p — oo, one can complete the proof.

O

One should note that we have tacitly allowed that S may be a region on
the Riemann surface of the logarithm, i.e., 3 — « may be larger than 27.
The theorem admits various generalizations; for a very useful cohomological
version, see Sibuya [251].

Exercises:

1. Show that the above theorem does not hold in general if the sector
S has opening larger than or equal to /k.

2. Let f be an E-valued entire function that is bounded in a closed
sector S = {z: a <argz < (}. What can be said about its order?

3. Compare Exercise 7 on p. 63 to see that entire functions of infinite
order exist that are bounded in closed sectors of openings 27 —¢, with
arbitrary small € > 0.
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Functions of a Matrix

There is a beautiful classical theory of what is called a function of a matriz,
to be distinguished from the term matriz function. In this context, one is
concerned with interpreting f(A), for a suitable class of C-valued functions
f and square matrices A. More generally, one can instead of matrices choose
A in a Banach algebra, but we shall not need this here. In the simplest
case, f will be a polynomial, say, f(z) = >, fn 2", and then we simply set
f(A) =37 fnA™. Similarly, when f is an entire function, one can use the
power series expansion of f to define f(A), and we shall do this in the case
of f(z) = e* in the next section. More interesting are the cases when f is
holomorphic in a region G # C. It can then be seen that it is crucial to
restrict ourselves to matrices with spectrum in G, and then one can define
f(A) very elegantly by a generalization of Cauchy’s integral formula. A
similar representation holds even for multivalued holomorphic functions on
a Riemann surface.

For applications in the theory of ODE, it is sufficient to understand,
aside from the exponential function, the natural logarithm of a matrix and
the closely related matrix powers of a complex variable z. In the following
sections we shall present some basic facts concerning these concepts. In par-
ticular, we shall show that every invertible matrix has a matrix logarithm
which, however, is not uniquely defined. For matrices A that are close to
the unit matrix, i.e., |I — A|| is small, one can define the main branch of
log A by means of the power series expansion of the logarithm, and the
same is possible whenever I — A is nilpotent. For general A, however, we
have to find a different definition of log A; this will be done in Section C.2,
where we shall also show that we can select a unique branch of log A by
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requiring its eigenvalues to have imaginary parts in a fixed half-open inter-

val of length 27. This corresponds to selecting a fixed branch of log z by
restricting the argument of z accordingly.

C.1 Exponential of a Matrix

Given a square matrix A, we define

o0

A’I’L
A —opla] = 3 &
n=0
where A = T and A® = A-...- A, n times repeated, for n > 1. From

Iz Iz ¥
|10 A" /(nh)]| < >0 || A|™/(n!) one can easily conclude convergence of
the series, thus the exponential of a matriz is always defined. Manipulating
with the infinite matrix power series, one can show the following rules:

1. For A, T € C"*¥ T invertible, we have

exp[T YAT] = T~ exp|A] T.

2. For A = diag[A1,...,A,] we have

exp[A] = diag[e™,. .., e].
3. For a triangularly blocked matrix A with diagonal blocks Ag, the

matrix exp[A] is likewise blocked and has diagonal blocks exp[Ay], in
the same order.

4. For matrices A, B € C¥*¥ with AB = BA, we have
exp[A + B] = exp[A] exp[B] ( = exp[B] exp[4] ),

but this rule does not hold in general, as is shown in one of the
exercises below.

5. For every square matrix A, the inverse of exp[A] exists and equals
exp[—A].

We conclude from the above set of rules that exp[A] can theoretically be
computed by first transforming A into Jordan form J = A + N with com-
muting terms A (diagonal) and N (nilpotent), and then computing exp[A]
and exp[N]; for the second note that the defining series terminates.

Closely related to the exponential of the matrix are powers z4, z €
C\ {0}, A € C"*¥, since we set

24 = exp[Alog 2].
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To make this definition unambiguous, we have to select a branch of the mul-
tivalued function log z, e.g., by specifying a value for arg z. Whether or not
24 is indeed a multivalued function, and how many branches this function
has, depends on the eigenvalues of A as well as its nilpotent part; e.g., if A
is diagonalizable and all eigenvalues are integers, then z4 is single-valued,
while for A being a nilpotent nonzero matrix the function has infinitely
many branches. By termwise differentiation of the defining series one can

show that

independent of the selected branch of the function.

Exercises: If nothing else is said, let

A O
A =
[ Az Aso }

be a constant matrix, lower triangularly blocked as indicated, with square
diagonal blocks.

1. Assume that A;; and Ags have disjoint spectra, i.e., do not have
a common eigenvalue. Show existence and uniqueness of a constant
matrix T' so that

A ZA11 O

2= T 2411 _ yA T A2

2. For a nilpotent Jordan block N, compute 2.

3. Show: det exp[A] = exp[trace A].
4. For arbitrary v x v matrices A, B, show that
exp[(A + B)z] = exp[Az]| exp[Bz]
holds for every z € C if and only if A and B commute.
5. Let A(z) be a square matrix whose entries all are holomorphic in

some region G C C, so that A'(z) A(z) = A(z) A'(2) for every z € G.
Show

di @) = A(2)e®) = AP A(2), zeG.
P
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C.2 Logarithms of a Matrix

Every reasonable interpretation for log A should be a matrix X solving
the equation eX = A. This is not a very suitable definition, but it shows
that we cannot expect a matrix A to have a logarithm whenever det A =
0. Thus, in the following we restrict to invertible matrices A. The most
elegant definition of logarithms of matrices is by means of Cauchy’s integral
formula: Let an invertible matrix A be given, whose eigenvalues A\, 1 <
k < u, necessarily are all nonzero. We define

log A = (2mi)~* / log z (2I — A)™dz, (C.1)
¥

where + is not a single curve, but rather a collection of small circles, posi-
tively oriented, one about each eigenvalue A\, and none of them encircling
the origin. Hence in fact, we do not have one integral but a sum of finitely
many, one for each such circle. The radii of these circles should be taken
so small that the corresponding closed discs do not intersect, and we may
make arbitrary choices for a branch of log z along each one of the circles.
Every matrix log A computed according to this formula will be called a
branch of the logarithm of A. Note that we cannot hope for a single-valued
function, since the logarithm already is multivalued in the scalar case.

From the above definition one can deduce a list of rules that enable us, in
principle, to compute the branches for log A. Note, however, that formulas
containing more than one matrix logarithm hold only if, after choosing
branches for all but one logarithm, we choose the correct branch for the
remaining one.

e For a diagonal invertible matrix A = diag[\1,...,A,], we have
log A = diag[log Ay, ..., log A\,],

where on the right we choose branches of the logarithms such that
Aj = A implies log \; = log .

e For a nilpotent matrix N, one (the main) branch of the logarithm is
1 n+1
log(I +N) = Z LN".
n>1 "

Observe that the series terminates. Every other branch is obtained
from the main one by adding 2kwil, k € Z.

e For a Jordan matrix J = A+ N = A(I + A~1N), with invertible
diagonal A and nilpotent N, commuting with A, we have

log J = log A 4 log(I + A™'N),
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provided that the logarithms on the right are computed according to
the rules stated above; observe that then the matrices on the right
commute!

e For A=T7'JT, with J in Jordan form, we have

log A =T "log(J) T.

It can be shown that the following identities for logarithms of matrices hold;
observe, however, what was said above about formulas containing several
logarithms.

1. For every invertible A we have
expllog A] = A.

However, for certain A there are X with exp[X] = A so that no
branch of log A equals X.

2. For B=T"1AT we have

log B =T ""(log A)T.

3. For A, B commuting and invertible, the rule
log(AB) =log A +1logB

holds modulo the following restriction: If branches for any two out of
the three logarithms are selected, then the formula is correct provided
that we select the branch for the third accordingly.

4. For triangularly blocked invertible matrices A with diagonal blocks
Ay, all branches of log A are likewise blocked and have diagonal blocks
log A in the same order.

For our purposes it is important to be able to solve equations of the form
exp[2miX] = C, for given invertible C. From what we have said above
about logarithms of matrices, one can show that the following is correct:

Theorem 71 Given any invertible matriz C, there exist matrices M such
that exp2miM] = C; namely, M = (2wi)~tlogC. If C is triangularly
blocked of some type, then so are the matrices M. The eigenvalues of any
two such M can only differ by integers, and there is a unique matriz M
whose eigenvalues have real parts in the half-open interval [0, 1).



242 Appendix C. Functions of a Matrix

Exercises: In what follows, consider the matrices
0 0 1 0
A[l 27ri}’ J[l 1}

1. Show that et = 1.
2. Show that the above matrix A is not a branch of log I.

3. For A=1+ N, N nilpotent, show

(I A=) (z—1)"'N"

n>0

(observe that the series terminates). Use this to obtain the formula
given for the main branch of log(I + N) from (C.1).



Solutions to the Exercises

Here we give some detailed hints toward the solution of the exercises, in
particular to those that are used in later chapters of the book. Exercises
left out here require only straightforward computation.

Section 1.1:

1. Since H(G,C) is a vector space over C , it suffices to verify the
subspace properties.

2. Define z¢(2) = zo, xp+1(2) = f:o A(u) zx(u) du, k > 0, and show the
following:

(a) Every x(z) is holomorphic in D, k > 0.

(b) For every p < p, there exists K = K(p) such that ||zg(2)] <
K¥|z — 20| ||xol| /K, |2 — 20| < p, k > 0.

(c) The series z(z) = Y o xx(z) converges compactly on D, i.e.,
uniformly on compact subsets of D, and represents a solution of
the initial value problem.

(d) If Z(z) is any other solution of the initial value problem, then
for every p < p there exist K = K(p) and M = M(p) such that
llz(2) — 2(2)|| < M K*|z — z|*/K!, |z — 20| < p, k > 0; thus for
k — oo we conclude z(z) = Z(z).

3. Proceed as above, estimating on compact sets that are star-shaped
with respect to zp.
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4.

6.

Solutions

For G = C, the proof is completed. For every other G, there is a
function ¢, holomorphic in the unit disc D and mapping D bijectively
into G. For (z) = z(¢(2)), A(z) = ¢/(2) A(¢(2)), verify that (1.1) is
equivalent to & = A(z) %, z € D.

(a) a1(z) =22 (1 =227 ag(z) = —p(1 — 22)~L

(b) (n+1)(n+2)xpi2 = [n(n+1)—p]x,, n > 0. Since all solutions
are holomorphic in the unit disc, the power series converges for
at least |z| < 1. The quotient test, applied to the odd and even
part of a solution, shows that the radius of convergence equals
1, except when we have a polynomial solution.

(¢) For m even (odd), let all x,, with odd (even) n be zero. Then for
29 =1 (1 = 1), we obtain a unique polynomial of degree m.

(d) Follows from the recursion formula.

(a) Expanding ti(z) = Y ° %k)(z — z)", for z € D(z9,p) C G,
show by induction with respect to k that t%k) depends linearly

upon t(()o), e ,tﬂk, but is independent of the remaining t£73),

m > n+k+1. In particular, verify ¢\ = (n+k)! tf?lk/n!+f, with

t depending only upon t(()o), . 7t£LOJ)rk71. Next, show by induction

that one can choose the vectors t(()o)’ . ,t,go) so that the matrix

Ty with rows t(()o), . ,t(()k) has maximal rank.

(b) Show T"(z)+T(z) A(z) = B(z) T(z) on D. Also, use Theorem 1
(p. 4) to conclude that z(z) = T~1(2) Z(z), which is defined and

holomorphic on D, can be holomorphically continued into all of
the region G.

Section 1.2:

2.

Compare Exercise 5 on p. 239 for how to differentiate the exponential
of a matrix.

As above.
Set A(z) = X'(2) X 1(2).

Differentiate the identity X (z) X~1(2) = I to obtain [X~!(z)] =
X H2) X' (2) X7 Y2), 2 € G.

For a fundamental solution X (z) of (1.1), conclude X (z) = X(z) C,
with a constant matrix of suitable size. Use this and elementary re-
sults on the rank to see that X (z) has the same rank as C.
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Take x,41(2),...,2,(2) constant so that the said determinant is
nonzero at some selected point zg € G, and then conclude by holo-
morphy that it is nonzero on some disc around zy. The rest should
be straightforward.

Section 1.3:

1.

Compare Section C.1 for how to differentiate the matrix 2.

. Take M = M, hence zM = 2*I, and distinguish the cases A\ € Z,

AeEQN\NZ, A eR\Q, AeC\R.

Consider X (z) = (z—21)M1-.. .-(z—2,)M» and use the commutativity
of the Mk.

Compare Exercise 5 on p. 7.

The proof of the statement concerning monodromy factors is straight-
forward. Concerning the monodromy matrices, conclude that for some
constant invertible matrix C' we must have that 2 C =2 is single-
valued. Then, show the same for each M} replaced by its Jordan
canonical form Jj, and conclude that this implies 2>™/1C = Ce?™/2,
Finally, relate the eigenvalues of e2™*/» and Jj.

Use properties of logarithms of matrices, as stated in Section C.2.
Show existence of a fundamental solution X (z) with a monodromy
matrix in (lower triangular) Jordan form, and consider the last col-

umn of X (z).

Use the previous exercise, together with Exercise 5 on p. 4.

Section 1.4:

1.

(n+Dzpt1 = by + Z:Ln:O Ay T, n > 0; thus, zg can be chosen
arbitrarily, while the other coefficients are determined.

For b(z) = Zi:o by 2", x(z) = Zi:o by, 2™, we have (1.10) if and
only if (n+ Daps1 =by+ Az, 0 <n<d-—1,and 0 = by + Axy.
In order that the last equation can be satisfied for arbitrary by, we
have to assume that A is invertible. If this is so, then the previous
equations can all be solved for x,. Hence, the polynomial solution
even is unique!
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4. For x(z) as in (1.11), let x(z exp[27i]) denote its holomorphic contin-
uation about the origin in the positive sense. Show

(2e®™) = X(ze*™) [c+5+ / :X_l(uezm)b(u)du}

X (2) [&“M(c + &) + / 0 X H(u) bu) du} ,

¢ / O X () b(u) d,

20

and compare this to (1.11). A sufficient condition is that the left-hand
side of (1.12) vanishes only for ¢ = 0.

Section 1.5:

3. Verify that it suffices to treat the case u = 2. Then, verify that the
diagonal blocks of the monodromy factor for X(z) are equal to Cy,
Cs, and let the unknown block below the diagonal be denoted by B.
Next, show Ya; (uexp[27i]) = Ya1(u) Cy and use this to conclude

Xgl(zezﬂ—i) = XQQ(Z) CQ(CQl +021) +/ XQ_Ql(U) YQl(U) du Cl 5

with Cay given by a definite integral. From this identity, conclude
B = C5(Co1 + Ca1) — Co1 Cy.

4. Use Exercise 8 on p. 7 and Theorem 4.

Section 1.6:

4. For zg = (p + e)explit], « < 7 < (3, observe X(z) = X(z9) +
[ A(w) X (w) dw. Setting n(z) = | X (z'/"e'™)||, conclude n(z) <
c+ afjo n(t) dt, for a sufficiently large ¢ > 0. Then, show by induc-
tion

|
o m:

- la@ —wo)lF L [Tt
n(z) < CZ — + g™t ———n(t)dt
k=0 z
and let m — oco. Finally, discuss the dependence of ¢ upon zj.

5. Consider X (z) = exp[A 2" /r|, with A not nilpotent.

6. Consider X (z) = exp[N z"/r], with N nilpotent, but not the zero
matrix. For v = 1, observe that every solution z(z) can be represented
in the form z(z) = c exp[b(z)], with V/(z) = A(z).

8. Consider G = C and X(z) = f(z) I, with an entire function having
infinitely many zeros, e.g., f(z) = sinz. Try to generalize this to
arbitrary regions G.
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Section 2.1:

1.

(a) Conclude that B(z) = A(z) Py (2) — 2P} (2) — Pn(2) Ao is holo-
morphic in D(0, p) and vanishes at the origin of order N + 1.

(b) For N suﬁimently large let So fo uAo~Idy z= 40 and

fo Sk 1(w) uto™ Iduz*AO, k 2 1. Show that each

Sk( ) is holomorphlc in D(0,p) and vanishes at the origin of
order N + 1.

(c) For N as above and p < p, show the existence of a € R, ¢, K > 0,
with K and a independent of N, such that (with arg z € [0, 27])
1Sk (2) 24| < ¢(K/(N — a))¥|z|N=2, k > 0, |z| < p. Use this
and the Maximum Principle to show, for sufficiently large NV,
uniform convergence of S(z) = > ¢° Si(2), |2| < p, and conclude
that S(z) is holomorphic in D(0, p) and vanishes at the origin
of N + 1st order.

(d) Show that X(z) = S(z) 2z is a solution of (2.4).

For existence, use the previous exercise and the form of z7/. The re-
cursion formula is [(n + )1 — Aol sp = 327 An Sy 1> 1.

m=0

Follows from the previous exercise.

. Compute z4°

Section 2.2:

1.

Let A denote the two distinct eigenvalues of A, and define § =
1 — ta, A = Ao — A1, @ = (a — A1) B/ Then one Floquet solution
is given by x1(z) = eM? 2M F(a;B;02), 22(2) = ceM? 2+l (1 4
B) L F(1+ ;2 + B3; \2). The second one is given similarly.

For )\, (3 as above and w? = 4(\; — a)B3, resp. p = (p1 + p2 +1)/2,
one solution is given by x1(z) = e * 21 T(3) (w/2)'~# Js_1(wz'/?),
29(2) = eMZ 2l T(1 + B) (w/2) Pt Jap1 (wz'/?).

Show that the transformation y(z) = e*§(—z) carries the confluent
hypergeometric equation into one of the same kind, but with « re-
placed by 8 — «a, and use that the equation has exactly one solution
in form of a power series with constant term equal to 1.

Use the Beta Integral (B.11).

For z € C, show

d
EF(Q]J'"7am;ﬁ17"'?ﬁm;z):
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[H}il aj/ﬂj] Flar+Loam+560+1,0, B +1;2).

6+ a1) Flat,...,am; B1,y .., Bm; 2) =
a1 Flar +Lag...,am; 81y, Bm; 2)-

(6+ﬁl)F(a1a"'7am;ﬂl+17ﬁ2a"'a6’m;z):
ﬁlF(alu"wam;ﬁla”'7ﬂm;z)‘

From these identities, the differential equation follows easily.

Section 2.3:

2. Use analogous arguments as in Exercise 7 on p. 25.

4. Expand (1 — zt)~%, for |z| < 1, into its power series, justify termwise
integration, and use the Beta Integral (B.11).

5. Use Stirling’s formula (B.12) to show convergence of the series; then,
restrict to Re v > Re > 0 > Re a and use (2.10), and finally, use
holomorphy of both sides of (2.11) in all variables «, 3, v to remove
this restriction.

6. Show that the right-hand side solves the hypergeometic equation.
Then show that the equation has only one power series solution with
constant term equal to 1.

Section 2.4:

1. Observe that a fundamental solution is X (2) = 2% 2M.

2. Note that in (2.18) we have to set Ag = By = B, A1 = A, and the
remaining A, equal to 0. For n = 1, use Ty = I to see that the
equation becomes solvable if we take

0 0
Bl_[c 0]’

and then y
a b/2
=[5 "7

follows, if we select the undetermined entry in the (2, 1) position equal
to zero. For n > 2, the recursion equations following from (2.18) are

ntt™ = atmY g penT) o oglnmh)
(-1t = ety 4 dts T —etlyY,
(n+ 1)ty = atly Vot

nt{h = i 4 g,
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Solving the system 27’ = B(z) &, one finds as fundamental solution

X(z) = [ o ] _ KM

zclogz =z
with

. Jo o0
K = diag[0, 1], M[c 0}

Section 2.5:
_ N\ (k) _ (k)
3. Set po(z) =[], — D _p_q1 by [@]v—k, Pu(x) =D 41 bn [T]y—k, n > 1.

Then
n—1
Po(+ 1) Yn = Pnom(pt+m)ym, n>1

m=0

4. For part (c), differentiate the inhomogeneous ODE of (a) with respect
to w.

Section 3.1:
1. Estimate t¥Y by one.
2. Use the previous exercise.

3. Find the recursion relation for the coefficients of the inverse, and
estimate similarly to the proof of the Splitting Lemma in Section 3.2.

4. Use Proposition 5 (p. 40), and split T1(z) = P(z=)(I + O(z™")),
with a matrix polynomial P and sufficiently large p € N.

6. Use Stirling’s formula (p. 229).

Section 3.2:

1. Ty(LlZ) =b(1l+a),—1, n > 1. Hence, the rate of growth roughly is as
n!, except when the sequence terminates.

4. Use Theorem 8 (p. 44) and the previous exercise.
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Section 3.3:

1. Let ¢1,...,c, denote the elements in the first row of C, and de-
note the characteristic polynomial by p(\, ¢1, ..., ¢, ). Expansion with
respect to the last column shows p(A,c1,...,c,) = (=1)"Flc, —

Ap(A, ey .. ., ¢p—1), from which follows
PO er, - he) = (DY =Y e ],
j=1

The only case for Ag # 0 but nilpotent is
0 0
we[00]

If the (1,2)-element of A; is nonzero, use T(z) = diag[1, 2'/?]; oth-
erwise use T(z) = diag]|l1, z].

For any T(z) as in (3.12), make suitable assumptions on the coef-
ficients A, As,... so that this shearing transformation produces a
system whose leading term has several eigenvalues.

From the results of this section, show existence of a g-meromorphic
transformation for which the transformed system, after the change of
variable z = w9, has Poincaré rank strictly smaller than gr, and then
use Exercise 4 on p. 15.

Section 3.4:

1. Set B(z) = 2" oAz~ Assuming that T(z) commutes with

B(z), the problem reduces to solving zT"(z) = C(2)T(2), C(z) =
A(z) = B(z) = >_,; C, z~™. This leads to a simple recursion equa-
tion for T5,.

2. The pole order is r.

Section 3.5:

1. Use the exponential shift x = exp[q(2)], 2¢'(z) = 2" ZZ;B A z7™

2. In case (a), we have ¢ = 1. Theoretically, an HLFFS is obtained in

two steps: First we apply the Splitting Lemma, decoupling the system
into two one-dimensional systems. Then we apply Theorem 11 (p. 52)
to both of these systems. From Exercise 1 on p. 55 we conclude that
we are able to take N = 1 and M = r—1 = 0. This shows that there is
an HLFFS for which the transformed system has a coefficient matrix
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of the form B(z) = 24 +diag[a, d], and then F(2) = [+, F, 2"
can be computed directly as follows: Denoting the entries in the first
column of F, by f, and g,, they satisfy the recursions

nfon=-bgn, (M —A2)gnt1=Mn+d—-a)gn+cfn, n>1,
with g1 = ¢/(A1 — A2). Setting o+ =d — a, a 8 = —bec, we obtain

_ _(0)n(B)n
fo = (1—Xa)™ nl
n>1.

04 a)na1 (148)n- ’
gn = € (Alf)\gl)“(nfl)!l

Similarly, one can obtain the other two entries of Fi,.

In case (b), use a scalar exponential shift to eliminate A, then use a
constant transformation 7' that commutes with Ay and produces a
new matrix A; for which the (new) element ¢ vanishes. Then, use the
transformation

/2 _p1/2
x = diag[1, 2 /2] [b b ]

1 1

and the change of variable z = w? to obtain a system of the form
treated in case (a).

Section 4.1:

1.

Note that by definition of sectorial regions it suffices to prove the
statement for sectors.

. Use the previous exercise to see that it suffices to deal with £ = 1 and

7 =0, in which case the inequalities describe a circle with center on
the positive real axis, touching the origin, resp. the right half-plane
in case of ¢ = 0.

Let I = (a,b); then the union has opening « + b — a and bisecting
direction (b + a)/2.

Section 4.2:

1.
2.

Use [f(2) = f(0)] 271 = f/(0) = 2~ [TLf"(w) — f'(0)] du.

Conclude that differentiability at the origin is equivalent to f(z) =
F(0)+z f(0)42 h(z), with h(z) continuous at the origin and h(0) = 0.
Then, use Cauchy’s integral formula for f/(z).

Use the fact that, according to the previous exercises, differentiability
at the origin is equivalent to continuity of the derivative at the origin.

Justify termwise integration of the power series expansion of e**.
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Section 4.3:

6.

Proceed as in Exercise 2 on p. 41 to show that E [[z]]s is closed with
respect to multiplication. Moreover, use (B.13) to derive that E [[z]]s
is closed with respect to derivation.

Compare Exercise 3 on p. 41.

Use (B.13) (p. 231).

Section 4.4:

1.

5.

6.

Observe 1 —e™% = foz e " dw and estimate the integral.
Use the previous two exercises.

Use Proposition 8 (p. 66).

Section 4.5:

2.

3.

Use Exercise 1.

Use (B.13) (p. 231).

Observe 2™ f(z) — 25:—01 foem 2" =2"(f(2) — Zg:_lnm_l frn2™) and
use (B.13) (p. 231).

To show that every element of A, ,,,(G,C) is invertible, observe that
the number of zeros of f(z) in an arbitrary closed subsector of G is
finite.

Take any f € E|[[z]]s Vs > 0, and observe Ritt’s theorem.

Section 4.6:

2.

4.

For (a), use the same arguments as in the proof of Proposition 7
(p. 65) to show ||g,|| < ¢, for every n > 0. For (b), use the integral
representation for the Gamma function to show

oo (d) .
erf(z,N) = z_k/ uNrg(u,N) e~ (W/2)" qyb
0

and estimate as usual.

For x > 0, find the maximum of " e™* and use Stirling’s formula.
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6. Abbreviate s = 1/k. By assumption there exist ¢, K > 0 so that
If(2)] < e(|z|K)"T(1+ sn) for every n > 0 and z € S. According to
Stirling’s formula the same holds, for different constants ¢, K, with
I'(1 + sn) replaced by n®*". For small |z|, the term (|z|K)" n®" first
decreases, then increases with respect to n and is approximately min-
imal for n with |z|K e’n® <1 < |z|K e®(n + 1)*. For this n we have
(|z2|K)"n*™ < e 5™ < de~K1217"  with sufficiently large constants
¢, K, independent of z.

7. Use the previous exercise.

Section 4.7:

2. Let G ={z€G: z*" e G}. Conclude that f(z)— f(ze*"%) 2, 0 in
G and then use Watson’s Lemma and Proposition 7 (p. 65).

Section 5.1:

1. Make a change of variable (u/2)¥ = z in (5.1). The formula holds
whenever the integral exists, which is certainly the case for A = 0.

2. Make a change of variable (u/2z)¥ = z in (5.1) and estimate f.

3. Substitute u* = a* + t*, conclude that f(t) = f((a* + t*)/¥) is
of exponential growth at most k£ on the line argt = 7, and use the
previous exercise.

Section 5.2:
1. Use (B.10) (p. 228).

2. Estimate the integral for g = By f in terms of the length of the path
of integration times maximum of the integrand, occurring along the
circular part of y(7), to obtain ||g(u)|| < cexp[Kp™ + (|u|/p)*], with
p being the radius of the circular part. Then, observe that p can be
selected, depending upon |u|, so that the right-hand side is minimal.

3. Make a change of variable z=* = w, both in (5.4) and (5.3).

Section 5.3:

2. For real t > 0, define
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with sufficiently small 7 > 0. Use Theorem 22 (p. 79) to show that
h*(z) is holomorphic in a region GT containing the straight line
z(y) = xzo + iy, with sufficiently large zg (fixed) and —oc0 < y <
oo, and h*(z(y)) (resp. h™(2(y)) tends to zero as y — —oo (resp.
y — 400). For z(y) as above, check that h*(z(y)) can be represented
by an integral as above, but integration along the positive real axis,
with a small detour about ¢, say, along a half-circle, in the upper,
resp. lower, half-plane. Using Cauchy’s integral formula, show

h™(2(y)) = b (2(y)) + 2mif (t) e =)
From this “connection relation,” conclude

lim h*(z(y))e* ) = F2mi f(t).

y—Foco

Then, observe that the left-hand side of (5.5) can be seen to equal
(2mi) L [hT(2(—y)) —hT (2(y))]. From these identities, conclude (5.5).

Section 5.4:

1. Observe Ei::f (w®/2)" = (w*N 21~V —w?*) (w*—2)~!, and use (B.10)
(p. 228) and (B.14) (p. 232).

2. Observe (B.10) (p. 228). Can you show that the asymptotic expansion
is of Gevrey order s by estimating the integral representation for
Es(z;N)?

Section 5.5:

1. Compute the moment function corresponding to e(z; ) and define
E(z; ) analogous to (5.12). Then, derive the integral representation

B(s0) = —— / W Bw) -2,

27 w—z
for |z| < 1, and discuss the behavior for z — oco.

3. Analyze the behavior of E(z;a) as z — oo, following the same argu-
ments used in the proof of Lemma 6 (p. 84), and then proceed as in
the proof of Theorem 26 (p. 84).

Section 5.6:

2. Show the integral representation

oo(T) u
k(z) = /0 e1(u/z) Eq(u) %,

with 2k|7| < m, and discuss convergence of the integral, using the
behavior of Eq(u) as u tends to infinity.
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3. Use the fact that the moment functions m;(u/p) correspond to the
kernels pe;(2?), which are of order kp. Moreover, show

p—1
pk(z) = ka([zezj”]l/p), 0 <argz < 2m.
§=0

Section 5.8:
3. Use Lemma 7 (p. 94).

4. Stirling’s formula (B.12) (p. 229) implies that the radius of conver-
gence equals 1. Holomorphic continuation follows from Exercise 3 on
p- 90.

Section 6.1:

1. Show the functional equations g(z) = ZZZOI 220 4+ g(22"), m > 1.
Use this to show that g(r) cannot have a limit as r — 1—. Then,
conclude that g(z) cannot have a radial limit at any one of the points
Zjm = exp[2jmi2~"™"], for arbitrary j € N.

2. If E contains at least one a # 0, multiply all the terms of the power
series f(z) by a.
Section 6.2:
1. Observe (S (Bif))(u) = (1 —u)~ L.
5. Use Exercises 4-7, p. 63.
6. For part (a), show (1 —4z)"Y/2 =3""° T(1+2n)[[(1+n)]"22", in
the disc |z| < 1/4.
Section 6.3:

1. Show that > (e — a)™ is a Cauchy sequence, and hence defines some
b € E. Then, verify ab=ba = e.

2. Show first that it suffices to consider the case of fo = e. Then, con-
clude for every closed subsector S of G with sufficiently small radius
that |le — f(2)]| < 1 for every z € S, and apply the previous exercise.

3. Compare Exercise 3 on p. 72.

5. Apply Theorem 35, with F = C, and 7' = 3. T}, 2" with T}, = 0 for
n>1,and Ty f = f(w) for every f € E.
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Section 6.4:

1.

The series in Nos. 1, 2, and 5 are k-summable. The one in No. 3
converges for k > 1, and hence is k-summable in this case, while for
k < 1, there are infinitely many singular directions. The one in No. 6
is 1-summable.

Proceed as in the proof of Lemma 10 part (b).

Verify directly that f(z;\) &4 f(z;)\) in |d — arg z| < 7; to do so,
proceed as in the proof of Theorem 22 (p. 79).

Observe f(z;0) = S0 ' T(A+n) 2" + 2™ S20° T(A +m +n) 2", for
sufficiently large integer m, and use the previous exercise.

Let g = S(Blf)a g(7a7ﬁ) = S(Blf(vaaﬁ)) For Re /6 > Re a > 07
use the Beta Integral (p. 229) to show

1
g(u;a, B) = I‘(oz)rl"((ﬂﬁ)—a)/o (1- x)ﬁfo‘fl 21 g(zu) da.

Use this to conclude f(z; , 8) € E{z}1. To remove the restrictions on
« and 3, use termwise integration resp. differentiation of f(z;a, ).

Section 6.5:

1.

Observe that the geometric series is contained in C {z}, for every
k> 0.

Assume f(z) =4, f(z) in a sectorial region of opening larger than
7/k, and let g = L(T~f), § = Lx(T~ f). Conclude that g(2) =k
§(z) in another sectorial region of opening larger than 7/k. This shows
that (I'(1+n/k)/m(n)) is a summability factor; the other case follows
similarly.

Follows from the previous exercise.
Use the previous exercise and Theorem 31 (p. 94).

Verify that f(z) =/ f(2) in G implies f(\z) =k f(A\z) in a corre-
sponding sectorial region G of the same opening.

For ¢ = exp[2mi/p] and f(z) = 3 f, 2", observe Z?;é flzel) =
P> fon 2P™, and use the previous exercise.

Use termwise integration resp. differentiation!
Use Exercise 1, and compare Exercise 1 on p. 99.

Use Theorem 37 (p. 106).
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Section 6.6:

4. Letting 7, (z) denote the said Laplace transform, show first

w
zZ+w

Tnt1(2) = rn(z) — rn(zw/lz+w]), n>1.

6. Show first that a power series in powers of z? belongs to E{z} 4 if
and only if it is in E {2} 4;, for dj = d + 2j7/p.

Section 7.1:

2. Show that it suffices to restrict to |a| < e.

Section 7.3:

1. Use Theorem 34 (p. 103), recalling that the notion of singular rays
implies that dg + 2k7 are also singular, for every k € Z.

2. 2f(2) = S T(1 +n/(2k)) 2" + SST(1 + n/(2k)) (—1)" 27,

Section 7.4:

2. For large z and suitable path of integration, write the integral in the
form

z

f(1/2) = 2 / e PN OB (1) 1 \fu) (1) o,
oo (24 /)

with a function ¢ analytic near the origin. Then, verify that one
can always choose a path of integration along which the equation
t = p(u) + A logu has a unique solution u = t(t). Substitute the
integral accordingly and estimate.

4. Use Proposition 18.

Section 8.1:

1. Recall that tSL’”), b%m) < K™ for every n,m > 1 (with suitably large
K >0).

2. (1=bx) dpm1(2) = bx (dm (2) +dm(2)), (1 —az) dmir (z) = az dp (2),
for every m > 0.
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Section 8.2:

1. Use Proposition 26 (p. 217).

2. Use the previous exercise.

3. Compare Proposition 13 (p. 105).

Section 8.3:

1. Set n = ng and use Lemma 24 (p. 212) to conclude T;,, = 0; then

increase ng. For r = 0, Ag+n I and By have to have disjoint spectrum,
for every n > ng.

. Block rows, resp. columns, of T(z) according to the block structure

of A(z), resp. B(z). Then, use the previous exercise and invertibility
of T({) to show that to every j there corresponds a unique k so that
Aj = Ap. Permuting columns of T(z), conclude that one may assume
this to happen for k = j, so T(z) diagonally blocked. Use invertibility
once more to conclude that then §; = si. For the convergence proof,
use Exercise 3 on p. 128.

Permute rows and columns of B(z), or of A(z), so that the leading
terms agree, which can be done according to the previous exercise.
Then in particular both matrices have the same block structure.

Section 8.4:

1. Observe that, owing to commutativity, (3.5) coincides with the re-

cursion formula for T),.

. Show that it suffices to consider A = diag[A\i [,,,..., A, Is,] with

distinct A,,, and show that then IV, hence: A, is diagonally blocked
in the block structure of A. Next, use Lemma 24 (p. 212) to show that
B commutes with A if and only if it is likewise diagonally blocked,
so B certainly commutes with A.

Use the series representation. In particular, conclude that T(z) com-
mutes with A(z).

Use the first exercise to reduce the problem to one where A, = 0 for
n > r+ 1. Then, use a constant transformation to put Ag into Jordan
canonical form. Next, use T'(z) as in the previous exercise to remove
its nilpotent part, and conclude from above that then all other coef-
ficients are diagonally blocked in the block structure of Ag. Thus, it
suffices to continue with one such block. Repeating these arguments,
conclude that every elementary system (3.3) can be transformed into
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one where the coefficient matrix has the desired form, except for the
conditions upon Re b,,(0). This can then be arranged using shearing
transformations.

First, show that for a scalar formal meromorphic series (z) the
equation zt'(z) = constant implies #(2) = constant. Then compute

N1 T(Z) — T(Z) N2.

Section 8.5:

1.

2.

Build a vector x by rearranging the elements of X.

Holomorphicity follows from the results in Chapter 1. For the de-
terminant, show that for an arbitrary fundamental solution X3(z) of
zx' = As(z) x, the matrix X (z) X2(2) is a solution of za' = A (2) «,
and use Proposition 1 (p. 6).

Use the previous exercise.

Section 9.1:

2.

For a matrix C' = Ej,, with a 1 in position (j,m) and 0’s elsewhere,
use the previous exercise to see that Xi(z) Ejm, X5 () is a solution.
Check that all these solutions are linearly independent, and use The-
orem 2 (p. 6).

For (d), show (n,m) € Supp;,, if and only if (9.2) holds in S} =
S;N...NSjqn,. Use this to conclude that C' has the required form if
and only if Y (2) (I + C) Y ! (2) =1/ I in S}. Then, use results from
Section 4.5. For (g), enumerate the data pairs in such a way that (9.2)
holds for d;_1 + 7/(2k) < argz < d; + w/(2k) if and only if n < m,
so that G;,, consists of upper triangularly blocked matrices. Then,
consider blocks directly above the diagonal first, next, treat those in
the next superdiagonal, etc.

Section 9.2:

1. Consider the identities obtained for the blocks of D, C, and C_ in

a suitable order.

2. For the product on the right, first consider the blocks directly below

the diagonal, then in the next subdiagonal, and so forth. Also compare
this to Exercise 4 on p. 142.
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3. Observe that for integer values of k the number j, always is even.
Then show that, after a suitable renumeration of the data pairs, i.e.,
a permutation of the columns of the HLFFS, we may assume that
(9.2) holds in the sector 7; < argz < 7,41, if and only if n < m.
Use this to conclude than then the Vjyq,...,Vj /2 are lower, the
Vitjos2+1s - -5 Vj+j, upper triangular, and use the previous exercises.
Finally, use (9.4) to compute the remaining matrices.

Section 9.3:
1. Observe zY'(z) = B(z) Y(z), and use partial integration of (9.6).

2. Estimate analogously to the proof of Theorem 23 (p. 80).

Section 9.4:

2. For zg € Sj.(k), observe the previous exercise to invert the integral
representation of the auxiliary functions. Then, deform the path of
integration in Borel’s transform. Finally, check that the integral does
not depend upon the choice of zj.

Section 9.5:

2. Using Exercise 2 on p. 58, one can compute ®q(u;s; k), which is a
2-vector, with second component ¢ (A1 — Ag) 71 (u + Ag)1 7275 F(1 +
a,14+6;2—a—s;2)/T(2—a—s), with z = (u+ A1)/(A1 — A2). Using
Exercise 6 on p. 27, one can then compute Cgf). Assuming 2 < 1, and
choosing arg(A; — A2) in dependence of k accordingly, one finds

211 ()\1 — )\2)d_a

(k) _
Car’ = Tl+a)(1+p) "

Section 9.6:

2. Verify that the spectrum of Ay is directly related to the data pairs of
HLFFS.

Section 9.7:
2. Show 0 < T2 (1 4+ @) — 1 < exp[3"*? 2] — 1, for n,p € N.
3. Proceed by induction with respect to m.
4. For n,p € N, observe
T (2) = Tn(2) = [+ () {4+ Unap(2) - .- [+ Unsa (2)] = I},

and then estimate as in the previous exercises.
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Section 10.1:
1. Use the definition and justify interchanging the order of integration.
2. Let the jth integral be performed along argz = dj; then we may
choose d;_1 so that 2|d;_1 — d;| < /<aj_1.
Section 10.2:
4. Follows from the definition and (5.18) (p. 90).

6. Consider the operator T'=T1 *...x T, and use Exercise 2 on p. 161.

Section 10.3:

2. Let Tj =Ty *...xT; and use the previous exercise, with a suitable
choice of projections.

Section 10.4:
1. Apply Theorem 50 to f(zP).

2. Note that hy = S (By, f2) is holomorphic and of exponential growth at
most ks in some S(dg, €). Therefore, g = g1 + g2, with g1 holomorphic
at the origin, and g, = £, holomorphic in S(d2,e+7/k). This implies
P(2) = ga(2) — g2(2e?™), hence 1) is holomorphic in S(dy — 7,& +
m(1/k — 2)).

3. Using Exercise 1 on p. 99, show the existence of ¥(z), holomorphic in
S = S(de —m,e+m(1/k—2),r), having no holomorphic continuation
beyond |z| = r, and so that (z) =4, 0 in S. Define f(z) =" fa2",
fo=T@+n/ky) [ p(w)w " dw, n > 1, for some a € S, and use
the previous exercise.

4. Consider convergent series g; with Z;’.:l g; =0.

Section 10.5:

2. Use Theorem 50 and Exercise 5 on p. 73.

Section 10.6:
1. Argue as in the proof of Theorem 37 (p. 106).

2. Use Proposition 22 (p. 168) and Proposition 13 (p. 105).
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Section 10.7:

1. Note f, = T'(1 +n/2) g, and show >_ g, 2™ € C{z};. The singular

multidirections d = (dy, ds) are those with do = 0 modulo 27. Observe
that, owing to our identifying certain singular directions, these are
indeed finitely many.

For the series in Exercise 1, show h*(z) = 01/2 P(w) (w — 2)~t dw,
for 0 < *argz < €, so their difference equals ¥(z2).

Section 10.8:

1. Show that d = (di,...,d,) is nonsingular for f if and only if d =

(dv —2m/p,...,dq — 2m/p) is so for §.

. Show p f;(2F) = 277 Z]Z;é e3¢ f(e!2), and use the previous exercise,

together with Theorem 51 (p. 166).

Let k be the optimal type of summability for f. If the correspond-
ing values k; are all larger than 1/2, apply Theorem 50 (p. 164).
Otherwise, introduce additional k;’s so that then the theorem can be
applied.

Section 11.1:

2. Substituting t = '/ in the previous exercise, show the representa-

tion

oo(d) o
D,(z) = a/ t* lemedt, —7/(20) < d < 7/ (2a).
0

Section 11.3:

1. Show fol h(zx®)dx = fol flz(1 = 2)%) g(zx®)dx for h = f %}, g and

s =1/k, and let s — 0.

Section 12.1:

3. Show kp,(2) = (1 — ze™ =) /(1 — 2).
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Section 12.4:

1. Determine P(z) and E(z) as follows: Set é1,(2) = e1(2), 1 < j < v.
Then not all €;;(z) can vanish at the origin, so assume €;1(0) # 0;
otherwise, permute the columns of E(z) accordingly. Now, assume
that the entries of P(z) and E(z) in rows with numbers < j — 1 are
known, and that é,,(0) # 0, 1 < pu < j — 1 (which is correct for
j =2). Then for 1 < ¢ < j, we can recursively determine p;,(z) by
requiring that e;j,(z) — 22:1 Piu(2) Eue(2) = O(zFe=Fi+1): because of
€r0(0) # 0, this determines p;¢(z) uniquely. Setting

€je(2) = eju(z E pju ) €ue(z

1 < ¢ < v, the first j — 1 entries vanish as required, while of the
remaining ones at least one cannot vanish at the origin. By a permu-
tation of the columns with numbers > j we then can arrange that
€;3(0) #0.

2. Factor E(z) as in the previous exercise, and observe that 2% P(2) 2
is an analytic transformation, while 2 E(z) 2~ is entire.

-K

Section A.1:
1. 211 =290 =0, 312 = w21 = 1/2.
2. Observe J; =0, resp. J; =0, in case j = 1, resp. k = 1.

3. Show first that A is an eigenvalue of A if and only if a nonzero X €
C k> exists satisfying AX — X B = AX. Then, use Lemma 25 to
show that A being an eigenvalue of A implies A = A1 — Ao, with Ay
being an eigenvalue of A and Ay one of B. Finally, consider matrices
X of the form X =z - &7 to conclude that every such X is indeed an
eigenvalue of A.

Section A.2:

1. If Aj; or Ags are not invertible, find a suitable vector ¢ # 0 with
Ac =0, if they are, verify the given formula for A~!.

Section A.3:

1. Consider the power series expansion of ¢ about zy to show |¢(z)| <
c|z—zo|? for |z — 29| < €, with sufficiently small € > 0 and sufficiently
large ¢ > 0.

2. Show |¢(2)] < (1 —1/n) |z — 20| + ¢ |z — 20|, with € and ¢ as above.
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Section B.1:
1. Use linearity of ¢ to show
(2 — 20) 7 (f(2) = f(20))] = (2 = 20) "' o(f(2)) — &(f(20))],
and then let z — zg, using continuity of ¢.

2. Observe
T(z) f(2) = T(20) f(20) _ T(2)[f(2) = f(z0)] _[T(2) = T(20)]f(20)

Z— 20 zZ— 2 Z— 20 ’

and analogously for « in place of T.

Section B.2:

1. Assume f(z) = Y07 fn (2 — 20)", for some m > 0, and set g(z)
(z — 20)"™f(z). Then g is holomorphic in D(zg, p), and g(zx) =
Letting £ — oo implies ¢g(0) = f,,, = 0.

0.
2. Use Cauchy’s integral theorem and proceed as in case of E = C.

5. Use Theorem 27 to show that all Taylor coefficients f,,, for n > 1, are
equal to zero.

Section B.3:
1. Use holomorphic continuation by successive re-expansion.
2. Use the previous exercise.
3. Use the previous exercises together with Exercise 1 on p. 223.

4. For (a), use (B.8) and a change of variable ¢ = z u. For (d), observe
that we have shown the left-hand side of (B.12) to have a limit; to
evaluate it, it suffices to consider positive real values of z.

5. Show (1 + a/2)*"* = exp[(a + z)log(1 + a/z)] — e for |z| — oo in
sectors |argz| <7 —e.

6. Observe that the left-hand side is T'(1 + 2) T'(1 + n) n*/T(1 + n + 2)

and use the previous exercise.

10. Justify interchanging the order of integration and use Cauchy’s for-
mula to evaluate the integral. Then, prove (B.14) for Re z > 0, and
use Exercises 3 and 7 to show the same for general z € C.

11. Use the identity theorem of Exercise 3 to see that the formula (B.14),
proven for Re z < —1, extends automatically.



Solutions 265

Section B.4:

1. Under the assumptions made, there is exactly one w on the path ~
for which w® = z.

2. The path v may be replaced by one, for which the two radial parts,
instead of the negative real axis, are along the rays argw = +(e +
7w/2), for arbitrarily small € > 0. Doing so, the denominator in the
integral never vanishes.

3. Use Theorem 69 (p. 233), together with Stirling’s formula in Theo-
rem 68 (p. 229).
Section B.5:
1. Study the function f(z) = explaz*], a € C.

2. Either f is constant or of order larger than 7/(8 — ).

Section C.1:
1. Use Lemma 24 (p. 212) to show the existence of T' so that

A_[ T 07[An o0 I 0
T oI 0 Ap || -T I/’

and then use the rules for the exponential of a matrix.

2. If N is a v x v Jordan block, then

1 0 0 0

log 2z 1 0 0

ZN = . . . .
log" 'z log"2z ... logz 1

3. Verify that it suffices to consider A in Jordan canonical form, and then
use the rules for computing exponentials of diagonal, resp. nilpotent,
matrices.

4. Comparing the quadratic terms in the power series expansions of both
sides, one finds as a necessary condition that (A+B)? = A2+2 A B+
B2, which holds if and only if A and B commute.

5. By induction, show

d
ZAE =n[ARITTA@) =n A ) [AGE)]T 21,

and then justify termwise differentiation of ) [A(2)]™/n!
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Section C.2:
1. A=T"1diag|0,27i] T, hence e = T~ diag [e?,e* | T = I.

2. By definition, branches of the matrix logarithm cannot have eigen-
values that differ by integer multiples of 2.

3. Insert into (C.1) and justify termwise integration.
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Here we list the symbols and abbreviations used in the book, giving a short
description of their meaning and, whenever necessary, the number of the
page where they are introduced.

IR

Il

J‘OO(T)

The function on the left has the power series on the right
as its asymptotic expansion (p. 65)

The function on the left has the power series on the right
as its Gevrey expansion of order s (p. 70)

We write m < n whenever, after a rotation of C; making
the cuts point upward, the nth cut is to the right of the

mth one (p. 148)
An integral from a to infinity along the ray arg(u —a) = 7

(pp. 78, 79)
Short for ku*~tdu (p. 78)
Short for z(d/dz) (p. 24)

The path of integration following the negatively oriented
boundary of a sector of finite radius, opening larger than
7/k and bisecting direction 7 (p- 80)

Pochhammer’s symbol (p. 22)
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A(G,E)

As;(G,E)

A o (G.E)

AP (S,E)
A (G,E)

CVXI/

D(Z()v p)
deg T'(2)
E,F

Ecalle’s acceleration operator (p. 176)
Ecalle’s formal acceleration operator (p. 176)

The space of all [E-valued functions that are holomorphic,
bounded at the origin and of exponential growth at most
k in a sector S of infinite radius (p. 62)

The space of all E-valued functions that are holomorphic
in a sectorial region G and have an asymptotic expansion
at the origin (p. 67)

The space of all E-valued functions that are holomorphic
in a sectorial region G and have an asymptotic expansion
of Gevrey order s (p. 71)

The space of all E-valued functions that are meromorphic
in a sectorial region G and have a Laurent series as asymp-

totic expansion of Gevrey order s (p. 73)
The intersection of A4(G,E) and A®) (S, E) (p- 79)
The set of 1 € A,(G,E) with J() = 0 (p. 116)
The Borel operator of order k (p. 80)
The formal Borel operator of order k (p- 80)

The field of complex numbers

The Banach space of column vectors of length v with com-
plex entries (p- 2)

The Banach algebra of v x v matrices with complex entries
(p- 3)

A complex plane with finitely many cuts along rays arg(u—

Um) = —Td (p- 145)
The kernel of Ecalle’s acceleration operator (p. 175)
The Cauchy-Heine operator (p. 116)
The formal Cauchy-Heine operator (p. 117)
The disc with midpoint zp and radius p (p- 2)
Degree or valuation of a matrix power series in 21 (p. 40)
Banach spaces, resp. Banach algebras (p. 219)
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E{Z}k

E {Z}T,d

E {Z}T,d

o
[en)

e1 % e
Eu(2)

F(a; B 2)
F(a, B;7;2)

Symbols 297

The set of continuous linear maps from E into C (p. 219)

The space of formal power series whose coefficients are
in E (p. 64)

The space of formal power series with coefficients in [E and
Gevrey order s (p. 64)

The space of convergent power series whose coefficients are
inE (p. 64)

The space of power series with coefficients in E that are
k-summable in direction d (p. 102)

The space of power series with coefficients in E that are
k-summable in all but finitely many directions  (p. 105)

The space of power series with coefficients in E that are
T-summable in direction d (p. 108)

The space of power series with coefficients in [E that are
T-summable in the multidirection d (p. 161)

Euler’s constant (= expl1])

The formal power series whose constant term is e, resp. 0,

while the other coefficients are equal to 0 (pp. 64, 70)
The convolution of kernel functions (p. 160)
Mittag-Leffler’s function (p. 233)
Confluent hypergeometric function (p- 22)
Hypergeometric function (p. 26)
Similar notation is used for the generalized confluent hy-
pergeometric function (p- 23)
resp. generalized hypergeometric function (p. 26)
resp. generalized hypergeometric series (p- 107)
Short for formal fundamental solution (p. 131)
Convolution of functions f and ¢ (p. 178)
Convolution of formal power series f and § (p- 178)

A region in the complex domain, resp, on the Riemann
surface of the logarithm (p- 2)

A sectorial region with bisecting direction d and opening
e! (p. 61)
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H(G,E)

HLFFS
HLNS

No
ODE

PDE

resp.

R(z0,p)
R(c0, p)
ri(z,N)

Sa

S(d, a)

The space of functions, holomorphic in G, with values in
E (p. 221)

Short for highest-level formal fundamental solution (p. 55)

Short for highest-level normal solution (p. 138)
The linear map that maps functions to their asymptotic
expansion (p. 67)
Bessel’s function (p- 23)
Number of singular directions in a half-open interval of
length 27 (p. 137)
Number of singular directions in a half-open interval of
length pm/(qr — p) (p. 137)
The Laplace operator of order k (p- 78)
The formal Laplace operator of order k (p- 79)

The Banach algebra of bounded linear maps from E into
F (p. 219)

The set of natural numbers; observe that we here assume
0¢N

Is equal to NU {0}

Short for ordinary differential equation
Short for page

Short for partial differential equation
Short for respectively

The field of real numbers

The set of z with 0 < |z| < p (p. 8)
The set of z with |z| > p (p. 14)
The residue term of order N in the asymptotic expansion
of the function f (p. 65)
The substitution map (p- 78)

The sector with bisecting direction d, opening « and infi-
nite radius (p. 60)
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S(d, o, p)

Sy

Sa

Sk.a (f)
St f
Sr.af

Supp;

T1 * T2

Symbols 299

A sector with bisecting direction d, opening « and radius

p that may be finite or not (p. 60)
A closed sector with bisecting direction d, opening « and
radius p (p. 60)
Two sectors with bisecting direction 0, resp, 7, and open-
ings adding up to 27 (p. 84)
Denotes a general summation method (p. 97)
Denotes a matrix summation method (p. 97)
The k-sum of f in direction d (p. 100)
The T-sum of f in direction d (p- 108)
The T-sum of f in the multidirection d (p- 161)
A set of pairs (n,m), for which the jth Stokes multipliers
may have nontrivial blocks (p. 141)
A tuple of integral operators (p. 161)
The convolution of integral operators (p- 160)

The set of integer numbers
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